INTERNATIONAL ELECTRONIC ]OURNAL OF GEOMETRY
VOLUME 12 NO. 1 PAGE 93-101 (2019)

Connections On The Coframe Bundle

Arif Salimov*and Habil Fattayev

(Communicated by Josef Mikes)

ABSTRACT

In this paper, we determine the horizontal and complete lifts of the linear connection from
a smooth manifold to its coframe bundle. The torsion tensor and the curvature tensor of the
horizontal lift 7V are found. We also studied geodesic curves corresponding to the horizontal and
complete lifts of the linear connection in the coframe bundle.
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1. Introduction

Let M be a smooth manifold, 7"/ its cotangent bundle and F*M its coframe bundle. Various questions of
the differential geometry of the cotangent bundle have been studied by many authors (see, for example, [2],
[3], [6],[7], [11], [12],[14], [16],[17]). On the other hand, the some problems concerning differential geometry of
F*M has been investigated in [4] by authors of the present paper (see also,[13]).

One of the basic differential-geometric structures on a smooth manifold is a linear connection. In this paper,
we define the horizontal and complete lifts of linear connection in the coframe bundle based on the methods
used in [1], [5], [6], [17].

In 2 we briefly describe the definitions and results that are needed later, after which the horizontal lift of the
symmetric linear connection is constructed in 3. The torsion tensor and the curvature tensor of the horizontal
lift of the symmetric linear connection are determined in 4. In 5 we consider the question of the geodesic curve
of the horizontal lift of the linear connection. The complete lift of the symmetric linear connection is constructed
in 6. In 7 we study the properties of the geodesic curve of the complete lift of the linear connection.

2. Preliminaries

In this section, we shall fix our notations and recall, for later use, the definitions and some properties of the
complete and horizontal lifts of the vector fields to the coframe bundle.

Manifolds, tensor fields and linear connections, under consideration are all assumed to be differentiable and
of class C*. Indices i, j, k, ..., @, 3,7, ... have range in {1, 2, ...,n} and indices A, B, C, ... run from 1 to n + n?. We
put hq = & - n + h. Summation over repeated indices is always implied.

Let M be an n— dimensional differentiable manifold of class C*°. Coordinate systems in M are denoted by
(U, %), where U is the coordinate neighborhood and z* are the coordinate functions . We denote by 7 (M) the
set of all differentiable tensor fields of type (r, s) on M.

Let T M be the cotangent space at a point z € M, (X*) = (X!,...,X") a linear coframe at x and F*M
the coframe bundle over M, that is, the set of all coframes at all points of M ([4]). Let 7 : F*M — M be the
canonical projection of F*M onto M; for the coordinate system (U, z¢) in M we put F*U = 7= }(U). A coframe
(X®) at = can be expressed uniquely in the form X = X (dxz"),. The induced coordinate system in F*U is
{F*U, (2", X2)}; we shall denote =2 by 0; and &;, by 9;,,. The matrix [X*] is non-singular and its inverse will

be written as [X]. We denote by V the linear connection on M with components I‘f"j
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3. Horizontal lifts of linear connections

Let V be the symmetric linear connection on M and I'}; its components. The horizontal distribution Hy and the
vertical distribution V on F*(U) = n~!(U) are spanned by vectors D; and D;_, i =1,...,n,a = 1,...,n defined
in induced local coordinates (7~ (U), 2%, X?*) by

0 0 o)

D=2 yroxe O p o= 2
1T o T utmgxe e T Gy

The set of {D;, D, } i,a=1,...,nis called the frame adapted to the affine connection V. The dual coframes
on 71 (U) with respect to the frame {D;, D;_} consists of the 1-forms {n’,n’#} j, 3 =1, ...,n defined in local
coordinates by formulas

W =dal, b = de —F;?Xflda:i.

If a vector field X and a 1-form w on M are of the form X = X* daﬂ- and w = w;dz’ in local chart (U, z"),
respectlvely Then the horizontal lift 7 X of X and the vertical lifts "*w, o = 1,...,n of w to the coframe bundle
F*M in the induced local chart (7=1(U), 2%, X¢) are of the form:

HX = X'D;,"w=> w;dlD

J

with respect to the adapted frame {D;, D;_}.

Definition 3.1. A horizontal lift of the symmetric linear connection V on M to the coframe bundle F* M is the linear
connection 'V defined by:
B HY = H(VxY), Ay Vow =V (Vxw),

v,y =0,  HVuPw=0 (3.1)
forany X, Y € (M) and w,0 € S(M).

We note that the horizontal lifts of the linear connection from a manifold to its cotangent bundle and the
bundle of linear frames are constructed in the [1], [5], [6], [17].

The components of the horizontal lift Vv of V on M with components I'}; in the natural frame {2} , are
defined in the adapted frame {D;, D;, } = {Dr} by decomposition

AV p, Dy ="TF D. (3.2)
From (3.1) and (3.2) we obtain:
1) HVv,Pw =0,

Vs 0,610, (Z w;ozD; ) =0,
J

Zewja 55"V p,, D; +ZG§”D (Vew) =0,
Zew 00051 Dy, =0,
Z 0,0;6365(" T, ; D+ 1T, D) =0

HFlagﬁD + Hrl Dl,, _ 0’

iajp

Hple
Tl =0

2) v,y =o,
Vs 6,571, (Y'D;) =0,
Zo 5V, D; +Zo 81D, (YD, =0,

consequently, T ; =0,

Zg 57Y7HI‘L iD= ZQ 61V ( HPéWle + Fé:jDa) =0,
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from which we find: Hl“ﬁaj =0, HFE‘;J. =0.

3)IVux Y ="(VxY),"Vxi, (Y/D;) = (VxY)" Dy,

XYY, Dy + X'D;(Y))Dj = X™(8,,Y* +T% YDy,

o , . , b ,
XYIUTEDL + X'0,YIDj + XT3, X ———(Y/)Dj = X" 0 Y* Dy, + XTI}, Y" Dy,

S OXp
X'YHTL D+ XY PTe Dy, = X8, Y7 Dy,
consequently, AT, =T!, HTlz =0.

NIV Vow =V (Vxw),

Hsz‘Di (ijégszr> = Z(wa) (Snga,
J

k

XY w0V p, D;, + X'6LD; (Z wj> Dj, =3 X" (Omwi — Tpyptr) 65 Dy
_ - -

J

XY wi ol MT) D+ X', ( (Z aiwj> +T0 X7 Dy, (Z wj> ) D;.
J j J

J
=) X" 0w Dy, — > X"Tw:05 Dy, ,
k k
7 THI % THls 1T
XUy w0l MTY D+ XTY " wiol Ml Dy, + X067 0w D,
J J J

+ X657 T X, Dy, (Z w]) Dj. = X"0mwidl Dy, — Y  X"T73w,08 Dy,
j k k
XU "wian MY Dy + XTY T win Tl Dy, = =Y XM 0,07 Dy,
J J k
from which we obtain that
Hpl Hple _ _1i 50
I, =0and "I = —T7,65.
Thus, the following theorem holds.

o)

Theorem 3.1. The horizontal lift 'V of the symmetric linear connection ¥V given on M, to the coframe bundle F* M

have the components

ATl =1l fri =T

_n Hple _ _1J 50
i ijs = 0 s, = —T%,03,

ijg

MR =0, Mrl =il o,

tajp tajp

=0
in the adapted frame {D;, D, }.

We have the relations:
o 0 § 0 )
Dy, Di(x = T m i )
{ J (3357 8Xf> < THXy, 6508

D; = Bjdy,

where (B ] ) —the matrix of transformation (3.4) and its inverse matrix in the form:

5 0
Bj) = k :
(B (F;',:Xzz 6562‘)

We denote the components of the linear connection V in the natural frame 9; = {9;,9;_} by

ie.

Bg,.0; = HTK 0.

(3.3)

(3.4)

(3.5)

HTK e,
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Then B o o
AT, = BE T Bl B — (DpBE) B B, (3.6)

From (3.6), by using (3.3), (3.4) and (3.5) we obtain:

Hpk _ pkHl ppnos kHpl, prpss _ skpl spss 1l .
Tk = BFITL BYBS + BEHTL, BYBS = ofTL 6705 =T

ps¥i Vg ps?

Uk, = BEITYBY B+ BT, BBy =0

Hpk _ pkHpPl ppps k Hpl: DPDSs _ .
Fijﬁ =B, FpSBi Bjﬁ + By FpSgBi ng =0;
Hipk _ npkHpPl pp ps k Hpl: PP PSe _ .
Fiaj/j =B, FPSBiaBj/i + B FpsaBiang =0;

Hiky _ pkyHPl DBp Ps kyHpl: DBp Bse kv pr ps
Pl = BT B By + BTy, BY By — (D,BY) B B;
k PPy 1S k PPy DSo m N i .
~ (Dy, BE) BIB; — (D, BY ) Bl By = ~a0,T580040% = ~T'00;

mt skOv9pQq
UL = BT BB, + BT, BB

= 04,07 (—T3,07) 606165 = —T,.67;

"5, = BUTL BB, + By T BB

~ (D, B ) B B3 =0

TS = BT BYB; + BTy BB — (DpBY ) BEBY

— T XL 6788 + 5467 (—T'5,67) 67 (—T,X7) — (DPB?) BYB:
— (DyBY7) By By — (D, BY ) B B = X, T3TY + XT3,

0, +TL xo—2 ) (om x7yarar — —9_ (0 xv) (—rr X760
- p + prl@ (ks m)ij_@(ks m)(_pirj)

— X TR + XT3, — (9,T7) X),0068 — TL XpTy8167,87 55

mYi Vg a“m%i Yj

XYTT6168,85 = X Tl + XT3 — X0,

repiivom~’j [
— XTI + X718 Ty, = X7, (TRl + TL I — oTyy) .
Thus we have

Theorem 3.2. The horizontal lift # of the symmetric linear connection ¥ given on M, to the coframe bundle F* M

have the components
Hrk k Hky _ myl ! m m
I =145, I =X (Fklrij + iy — 8irkj) )
i ; i . _
Hrzcjj = _F]ka(’)yu Hrij?;; = —kaég’ Hl—‘é@aj = Oa (37)

H k'y _ Htk _ H _k'y
Ly =070 5, =0, 717,

=0

in the natural frame (aij, 6?{3@)
4. Torsion and curvature tensors of the horizontal lifts

In the next two theorems, we determine the torsion and curvature tensors of 7 V.

Theorem 4.1. Let T be the torsion tensor of the horizontal lift "V of the symmetric linear connection V in M to the
coframe bundle F* M. Then T is the skew-symmetric tensor field of type (1,2) in F* M determined by

T(=0,V*w) =0, TEX,V>w)=0, TEX"Y)=—(R(X,Y)) (4.1)

forany X,Y € S{(M) and 6, w € I9(M), where R is the curvature tensor of V.
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Proof We shall prove (4.1) by using components /T¥, of 7V given by (3.7). Since local components 77 of T
are given by
7y =T = "5
with respect to the induced coordinates, we have from (3.7):
Pk _gfk _ o7k —0 Tk, —
T3 =0,T3 ; = 0,135, = 0, T3 ;5 =0,
=k

T = Hf\f]jy _ Fj = X7 (l—wnl-wl 4 Fl m — 9, Fm) X (Frnl—\l

)

+ T, T — a-rm) =X (0T — ;T + rlkr —T4Im

—_0 Tk o 7k
— Xn R Ty = 0, T, = 0,15, =0,
with respect to the induced coordinates. Thus, (4.1) are satisfied. O

Theorem 4.2. Let R be the curvature tensor of the horizontal lift "'V of the symmetric affine connection V in M to the
coframe bundle F* M. Then

R(V=0, Vﬁw) =0, RHX,Vew)=0,

R H 7 ) ’YQS = " (¢(R(Xa Y)))v (42)
X, 1y)"z ="((R(X,Y)Z),

forany X,Y,Z € S§(M) and 0,w, ¢ € S9(M).

Proof. We shall prove this result by using components HTK of 1V given by (3.7). Since components RY,, of
curvature tensor R are given by

DK HpK HpK HpK HpP HpK HpP
RIJL*aI 1_‘JLfaJ FIL+ FIP FJLf FJP FIL

with respect to the induced coordinates, we have from (4.2)

R?jl = RZ’Z)

~k"f m T m T

R = X (LR + TRy ), 4.3)
e,

R, = —R};1,07,

the remaining components being zero with respect to the induced coordinates. Thus we have (4.2) from
(4.3). O

Using the results of Theorems 4.1 and 4.2, we have

Theorem 4.3. The horizontal lift #~ of the symmetric linear connection V on M to the coframe bundle F*M is
torsionless linear connection iff R = 0. A curvature tensor R of the horizontal lift 'V on F* M vanishes iff the curvature
tensor R of V on M vanishes.

5. Geodesics of horizontal lifts

Different problems of geodesics has been very well investigated (see for example [8-10]).
Let C be a geodesic curve on the coframe bundle F* M with respect to the horizontal lift /' V of the symmetric
linear connection V on the M. In induced coordinates (7~1(U),z?, X?*) the equation of the geodesic curve
C:I—F'MC:t—Ct)=(z'(t), X(t)) = (2 (t)) are of the form:
¥ o dat da? 9
W—F IJdt dt O IJK—lQ +n”. (51)

Using the formulas (3.7) for “TX,, from (5.1) we get:

d?a* p dxt dad

az Trugr a0
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22Xy dxi dz? dX) dz?

— ok (T + T, I — T X, — —— — 2l — - —— = 0. 5.2
e * TR Modt o dt 62
Now we consider the covariant differentiation of X! (t):
5 dX; da!
—(X7(t)) = £ —TrX) . )
Assuming that,
d%ak p dat da?

ez e dr
and taking into account the symmetry of the connection V on M, from (5.3) we obtain:

(52X7 1) 6X"’ 1) dX"Y ) dx!
—TRX
dt? dt dt dt dt dt

d (dX] dx dxy ded\ dxt
Yy _Tr __r _1Tm v
T dt ( @~ likXm dt> ik ( T T > dt G4)
de7 dxi dx? CdXY dad
= —k 4 (DT, + TLI — o,y = o I
dt? +( + )X dt dt kicqe dt

Comparing expression (5.4) and the second equality of (5.2) , we have

Theorem 5.1. A geodesic curve on the coframe bundle F* M with respect to the horizontal lift 1 of the symmetric
linear connection V on M has in induced coordinates (n='(U), %, X{*) in F*M the equations of the form:

d2zF dxt da? 82Xy
i ) k—0
dt? Ty dt dt T dt?

Theorem 5.2. A curve C on the coframe bundle F*Mis a geodesic curve with respect to the horizontal lift 'V of
the symmetric linear connection V, if the projection C' = n(C') on M is a geodesic curve with respect to V on M and
the second covariant differentiation of each covector X7 (t) = X (t) dx v =1,2,...,n of the coframe u along C

vanishes, where 7 : F*M — M is the natural projection.

k‘cay

6. Complete lifts of linear connections

Let V is the torsionless linear connection on the differentiable manifold M, i.e. T'}; = I'¥;. We determine the
linear connection V on the coframe bundle F*M by following manner:

0y =T = Ly, (61)
where L, —the (1,2)-tensor field on F* M with unique non zero components

LY = X} R, 6.2)

. . 8 a
in the induced natural frame {W, ox7 }

By using (3.7), (6.1) and (6.2), we obtain the non zero components of the linear connection V in the induced

natural frame { -2, -2
Oz axf
kE _ pk 1Tk i _
0k =Tk, 10 = 17,60, 10 = —T7,67,
D = X7 (DTl + DLIE — 00y — X7, (950 — 0 T7 + T4, I — 1.0y (6.3)

:Xﬁn(akr;?;—ajr — O, + 200, T,

We have
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Theorem 6.1. Covariant differentiation with respect to the linear connection ¥V has the following property:
VexY = (VxY) +~(L)

for X, Y € 34(M), where ~(L)—the vertical vector field on the coframe bundle F* M such that

I 0
= < X [(VeX ' VY + VYV X)) + XY™ (RL,,, + R, )

kim kmi
and R is the curvature tensor of V.

Proof. Consider the vector X,Y € S§(M). The complete lift “X of X from the manifold M to the coframe
bundle F* M is given by [4] ‘ . ‘
OX'=X'9X" = - X[ o, X! (6.4)

with respect to the induced natural frame { 2, 8% }
J

1) If K = k, then by using (6.3) and (6.4), we obtain:
. k A
(VCXCY> =X 0,7k + 1,977

= X'(O,YF +TEYT) = (VxY)F = (Vx)F;

2) In the case K = k., by the same way we have

. k., R .

(VexOy) " =X (@v" + TOYY) = CX 19y

+ X9, Ok + OXIDOYI 4 C XD Oy + OXIT Cyis
1o ij 1o vjB

= X0 (=X OY™) + (= X7 X0, (— X0k Y™)

+ X' X, (06T — O;T3: — L7 + 20 Ty

+ (~XPOX)(~T02)Y + X' (~T)80) (= X[ 0 Y")

= X' X200,Y™ + X9 XS, 500,Y ™ + X X0,y

— X' X2 0,TyT — XX oY 4+ 2X X TL T Y

+ X] 0 X'TLYT + X'T), X0,V = —X'X],0:0,Y™

+ X0 X' O Y™ + XX 0T YT — XTX) 0T Y

— XX Oy 42X X T T Y7 + X[ 0, X'T v

+X'TLX)0, V! = — X2, (0 X' 0,Y™ + X 0p0 Y™ + 0 X'TTY?

+ X ITY! + XTHORYY) + X] 0, X0,V + X 0, X'TL, V™

+ X)X 0T, Y™ + X XTL 0k Y™ + X[ 0, X' Ok Y™

+ X XY — XX O, Ty — X' X 0,T7Y

+2X X TLImYT 4+ X0, XD YT + XY, X[ 0,Y! = © (VxYy)*

+ X (0pX'0Y! + 0 XTL Y™ + X'T4,0;Y' + TR X'TL, . Y7)

+ X] O X'0Y™ + X'TL,, 00Y ™ + 0, X'T%, Y7 + YT, X )

+ X (YT X - TR X T, YT 42X TP, Y

+ X0 Y 4 X0 T YT — XA, YT — XD YY)

= (V) 4+ X) (Vi X'V, Y 4+ VYV, XD

+ (kT — O + T T, — Ty Fi‘m)] = (VXY)k7

+ X [(V, X'VY' + ViY'VXY) + XY™ (Rl + Rhoni)] -

m www.iejgeo.com


http://www.iej.geo.com

Connections On The Coframe Bundle

Thus, we have shown that R -
Vex“Y =9(VxY) +~(L), (6.5)

where (L) is the vertical vector field in the form

T 0
1= < X (VX VY + VYV XY + XIY™(RL, + R} )] >

kim kmi

defined on the coframe bundle F* M. Therefore, the proof is complete. O

The complete lift of the symmetric linear connection in the cotangent bundle “7'(M) satisfies a relation
analogous to (6.5) (see, [18, p.269]). Therefore, the connection V defined by the formula (6.1) and satisfying the
relation (6.5) is called the complete lift of the symmetric affine connection V to the coframe bundle F*M and
denoted by “V.

Remark 6.1. The complete lift of the symmetric linear connection in the cotangent bundle is defined as the
Riemannian connection of the Riemannian extension of the Riemannian metric in the cotangent bundle of a
Riemannian manifold (see, [6], [18, p.268]). On the other hand, in article [13], considering the coframe bundle
F*M of a Riemannian manifold M, a so-called g-lift of the Riemannian metric g in the coframe bundle F* M is
found that is analogous to the Riemannian extension in the cotangent bundle “T'(M):

(X Xm(=200) 6,305, 65 >
g = -1 n T . (6'6)
( 0 2193 0

In view of the fact that the g— lift (6.6) is degenerate, it is impossible to determine the complete lift ©V
of symmetric connection V given on Riemannian manifold M in the coframe bundle F*M as Riemannian
connection of the g—lift g.

7. Geodesics of the complete lifts

Geodesics of complete lifts of connections in tangent, cotangent and tensor bundles has been investigated
in [15], [6] and [18, p.273], respectively. In the present section we study geodesics of the complete lifts of
connections in the coframe bundle.

Let C be a geodesic curve on the coframe bundle F* M with respect to the complete lift “V of the symmetric
linear connection V given on the M. In induced coordinates (7~ (U), 2%, X{*) the equation of the geodesic curve
C:I—FMC:t—C(t)= (2'(t), X2(t)) = (#!(t)) are of the form:

>z o dal da?

——— =0, I,JK=1,2,.. 2, 7.1
2 TR TR S WA (7.1)
Using the formulas (6.3) for “T'X,, from (7.1) we get:
2k i g0
d°x +F?d$ di:()’
dt? Jodt dt (7.2)
dQXI;Y m m m 1 m dxl dxj i d)(;Y da:j )
gz T Ol = 03T — Oy + 20y i) X, — -~ — 2D == =0
Taking into account expression (5.4), the second of the equations (7.2) is written in the form:
§ [0X] dz’ dz’
. R”L“ = 0 73
dt(dt>+ M At dt 7.3)

From here follows

Theorem 7.1. Let V be a torsion-free linear connection on a differentiable manifold M, and let C(t) = (C(t), X](t)) be
a curve on the coframe bundle F* M. In order for the curve C(t) to be a geodesic line for the connection 'V, it is necessary
and sufficient that the following conditions be satisfied:

1. The curve C(t) is a geodesic line for the linear connection V;

2. The each covector field X! (t) satisfies the relation (7.3) along the curve C(t).
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