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1 Introduction

Einstein manifolds play a vital part in Riemannian geomesywell as in the general theory of relativitgTR. Also,
Einstein manifolds build a natural subclass of varioustE#Riemannian or semi-Riemannian manifolds by a curvature
condition enforced on their Ricci tensof]jp.432-433). A non-flah- dimensional Riemannian manifo{1,g) (n > 2)

is said to be an Einstein manifold if the condition

r
S= ﬁg 1)

holds onM, whereS andr denote the Ricci tensor and the scalar curvaturéMfg) respectively. A Ricci soliton is a
generalization of an Einstein metirc. In a Riemannian nwdifM, g), g is called a Ricci soliton if

whereL denotes Lie derivative with respect to a complete vectad felSis the Ricci tensor and is a constant.

A Ricci soliton isexpandingshrinkingor steadyasA is positive, negative or zero respectively. If the vectddfié is the
gradient of a potential function f, theng is called a gradient Ricci soliton and equati@y#ssumes the form

00f =S+ Ag. 3)

Theoretical physicist have also been looking into the équatf Ricci soliton in relation with string theory. Quasirstein
manifolds arose during the study of exact solutions of thestein field equations as well as during considerations of
guasi-umbilical hyper surfaces of semi-Euclidean spa@essi Einstein manifolds have some importanc&iFR For
instance, the Robertson-Walker spacetimes are quaskltimatainifolds. Further, quasi-Einstein manifolds can kera

as a model of the perfect fluid spacetimeGTR[8]. If the generato of quasi Einstein manifold belongs to some
k-nullity distributionN(Kk), then the quasi Einstein manifold is called ld(k)- quasi Einstein manifold20]. In [20], it

was shown that an- dimensional conformally flat quasi Einstein manifold isl af?)- guasi Einstein manifold and in
particular a 3-dimensional quasi Einstein manifold N(ﬂf—?)- quasi Einstein manifold. Further, De, Sengupta and Saha
in [5] studied conformally flat and semisymmetric quasi Einsteamifolds and some physical exampleNgk)- quasi
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Einstein Manifolds was cited b@zgiir in [L6]. Then, Taleshian and Hosseinzadet3([L8)), Yildiz, De and Centinkaya
[22] and singh et al. studiel (k)- quasi Einstein manifolds satisfying certain curvatredibons extensively. AlsiN(k)-
mixed quasi Einstein manifold was studied 5] by Nagaraja.

2 Preliminaries

An almost contact structure omadimensional smooth manifold is given by a tripl€@, &, n), wheregis a(1,1)-tensor,
& a global vector field ang a one-form, such that

P=-ld+neé,  @&=0, noe=0, n()=0. 4)

A Riemannian metrig on an almost contact manifol is said to be compatible with the almost contact structure
(@.&,n) if
9(@X, 9Y) =g(X,Y) = n(X)n(Y), (5)

for any vector fieldsX,Y on M.A non-flat n-dimensional Riemannian manifoldM,g) (n > 2), is said to be a quasi
Einstein B] if its Ricci tensorSof type (0, 2) is not identically zero and satisfies the condition

S(X,Y) =ag(X,Y)+bn(X)n(Y), X.YETM, (6)
for some smooth functioresandb # 0, wheren is a non-zero 1 form such that

g(X,&)=n(X), 9(&,&)=n(&)=1, (7)

for the associated vector fiefl Thenn is called associated 1- from and the unit vector fiélg called the generator
of the manifold. Throughout this papt],, denotesr- dimensionalN(k)-quasi Einstein manifold. Fron6) and () it
follows that

QX =axX+bn(X)¢, S(X,&)=(a+h)n(X). (8)

and
r =na+b, (©)

wherer is the scalar curvature &f. Let R denote the Riemannian curvature tensor of a RiemannianfohéiM. Thek-
nullity distributionN(k)- of a Riemannian manifol [19] is defined by

N(K) : p— Np(K) = {Z € TyM : R(X,Y)Z = K[g(Y.Z)X — 9(X,Z)Y], (10)
k being some smooth function. In a quasi Einstein manifd|df the generatof?1 belongs to som&-nullity distribution

N(k), thenM is said to be aN(k)-quasi Einstein manifoldl[7].In an n-dimension&l(k)-quasi Einstein manifold[7] it
follows thatk = ﬁ%? Now, it is immediate to note that in andimensionaN(k)-quasi-Einstein manifoldi[7]

a+b
R(X,Y)§ = —— {n(Y)X-n(X)Y}. (11)
The projective curvature tensor is defined bg][

P(X,Y)Z=R(X,Y)Z— n%l{S(Y,Z)XfS(X,Z)Y}. (12)
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From (13), it follows that
P(X,Y)¢ =0. (13)

Definition 1. Mz,(¢) is called regular if k O, equivalently a- b # 0.

Theorem 1.[4] Fix a MQ’b(E) not necessarily regular. The, &, A) is a Ricci soliton on I\Q’b(f) if and only if k= —A
is a constantand kg = 2b(g—n x n).

From theorermi and Eqgn.2), we have

S(X,Y) = =(A +0)g(X,Y) +bn(X)n(Y). (14)

3 N(k)-quasi Einstein manifold
We consider am-dimensionaN(k)-quasi Einstein manifol satisfying the condition
S((X,€).P)(Y,Z)U =0. (15)

By definition, we have5((X,¢).P) (Y,Z)U = (X As&).P)(Y,Z)U, where the endomorphisiX AsY)Z is defined by
(XAsY)Z = S(Y,Z)X — S(X,2)Y.

Therefore 15) takes the form,

S(E,P(Y,Z)U)X — S(X,P(Y,Z)U)& — S(&,Y)P(X,Z)U + S(X,Y)P(&,Z)U — S(£,Z)P(Y,X)U
= S(X,Z)P(Y, &)U — S(§,U)P(&,2)U — S(&, 2)P(Y, X)U + S(X, Z)P(Y, &)U — S(&,U)P(Y,Z)X (16)
+S(X,U)P(Y,Z)¢ =0.

Contracting this with, we get
S(§,P(Y,2)U)n(X) = S(X,P(Y,Z)U) — S(§,Y)n (P(X,Z)U) + S(X,Y)n (P(&,2)U) — S(&, Z)n (P(Y, X)U)

=S(X,2)n(P(Y,§)U) = S(&,U)n(P(&,2)V) — (&, 2)n (P(Y,X)U) + (X, Z)n (P(Y, §)U) (17)
z n(PY

( z
—S(E,U)n(P(Y,Z)X) + S(X,U)n(P(Y,2)&) =0.

~— ~—

Using (12) in (17), we have

nafbl{g(X,Y)g(Z,U) —9(X,2)9(Y,U) +9(X,Y)n(Z)n(U) —9(X,Z)n(¥)n(U)}

2 2
+ X Y)N(Z)N(U) - gX. 2N U))} + - (G(Z,U)g(X.Y) (18)

—-g(Y,U)g(X,2)} —ag(X,R(Y,Z)U)=0.

TakingZ = £ in (18), we obtain

DD fgx.¥) — n()n (Y) (W) = 0. .

Since, in a quasi Einstein manifad# 0, from (19) it follows thata+ b= 0. Thus we state that.

Theorem 2. An n- dimensional Kk)- quasi Einstein manifold M satisfieg>§ &) - P = 0 if and only if the sum of the
associated scalars is zero.
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Definition 2. A Riemannian manifold is said to be projectively pseudosstmer{21] if at every point of the manifold the
following relation
(R(X,Y)-P)(U,V)W =Lp((XAY)-P)(U,V)W, (20)

holds for any vector fields X,U,V,W € TM, where lp(# %) is a function on M.

n

The endomorphis{ AY is defined by
(XAY)Z =g(Y,Z)X —g(X,2)Y.
PuttingY =W = & in (20), we have
(R(X,&)-P)(U,V)& =Lp((XA&)-P)(U,V)¢. (21)

Now
Le((XAE)-P)(U,V)E =Lp{(XANE)PU,V)E —P((XAE)U,V)E —P(U,(XAEWV)E —PU,V)(XAE)E}L (22)

In view of (11) and (L2), (21) takes the form

a—Hl)P(U,V)X — LpP(U,V)X. 23)

The above equation yields
a+b

By definition2 Lp # &2, hence we get

P(U,V)X =0,
for any vector field&J,V andX. ConverselyP = 0, then the 21) holds trivially. Thus we can state the following.

Theorem 3. An n- dimensional Kk)- quasi Einstein manifold is projectively pseudosymmaeifriand only if it is
projectively flat.

4 Ricci solitons and Gradient Ricci solitons orN(k)-quasi Einstein manifold

Let (M, g) be ann- dimensionaN(k)- quasi Einstein manifold anglbe a gradient Ricci soliton. TheB)(can be written
as
OyDf =QY+AY, (25)

for all vector fieldsX in M, whereD denotes gradient operator@fFrom @5) it follows that
R(X,Y)Df = (OxQ)Y — (IyQ)X, X,Y € TM. (26)

By substitutingX = £ in (26) and taking inner product with, we get

oREY)D1.E) —g (2301~ (€N8).Y) Y e TM @)
Then we have
9([(TeQY — (IvQ)&],&) =0. (28)
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From 27) and £8), we get

a+b
——(Df=(&f)§) =0,
That is, eitheme+b=0or
Df = (§f)E. (29)
If a4+ b+ 0 and usingZ9) in (25), we get
SX,Y) +Ag(X,Y) =Y (& F)n(X). (30)
Symmetrizing with respect t§ andY, we arrive at
28(X,Y) +2Ag(X,Y) =Y (& F)n(X) +X(EF)n(Y). (31)
Substituting€ for Y in (31), we get
X(&f)=2((a+b)+A)n(X). (32)
From 31) and 32), we have
S(X,Y) = 2[(a+b)+AIn(X)n(Y) —Ag(X,Y). (33)
Using 33) in (25), we get
OvDf =2[(a+b)+A)n(X)E. (34)
Using (34) we computdR(X,Y)Df and obtain
g(R(X,Y)(&f)E, &) =2[(a+b)+A]dn(X,Y). (35)
Then we get
A =—(a+h). (36)

Therefore from 82) we have
X(Ef)=0,XeTM.

i.,e.{f =c, wherecis a constant. Thu2) gives
df =cn.

Taking exterior derivative on both sides of the above eguative get that
cdn =0.

Hencec = 0. Thusf is a constant. Consequently, the equati®® feduces t&(X,Y) = —Ag(X,Y), i.e.,g is Einstein.
Hence we state the following

Theorem 4.A regular N(k)-quasi Einstein manifold §, with generatoré does not admit a gradient Ricci soliton.

Consider am - dimensionaN(k)- quasi Einstein manifol¥ satisfying the condition
P(&,X)-S=0. (37)

This implies
S(P(&,X)Y,Z)+S(Y,P(¢, X)Z) = 0. (38)
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Which in view of (7) gives
0= {gX.Y)S(E.2) - nOON(VISIE2) + GX.Z)SY.E) - (XN @SV, ). (39)

Sinceb # 0, in view of (2), it follows that
0=A{=9(X,Y)n(2)9(X,Z)n(Y)+2n(X)n(Y)n(2)}. (40)

TakingZ = & in (40), we get
0=A{g(X,Y)=n(X)n(¥)}. (41)

ThereforeA = 0. Hence we can state the following

Theorem 5.A Ricci soliton in an n-dimensional(X)- quasi Einstein manifold which satisfies the conditi¢g X)-S=0
is steady.
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