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Improved exponential type estimators of finite
population mean under complete and partial
auxiliary information

Abdul Haq] and Javid Shabbiif]

Abstract

This paper proposes some improved exponential type estimators of fi-
nite population mean under simple random sampling and double sam-
pling. Expressions for biases and mean squared errors of the proposed
estimators are derived up to the first order of approximation. The-
oretical and numerical comparisons are made to investigate the per-
formances of the estimators. The proposed estimators always perform
better than the difference estimator of the population mean. They also
perform better than the estimators suggested by Gupta and Shabbir
[3] and Grover and Kaur [2].
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1. Introduction

The auxiliary information is frequently used to increase precision of the population
estimates by taking advantage of the correlation between the study variable and the aux-
iliary variable. Several authors including Kadilar and Cingi [4], Kadilar and Cingi [5],
Kadilar and Cingi [6], Kadilar and Cingi |7] and Gupta and Shabbir [3] have proposed
different estimators by utilizing information on the auxiliary variable for estimation of
the population mean.

In this paper, we propose some improved exponential type estimators for estimating
finite population mean using complete and partial auxiliary information. Explicit expres-
sions for biases and mean squared errors (MSEs) of the proposed estimators are derived
up to the first order of approximation. An empirical study is conducted to assess the
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performance of the proposed estimators. It is observed that the proposed estimators are
more precise than the existing estimators of the finite population mean.

Consider a finite population comprises of N units. We draw a sample of size n from
this population by using simple random sampling without replacement (SRSWOR). Let
y and = be the study and the auxiliary variables of the characteristics y; and x;, re-
spectively, for the ith unit. Let § = 2 > y; and 2 = 1 3> z; be the sample means
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(yi —7)* and s2 = T Z:l (z; — Z)* be the sample variances correspond-
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ing to the population variances S; = ﬁ Z:l (yi — Y)2 and S2 = ﬁ Z:l (xz — X)2,
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respectively. Let p be the correlation coefficient between y and x. Let Cy = and

C, = “%T be the coefficients of variation of y and x, respectively.

The rest of the paper is organized as follows: Section 2 includes the estimators adopted
by several authors when using complete auxiliary information. In Section 3, the proposed
estimators based on complete information are discussed in detail. Theoretical compar-
isons of the proposed estimators with the existing estimators are given in Section 4.
Section 5 contains some suggested estimators when partial auxiliary information is avail-
able. The work on the proposed estimators is extended to two-phase sampling in Section
6. Section 7 contains theoretical comparisons of the suggested estimators and existing
estimators. For numerical comparisons of estimators, we consider three real data sets in
Section 8, and concluding remarks are given in Section 9.

2. Estimators based on complete auxiliary information

In the following subsequent sections, we discuss the properties of the difference,
difference-ratio-type and exponential-type estimators of finite population mean suggested
by several authors.

2.1. Usual difference estimator of population mean. The unbiased difference es-
timator of population mean is

21) Yp=g+k(X-2),

where k is an unknown constant. -

The minimum variance of Yp, at optimum value of &, i.e., k(opr) = };—(p—g:"’, is given by
(2.2)  Varmin (?D) ~y2) (1— pz) C;,

whereAz% and f = .

2.2. Gupta and Shabbir [3] family of estimators. Gupta and Shabbir 3] introduced
the following family of estimators for estimating finite population mean:

aX'er)

2.3 12/ ={s15+s2 (X — %

23 Yos = {ste (X0} (5
where s1 and ss are two unknown constants. Here a and b are the known population
parameters which may be coefficient of skewness (81z), coefficient of kurtosis (824), co-

efficient of variation (C'V') and correlation coefficient (p).



Expressions for Bias and MSE of ?GSH to first order of approximation, are given by

(2.4)  Bias (f/cs) > Y +Y {1+ MC, (1Cy — pCy)} 51 + XATCls2

and

MSE (Yos) 2 V2 + 72 {14 A (3r°C2 = 4p7C.Cy + C3) } 7 + XACTs (~277 + Ksn)
(2.5) —2Ys1 [Y + \C, {TCw (YT — 2)?52) + pCy (—YT + st)}] ,
where 7 = a?-()ib.

The optimum values of 51 and sz, obtained by minimizing the MSE of Yas, are given by
s . —14+Ar2c2 Y [-pCy+7Ce {1-Ar2C24+0p7Co Cy+A(—14p2)C2 }]
Yopt) = T1Nr2C2+A(—1402)C2 XCo{—14AT2C2HA(—1402)C2 ]}

and Sg(opt) =

The minimum MSE of Yag, at optimum values of s1 and s2, is given by

SN L YN (1— %) (<14 Ar2C2) 2
(2.6)  MSEmin (YGS’) T Tl AP0z A (-1 +p2)C

Gupta and Shabbir [3] estimator f/'gs will perform better than the difference estimator
Yp, if
Y202 (L1 4 p2)7 C
1—-AT2C2 4+ X (1 —p?)C2

> 0.

2.3. Grover and Kaur [2| estimator. Grover and Kaur [2] proposed the following
estimator of finite population mean:

(27)  Yox = {tig+t2 (X —7)}exp ({( - i) :

X+z

where t; and t2 are two unknown constants, whose values are to be determined later on.
Expressions for Bias and MSE of Ygk, to first order of approximation, are given by

(2.8)  Bias (?GK) = é [8Y + Y {8+ ACy (3C, — 4pCy)} t1 + AXNCits]
and

MSE (Yor ) 272+ 7 {14 A (C2 = 20CaCy + C5) } 6 + XACHa (-F + Xt2)
(2.9) +i}7t1 [—8Y + AC. {4pC, (Y — 2Xt2) + C, (—3Y +8Xta) }].
The optimum values of ¢1 and t2, obtained by minimizing the MSE of ?GK, are given by

. _ —84AC2 Y [—8pCy+Co{4=AC242pCy Cy+47(—14p%)C2 }]
Hopt) = Tgysa(—1+02)C2 8XCa{ 1+ A(—1+02)C2 :

and to(opt) =
The minimum MSE of Yok, at optimum values of ¢; and to, is given by

=\ L YPA{NCE =16 (—1+p%) (4 + AC2) Cy }
(2.10)  MSEmin (YGK) o LAt )08 :

Grover and Kaur [2] estimator ?G x will perform better than the difference estimator ?D,
if
VIN2{C? -8 (~1+p?) C2}*
64 {1+X(1—p2)C2}

> 0.



Gupta and Shabbir [3] estimator Yas will perform better than the Grover and Kaur [2]
estimator Yo, if

725 (=14p%) (-1 +A°C2) C;  ACi—16(—1+p%) (-4 +AXC2) C; ~o.
—14+A2C2 4+ X (—1+ p?)C2 64{—1+X(—1+p2)C2}

3. Proposed estimators

In this section, we propose some improved exponential type estimators for estimating
finite population mean when complete auxiliary information is available.

3.1. First proposed estimator. On the lines of Singh and Espejo [8], the average
ratio-product estimator is given by

- 1 (X | =z

By replacing ?SE in place of 7 in 1| the proposed estimator becomes

(3.2) Vpy = {Ulf/SE +ug (X — i)}exp (;;2) ,

where u1 and us are two unknown constants, whose values are determined for optimality.
Expressions for Bias and MSE of Yp1, to first order of approximation, are given by

(33)  Bias (Vr) = % [—8Y + ¥ {8+ AC, (70, — 4pCy) b ur + AXAC2us]

and

MSE (Ye1) = V247 {14 (262 = 20C,C, + C3) } uf+XACus (<Y + Kus)

(3.4) +il7u1 [—8Y 4+ AC. {4pCy (Y — 2Xug) + Cy (—7Y + 8Xua) }].

The optimum values of u; and u2, obtained by minimizing the MSE of f/pl, are given by
_ 8+3AC2 Y [8pCy+Ca {4+ A(C2 4300 Cy—4(~1+p%)C7) }]
Ui (opt) = s{1aCZHA(1-p2)C2} 8XCo {1+ACZHA(1—p2)C2} :
The minimum MSE of Ypl, at optimum values of u; and ug, is given by
YZA{=25)C7 + 16 (—1+p°) (-4 + XC2) C }
64 {1+ AC2+ X (1—p2)C2} '

and Uz(opt) =

(3.5)  MSEmin (?Pl) ~

3.2. Second proposed estimator. On the line of Bahl and Tuteja [I], we can define
the average exponential ratio-product type estimator, given by

- 1_ X -z T—X
(3.6)  Yprw = 59 {exp (m) + exp (X' +j) } ,

By replacing ?BTW in place of 7 in 1) the proposed estimator becomes

ES 2 — Xf T
(3.7)  Ypa= {1)1YBTW +v2 (X — f)}exp ()_( +z) ,

where v1 and v2 are two unknown constants.
Expressions for Bias and MSE of Yps, to first order of approximation, are given by

(3.8)  Bias (f/pg) = % [2Y + Y {2+ AC. (Cr — pCy)} v + X/\Cﬁw]



and
MSE (?pz) =y?+ iiﬂ (4+ 5AC2 — 8ApCLCy + ANCH) v} + XAC2v2 (=Y + Xv2)
(3.9) +Yv1 {=2Y — AC. (Ca — pCy) (Y —2Xw2) }.

The optimum values of v; and w2, obtained by minimizing the MSE of ?pg, are given by

_ 4 _ ¥ —8C;+8pCy
Vi(opt) = 4+2C2—ax(=1+p2)C2 and Va(opt) = 5% (1 + Co{a+rc2—ar(-1+p2)C2} )"

The minimum MSE of li/pg, at optimum values of v; and va, is given by
- YA {=ACs +4(=1+p?) (-4 + AC2) C2

(3.10)  MSEumin (ng) ~ VM A1) (A ) Gy

4{4+ \C2 —4X (-1 +p?) C2}

3.3. Third proposed estimator. Replacing li/'SE from l} in place of § given in l}
the estimator becomes

- 1 /X = X -z z—X
3.11) Y, —g- |24+ 2 s - )
(B11)  Yorsew y4(i+X) {QXP<X+56)+€XP<X+%)}

Also replacing ?BTSEW in place of g in l} the proposed estimator turns out to be

(3.12) ?Py, = [wlyﬁ.BTSEW =+ w2 (X — f):| exp <§ _7_ ;) s

where w1 and ws are two unknownA constants.
Expressions for Bias and MSE of Yps, to first order of approximation, are given by

(3.13)  Bias (Vs) = % [~27 + ¥ {24+ AC, (20, — pCy)}wi + XACws]
and

~ ~ T2 1

MSE (ng) =74

(3.14) +Ywy [-2Y + AC, {pC,y (Y — 2Xwa) — 2C, (Y — Xwa) }].

Y2 (44 9XC3 — 8\pCoCy + 4ANCy) wi + XACows (=Y + Xwa)

The optimum values of w; and w2, obtained by minimizing the MSE of Yp3, are given by
a422C2 Y [80Cy +Ca {~440(C2 +4002 Cy —4(=140%)C] ) }]
44+573C2—4r(—1+p2)C2 2XCp{a+50C2—ar(—14p2)C2} ’

Wiopt) = and wa(opr) =

The minimum MSE of Yps, at optimum values of w; and ws, is given by
Y2A{-9NC: +4 (=1 +p%) (-4 + \C2) C}}
4{4+5XC2 — AN (=14 p?)C2} '
Remarks: Expressions given in , and contain unknown population

parameters, which can be estimated either from the sample values or through repeated
survey or by experience gathered in due course of time.

(3.15)  MSEumin (f/pg) o

4. Efficiency comparisons under simple random sampling

In this section, we compare the proposed estimators with the existing estimators.
(a) Comparison with difference type estimator
(i) From 1' and 1} MSFEin (Ypl) < Varmin (YD), if

VA2 {502 — 8 (~1+p?) C2}*

>0
64 {1+AC2+ A\ (1—p2)C2}




(i) From and (3.10), MSEumin (f/m) < Varmm (?D) if
VIN2{C2 — 4 (—1+p%) 02}
4{44+XC2+4X(1-p*) C3}
(iii) From (2.2) and (3.15), MSEumin (Ves) < Varmn (Vo) if
V2N {302 — 4 (~1+ p?) C2}?
4{44+5XC2 +4X(1 - p?) C2}

Note: Conditions (i)-(iii) are always true.
Comparison with Gupta and Shabbir [3] estimator

(iv) From and 1; MSEumin (?’pl) < MSEumin (ffcs), if

Y2202 250%(—1+)\TZC§)—5(—1+,02){—16+)\(—5+1672)C§}CZ+16>\(—1+p2)2(—1+472)C§}
64{71+Af2cg+x(71+p2)cg}{1+)\cg+>\(1fp2)cg}

>0

>0

(v) g‘.rom and (3.10), M SEmin (?pz) < MSEmin (?GS>, if

_ 4 (=14 ar2C?)?
iYQ{)\(l—47-2)CQ+ 10 (C1+Arcs) }>0

NI (1202 T I A0 F A (14 ) O

(vi) From (2.6) and (3.15), MS Emin (?pg) < MSEumin (f/cs), if
Y2a2¢02 ch(—1+/\72Cﬁ)—3(—1+p2){—8—&-)\(—3-&-87‘2)0%}C§+4)\(—1+p2)2(—1+4T2)C;ﬂ
4{a4+57C2—ax(—1+4p2)C2 H{—142A72C2+A(—1+p2)C2

0.
Note: The proposed estimators Yp;(i = 1,2,3) perform better than the Gupta
and Shabbir 3] if conditions (iv)-(vi) are satisfied.
Comparison with Grover and Kaur [2| estimator

(vii) From (2.10) and , MSEumin (f/pl) < MSEumin (?GK), if

YEN2CZ{CZ (—24 4 AC2) + 8 (—1+p%) (8+ AC}) Cy }

G- LEA (L4 2 O3] (LA F A (L )3}

(viii) From (2.10) and (3.10), MS Emin (ifpz) < MSEmin (?GK), if

_ —8 4+ \C2)?
Y2< 4 + (-8+2C) >>0.

A4 AC2 — AN (=14 p2)C2 " =64+ 64X (—1 4 p?) C2

(ix) From (22.10) and (3.15), M SFEmin (?pg,) < MSEwin (?GK)7 if

5Y2X2CE {C2 (—28 4+ AC3) +4 (=1 + p%) (16 +3XC3) C7 }

0.
64 {44+ 5XC2 — AN (=14 p?) C3} {14+ X (-1 4 p?) C?} ~

Note: The proposed estimators }ifpi(i = 1,2,3) perform better than the
Grover and Kaur (2011) if conditions (vii)-(ix) are satisfied.
Comparisons among proposed estimators

(x) From (3.5) and (3.10), MSFuin (Vr2) < MSBuin (Vi ), if

. 4 - (8 +3xC2)* o
44+ AC2+4X(1—p2) C2 64 {1+ AC2+ (1 —p?) C2} '




(xi) From ﬁ) and (3.15), MSEmimn (f/pg) < MSEmin (f/pl) if

YVENCZ{CF (44 +19XC3) +4 (1 — p?) (16 + 7AC7) Cy }

> 0.
64 {44+ 5XC2 +4X(1—p?) C2} {1+ AC2 + A (1 —p?) C7}

(xii) From (3.10) and (3.15), MSEmin (?pg) < MSEmm ()‘/pg) if

YEN2CZ{CF (8+AC2) +4(1—p%) (4+1C3) C7 }
{4+ XC2+4X(1—p?) C2} {44 5XCZ +4X (1 —p2) C2}

Note: Conditions (xi) and (xii) are always true.

5. Estimators under two-phase sampling (partial information)

When the population mean of the auxiliary variable, z, is unknown, it is customary to
apply the two-phase sampling procedure. The two-phase sampling scheme is explained
as follows

(i) In first-phase, a sampleﬁof size (n1 < N) is selected from the population using
SRSWOR to estimate X.
(ii) In second-phase, a sample of size (n < ni) is selected to observe both y and z.

Let 1 be the sample mean based on first-phase sample of size ni, and let § and Z be
the sample means based on second-phase sample of size n. Let (Z1,Z) and § are the
unbiased estimators of X and Y, respectively. Now we discuss different estimators of
finite population mean based on two-phase sampling.

5.1. Unbiased difference estimator. The unbiased difference estimator of population
mean under two-phase sampling is

(5.1) Yp=g+k (@1 —2),

where k™ is an unknown constant. B
. . 2 . . VpCy . .
The expression for variance of Y75, at optimum value of £, i.e., kz‘om) = =¥ s given

XC,
by
(5.2)  Varmin (?5) =V? (A ="+ \1p°) Cf,

_ 1

where \; = % ol

5.2. Gupta and Shabbir [3] family of estimators. Under two-phase sampling,
Gupta and Shabbir [3] family of estimators for estimating finite population mean, is
given by

6 Tas = fsin+si o -0

aZi+b
az+b /)’
where s7 and s5 are two unknown constants.

The expressions for Bias and MSE of ?C’,i 5, to first order of approximation, are given by
(5.4)  Bias ()Q/C’;s) > YV 4+Y {1+ (A= \)7C, (1Cs — pCy)} 57 + XA7C2sh
and
MSE (f’é‘s) 2 V2 4 V2{143(A = M) 7202+ 4(=A+ A1) prCaCy + AC2} 572
(55)  +X (A~ M) C2sy (—2Fr + Xs3) — 278 [V + (A — A1) Ca {7Ca (V7 — 2X83) + pC, (~V7 + Xs3)}] |

where 7 is defined earlier. .
The optimum values of s] and s3, obtained by minimizing the MSE of Yg, are given by



—14+(A—X)72C2

S1(opt) = B G W oo N W )1CZ and
Y[—pCy+7Ca{14+(~ A+/\1)7202+(/\ A1) pTCo Cyt{ — A+ (A= /\1)p2}02}]
82(opt) = XCZ{ TH(A—AD)T2C2+{ A+ (A-A1)p? JC2 ]

The minimum MSE of YGS, at optimum values of s7 and s3, is given by
y? {-2+(- )\1)p2} {1-(A=X) TZC’g} C?
1+ A=) 2C2+{-A+ (A= M\)p?}CE

(5.6)  MSEmin (f/ggs) ~

Gupta and Shabbir [3] estimator 12/'5}5 will perform better than the difference estimator
Yy, if
Y2 (A= Xp? —l—)\p) Cy

O A G { A+ Pt

5.3. Grover and Kaur [2] estimator. Grover and Kaur [2] estimator under double
sampling for estimation of the population mean is given by

ox * — ¥ (= = 1 — X
(5.7)  Yéx ={tig+ 5 (z1 I)}eXp<i1+i>7

where ¢ and t5 are two unknown constants.
The expressions for Bias and MSE of Y, to first order of approximation, are given by

(5.8)
Bias (?G*K) = % [-8Y + Y {8+ (A — A1) Cx (3C: — 4pCy) 7 +4X (A — A1) C2t5]
and
MSE (?G*K) SV V2 {14+ (A= M) C2+2(=A+ M) pCaCy + AC2} 152
v \ v 1* * \/ \/ vk \/ vk
(5.9)  +X(A—\)Cats (=Y + Xt5) + yald [-8Y 4+ (A — A1) Cx {4pCy (Y — 2Xt3) + Co (—3Y +8Xt5)}] .

The optimum values of t] and t5, obtained by minimizing the MSE of ?GK, are given by
o _ —8+(A—Ay)C2 Y [8pCy+Cu{—4+(A=A1)C2+(=A+A1)pCs Cy +4(A=Xp?+21p )02}]
Lopt) = _si8{-A+(A=—A1)p? }C2 8XCy {1+ (A=Ap2+x1p2)C2}

and 34,y =
The minimum MSE of Yg, at optimum values of t; and t3, is given by

(5.10)
Y2{A=A)?Cs =16 {-A+ A= X1)p*} (-4+ (N — ,\1)02)02}
—64 464 {—A+ (A — \1) p2} C?

MS Emin (f/g;K) ~

Grover and Kaur [2] estimator f/é x will perform better than the difference estimator ?5,
if
V2{O = A) C2+8 (A =2 + \ip?) €3}
64 {1+ (A= Xp2+ X1p?) C2}

> 0.

Gupta and Shabbir [3] estimator ?é s will perform better than the Grover and Kaur [2]
estimator Y, if

{2+ A=2) P} (-1+ (A=) 7°C3) Cy

“1+ A=) T2C2+{-A+ (A=) p?} C2

> 0.

A=A)2CE =16 {-A+ (A=) p*} {4+ (A=) C2}C2
" 64{-1+ {-A+ (A=) 2} C2}



6. Proposed estimators under two-phase sampling

In this section, we derive the mathematical expressions of the biases and MSEs of
the proposed estimators of finite population mean when partial auxiliary information is
available.

6.1. First proposed estimator. Similar to (3.2), the proposed estimator under double
sampling is given by

2 1 _[(z T o _ 1 —x
(61) Yp1 = {uliy (gl + i) + ug (1’1 —:L’)}exp (i‘i +5:) s

where u] and u5 are two unknown constants.

The expressions for Bias and MSE of ?;1, to first order of approximation, are given by

(6.2)

Bias (f/;l) = é [-8Y + Y {8+ (A — A1) Ci (TCy — 4pCy)} uf +4X (A — A1) Caus)
and

MSE (f/;l) =2Y2 V2 {14200 = M) C2 +2(=A + A1) pCaCy + ACS Fui® + X (X — Ap) Cous (=Y + Xus)
(6.3) —l—iYuf [—8Y + (A= A1) Co {4pCy (Y — 2Xu3) + Cp (7Y +8Xu3)}] .

The optimum values of u] and w3, obtained by minimizing the MSE of ?;1, are given by
84+3(A—A1)C2

* —
Uilort) = ST 2+ (A T arE)oz)

X Y [8pCy 0 {—4+(A—A1)C243(A—2A1)pCa Oy +4(A—=2p2 4+ 21p%) C2 }]
U2 (opt) = 8XC.T{1+(>\7A1)C§+(>\f)\p2+>\1p2)c§} .

The minimum MSE of Y3, at optimum values of u} and u3, is given by

(6.4)
MSBuin (Vi) = V{25 (A= M)?C2 +16 {-2+ (A= M) p’} {4+ (A = M) CF} CF}
min Pl — 64{1.'.()\—)\1)0%—}—()\—)\p2+)\1[72)c'3} .

6.2. Second proposed estimator. On the line of (3.7)), the second proposed estimator
under double sampling is given by

2 L1 1 —T T — T . _ 1 —T
. Yro = - _
(6.5) o [v12y{exp (f1+f> + exp <{E1+j)}+v2 (Z4 x)] exp (f1+i’>7

where v] and v; are two unknown constants.

The expressions for Bias and MSE of 12/}.?‘2, to first order of approximation, are given by
(6.6)  Bias (V) = % [2V + V{24 (A= A1) Ca (Ca — pCy)} ol + X (A — A1) C203]
and

MSE (?;2) ~y2y iW {4450\ = A1) C2+8(=A+ A1) pCaCly + 4NC2} 03
(6.7)  +X (A=) Covs (=Y + Xv3) + Yvi {=2Y — (A — A1) Ca (Co — pCy) (Y — 2X0v3) } .
The optimum values of v and v3, obtained by minimizing the MSE of 12’52, are given by

4 and V(o) = ox (1 + —8C4+8pCy )

* J—
Vi(opt) = 4+ (A=21)C2+4(A=Ap2+21p2)C2 Ca{4+(A=21)C2+a(A—Xp2+21p2)C2 }

The minimum MSE of 12/52, at optimum values of v} and v3, is given by

(6.8)



O 1*2 2 16
MSFEnin | Y] ~_Y“<4 A+ A - — .
SBuin (Vi2) = 4 { (=AM C 4—|—()\—/\1)C§+4()\—/\p2+)\1p2)C§}

6.3. Third proposed estimator. On the line of (3.12)), the third proposed estimator
of the population mean under double sampling is given by

Vg = w*l’ @+£ exp (2L +ex o1 +w; (T1 — T) | ex e
P8 = WY\ 7 T g P\Z ¥z P\Z +z 2 P\Z 5z )

where w] and w3 are two unknown constants.
The expressions for Bias and MSE of Y75, to first order of approximation, are given by

(6.9)

(6.10)
Bias (V7,) = % [—2F + ¥ {24 (A= A1) Ca (20, — pCy) b wi + X (A — A1) C2uws]
and
MSE (Via) =V + ifﬂ (449N~ A1) C2 £ 8(—A+ M) pCaCy + 4NC2) wi?
(6.11) +X (A= A1) C2wj (=¥ + Xwj) + Vi [~2V + (A= A) G {pCy (V — 2Xws) — 20, (V — Xwi)}].

The optimum values of w] and w3, obtained by minimizing the MSE of ?;3, are given by
442(A=21)C2 Y [80Cy +00 { —4+(A=A1)CZ+4(A=A1)pCa Cy +4(A=Ap*+A19%) 7 }]

* *
w = and w = —
Hopt) ™ 445(A—A1)C2+4(A=Ap2+A1p2)C2 2(opt) 2XCa {4+5(A—21)02+4(A=Ap2+A1p2)C2}

The minimum MSE of Y35, at optimum values of w} and w3, is given by

(6.12)
MSE. - (?* ) LY{00 -+ 4{ A+ -2 (H4+ (A -0 CR) Ch)
min P3| — 4{44—5()\—)\1)0%—1—4()\—)\,02+>\1p2)C§} .

Remarks: Expressions given in (6.4)), and (6.12) contain the unknown population
parameters, which can be estimated either from the sample values or through repeated

survey or by experience gathered in due course of time.

7. Efficiency comparisons under two-phase sampling

In this section, we compare the proposed estimators with the existing estimators of
population mean based on double sampling scheme.

(a) Comparison with difference type estimator
(i) From (5.2) and (6.4), MSEmin (V51) < Varmn (V5), if
{5Y (A= A1) C2 4+ 8Y (A = Ap® + Aip?) C2)°
64 {1+ (A= X1)CZ+ (A= Xp2+ X1p?) C2}

(i) From and 1@; MSEmin (?;2) < Varmn (?5), if

2

> 0.

16
4+ A=M)C2+4 (N =22+ 1) C? }
{ +( 1) Cy +4( P+ 1p)Cy+4_'_()\_)\1)0%+4(>\_)\p2+)\1p2)03 >0

=~

>

(iii) From and (6.12)), M SFEmin (?}2‘;3) < Varmin (?’D*), if

{37 (A= A1) C2 +4Y (A — Ap® + \ip?) €2V
4{445(A = 1) C2+4(A— o2+ \ip?) C2}

> 0.



Note: When conditions (i)-(iii) are satisfied, the proposed estimators

Y7 (i = 1,2,3) perform better than difference type estimator Y.

(b) Comparison with Gupta and Shabbir [3| estimator

(iv) From and 4; MS Emin (f/;l) < MSEmin (f/g;s), if

V2 {2+ (= M) o H =14+ (A= n) P22} C2

Y2 [-25(A = A1)?C +16 {=A+ (A= ) p*} {4+ (A=) C2} Cf]

T— (A= A)T2C2+ {A— (A= A1) p?} C2

> 0.
64 {1+ (A= X1)C2+ (A= Xp2+ \i1p?) C2}

(v) From (5.6) and (6.8), MSFuin (Vi2) < MSBuin (Vs ), it

i?Q <—4 +A=X\)C2 -

AN+ A=) P2 {1+ (A= \) 202} C2
—1+ A=A 72C2 + {-X+ (A= A1) p?} C}

*1

16
+()\—)\1)02+4()\—)\p2+>\1p2)6’5) > 0.

(vi) From 1; and (6.12), M S Eumin (1?;3) < MSEmin (?G*S), if

}_/2

4

(4{)\ — (A=) PP {1+ (A=) T2C2)C?

—1+ (=) PCEH (A + (A=A 7 G

9N HA{ A A -2 {HA+ - ) O

>0,
A+5N—A)C2Z+4(N—Ap® + Aip2) C2 >
Note: When conditions (iv)-(vi) are satisfied, the proposed estimators

Y7 (i = 1,2,3) perform better than the Gupta and Shabbir [3] estimator
YSS.

(c¢) Comparison with Grover and Kaur [2] estimator
(vii) From (5.10) and q; MS Euin (17;1) < MSEmin (YG*K), if

V2A=2)2C2 (A=) C2 {244+ (A + M) C2} =8 {-A+ (A=) p*} {8+ (A —\1) C2} Cy)

64 [-14+{-A+A=X)p*}C2] [-14+ (=2 4+ ) C2+ {2+ (A — 1) p?} C2]

when above condition is satisfied, the estimator Y3, is more efficient than
YG*K.

(viii) From (5.10) and q@; MSEmin (?;2) < MSEmin (?G*K), if

Y/2
4

+

( iy 16 (A + M) C2+ (A= X1)>Ca+64{-A+ (A= A1) p*} C2

“16+ 16 {-A+ (A — 1) p2} C2

16
0
4+(A*)\l)C%Jr‘l{)\*/\PQ+>\1P2}C§) -

when above condition is satisfied, the estimator Y, is more efficient than
YéKc

(ix) From (5.10) and (6.12), MSEmin (V53) < MSEumin (Véx ). if

5Y2(A = A1) C2[(AN=A) C2{28 + (A + M) C2} —4{-X+ (A= 1) p°} {16 +3 (A — A1) C2} CF]

> 0,

64 [1—{-A+A=2)p?}C2] [4+5(A— A1) C2+4(X—Ap> + M\1p?) CF]

>0,



Note: When conditions (vii)-(ix) are satisfied, the proposed estimators
Y7 (i = 1,2,3) perform better than the Grover and Kaur [2] estimator
Yik-

(d) Comparisons among proposed estimators

(X) From " and ‘@' MSEmin (?;2) < MSEmin (f/p*l)v if

Y2 256

= (—6a+

64 I+ A= M)C2Z AN —A2+ p?)C2

+(>\f M)CE{164+9(=A+ A1) C2} +64 (A= Np® + \1p®) Co -0
T+ (= M) CZ+ (A — Ap2 + Ap?) O2 ’

when above condition is satisfied, the estimator ?;2 is more efficient than
Ypi- R R
(xi) From 1| and (6.12)), M SFEmin ()7}’;3) < MSFEnpin ()7;1)7 if
YV2A=M)CHA=M)C2 {44 +19A =) Co} —4{-A+ (A=) p’} {16 +T(A = 1) C2} C7]

64[1+(A—=A)C2+{A= A2+ X1p?} C2] [A+5 (A — A1) C2 +4{X — Ap? + A\1p?} C2]
when above condition is satisfied, the estimator ?53 is more efficient than
Ypi. R X

(xit) From (6.8) and (6.12), M8 B (V) < MSEin (Vi) it

Y? i 16
4 A+ A =M)C2Z+4(A— A2+ M\ p?) C2
A=A+ M) CE+ (A= A)’Cr+a{-X2+ (A=) p*} C2] ~o
A+5A=A)CZ+4(A— A2 + Aip?) C2 ’

when above condition is satisfied, the estimator Y5 is more efficient than
V.

8. Empirical Study

The empirical study is based on three populations under: (i) complete information
case and (i) incomplete information case.

8.1. Complete auxiliary information. In this section, we compare the estimators
numerically by using different real life data sets. The values of minimum MSEs of the
estimators are given in Tables 1-3 based on the Populations I-III, respectively.

Population 1: [source: Kadilar and Cingi [5]]. -
The summary statistics are: N = 200, n = 50, Y = 500, X = 25, Cy = 15, C; = 2,
p =0.90, B2, = 50, A = 0.015.

Population 2: [source: Kadilar and Cingi [6]].
Let y =level of apple production (1 unit = 100 tones) and z =number of trees (1 unit

= 100 trees). The data statistics are: N = 106, n = 20, Y = 2212.59, X = 27421.70,
Cy =5.22, Cp = 2.10, p = 0.86, f2. = 34.57, A = 0.040566.

Population 3: [source: Kadilar and Cingi [7]].
Let y =level of apple production (17unit = 100 ’Eones) and x = number of trees. The data
statistics are: N = 104, n = 20, Y = 6.254, X = 13931.683, C, = 1.866, C; = 1.653,



p = 0.865, P2, = 17.516, A = 0.040385.
Under complete information case, the minimum MSE values of the proposed and ex-

isting estimators are given in
For YGS(I) with (a =1,b = p), YGS(Q) with (a =1,b=Cy), l_/(;g(g) with (a =1, B22),

Table 1. Minimum MSE values of different estimators (complete in-

formation).
Estimator | Population-I | Population-II | Population-III
Yo 160313.00 | 1409112.00 1.38
Yeas 95468.40 1043370.00 1.33
Yeas 95650.43 1043380.00 1.33
Yass) 97421.62 | 1043510.00 1.33
Yeas 95308.27 1043370.00 1.33
Yess) 97099.35 1043440.00 1.33
Yex 96203.40 1043340.00 1.29
Vi 92612.00 876024.00 1.01
Vs 95306.60 1002810.00 1.24
Yps 91712.50 832286.00 0.92

Yas(y with (a = Boz, b= Cy), and Yass) with (a = C, b = fas).

8.2. Summary statistics under two-phase sampling (partial information). Pop-
ulation 1: [source: Kadilar and Cingi [9]].

The summary statistics are: N = 200, ny = 90, n = 50, Y = 500, X = 25, C,, = 15,
Co =2, p=0.90, B2 = 50, A = 0.015.

Population 2: [source: Kadilar and Cingi [6]].
Let y =level of apple production (1 unit = 100 tones) and = =number ofitrees (1 unit
= 100 trees). The summary statistics are: N = 106, nx = 40, n = 20, Y = 2212.59,

X =27421.70, Cy = 5.22, C, = 2.10, p = 0.86, [2z = 34.57, A = 0.040566.

Population 3: [source: Kadilar and Cingi [7]].

Let y =level of apple production (1 unit = 100 tones) and = = number of trees. The sum-
mary statistics are: N = 104, n; = 40, n = 20, Y = 6.254, X = 13931.683, C,, = 1.866,
Cr = 1.653, p = 0.865, B2, = 17.516, A = 0.040385.

The values of minimum MSEs of the proposed and existing estimators constructed

under two-phase sampling for all populations are given in For EQ/G*S(U with
(a=1,b=p), Vs with (a = 1,b = Cy), Vg with (a = 1, B20), Vs with (a = Bz, b= Cy),
and ?gs(5> with (@ = Cy,b = faz).

It is worth mentioning here that for each of the three populations, the proposed estimators

?pi and f’;, (i =1,2,3) perform better than the existing estimators. It is observed that

the proposed estimator Yps and Y55 are more efficient than their counterparts considered
here.



Table 2. Minimum MSFE values of different estimators in double sam-
pling (partial information)

Estimator | Population-I | Population-II | Population-III
?5 438750.00 2944860.00 2.95
?G*S(l) 155854.00 1757000.00 2.73
?G*S@) 156129.00 1757010.00 2.73
Yisa) 158855.00 1757220.00 2.73
1755(4) 155613.00 1757000.00 2.73
Y55(5) 158351.00 1757100.00 2.73
?@} 157838.00 1787510.00 2.67
?1’51 155785.00 1659340.00 247
?1’52 157326.00 1755550.00 2.65
?53 155271.00 1627170.00 241

9. Conclusion

In this paper, we proposed some improved exponential type estimators of finite popu-
lation mean when complete and partial auxiliary information is available. The proposed
estimators perform better than all other competitor estimators considered here. It is to
be noted the suggested estimators although biased but are always better than the unbi-
ased difference type estimator of the finite population mean. Based on both theoretical
and numerical comparisons, the proposed estimators are more precise than their coun-
terparts. The work can easily be extended to improve the estimation of finite population
mean using information on auxiliary attributes, stratified random sampling and other
sampling designs. Finally, we recommend the use of Yp3 and Y75 for efficient estimation
of the population mean under simple and two-phase sampling schemes, respectively.
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