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ABSTRACT:
In the present paper, we establish some new inequalities for
differentiable convex functions by using a fairly elementary analysis.

Key words. Convexity, differentiable functions, inequalities, special means.

OZET:

Bu makalede biz temel analiz islemlerini kullanarak
diferansiyellenebilen konveks fonksiyonlar igin bazi yeni esitsizlikler
kurduk.

Key words. Konvekslik, diferansiyellenebilen fonksiyonlar, esitsizlikler, zel
anlamlar.

1. INTRODUCTION

In this paper, we obtain some theorems; in Theorem 1, we
shall offer a new integral inequality for products of differentiable
convex functions; in Theorem2, we obtain a new inequality which is
connected with the Euler-f function and L, mean. Finally, an

application to special means of real numbers is given.
The following definitions are well known in literature.

Definition 1 [see, Mitrinonovi¢ and Vasi¢, (1970)]. A function f is

called convex on a segment I if and only if
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flx + (1= y) = H(x) + A= DFO) holds for all x, v €T and
all real numbers 4 € [0,1].

The following inequalities are well known in the literature.

A differentiable function f: I — R is convex if and only if

FO) 2 F(x) + F () (3 —x)

for all x and ¥ in dom f. Also f: R — R is convex for a, b € domf

with a <X b, then we have

h— -
() £ 5—F(@) +3—f(®)

—a b—a
forall x € [a,b].

Dragomir and Pearce proved that the following inequality
hold for differentiable functions (Dragomir and Pearce, 2000).

Theorem A. Let f: R — R be a differentiable mapping on I “abEel,
witha < bandp = 1. If |f| is g-integrable on [a, b] where g = ﬁ,
then we have the inequality:

‘f':n}jf':b} _ f-’rb f[x]dx‘ < ib-_ﬂ_: Ub|f'(xj |qu)E (1.1)
2 a’e SR

We also will need the following usual definition:

e

pEHL_ P+ .
L,(a,b) = [':t:+1}':b—ﬂ}) g if b#a p€R-10} 450,
a, if b=a ,
and
Blx,y) = [Jt* 11—t ldt, x>0,y >0 (12)

see (Dragomir et.al., 2000, p.108).

The main purpose of this note is to establish new inequalities for
differentiable convex functions.
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2. MAIN RESULTS
We start with the following theorem.

Theorem 2.1. Let f, g: R —+ R, be differentiable convex functions. If
h(x) = f(x)g(x)and x < v < a < b, then

[ R (x)dx < [1+;+biiﬂj+bi]p— [1+;+§lni+bﬂn 2.1)
where p = f(y)g(a) + g(¥)f(a)andn = f(y)g(b) + g(¥)f ().

Proof. Since f and g are differentiable convex function we have

f‘(xj ::_: f':}j:i':l'} and g(x] E Q':}':'—Q':I:' (2‘2)

If h(x) = f(x)g(x), using (2.2) we obtain
h(x) =f (x)g(x) + g (Of (x)

(v —fFlx) (v)—glx)
< T80 o (x) + 2228 ()

¥yox ¥yox

— p(y 8 Flx)a(x) fx) _ f(x)alx)
=f =5 Te0) o

=f() f%f +9(¥) f_xj o (2.3)

y—x

On the other hand, from convexity of f and g, we have

f) = = fla) + 5 £() and
9(x) ===g(a) + =2 g(b) (2.4)
From (2.3) and (2.4) we obtain
R < F0) L 4 g [ o [80)
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<fM= =

+90) 7 (21 (@) + 27 (0)]| - 2 2220

X

Since

ZM =0, we get
¥—x

: b—x x—a
K < F0) — [ (@) + = o(0)]

+9(0) [ (@) + 27 ()]

Integrating the resulting inequality with respect to x over [a, B], we
obtain

J-hijdxﬁif()g[]f — dx+f(y)f(_bifb:zdx

+ (jfla}fbb xdx_l_ (jf'b}fbx de

E}x ﬂ_').—x

= FOIZE[(b - ) + (v — b)In 22|

(y—a)

+5(3 j‘g L [(a— b)+ (a— v]in E}]

+s 2| -a) + v - b)n i%:ﬂ

+g(v) Ib}[(a—b]-l—(a—v]lnl} :i]

which completes the proof.
The second result is embodied in the following theorem.

Theorem 2. 2. Let f be differentiable mapping on the interval of real
numbers I~ (the interior oflya <<band a,b £ I', with f'(aj #+ f(b]
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ands = 1.If f:[a,b] = R . is convex functions and s —integrable on

[a, b] where r = ;—1, then we have the inequality:

f:[x —aPP(b-2)7f (¥)dx < (b—a)" T Blpr + Lgr + lj]él.g (f'(a],f'[b]) (2.5)

where p,g =0, L_(..) is 5 —logarithmic mean and f is beta
function of Euler type.
Proof. Using Holder’s integral inequality we get

be  mrr gs z:_p_“.fz:-sE
[le=apo-f (e < (1~ -2 Tan) ([l W] 26)
Let us put x = tb + (1 — t)a with t € [0,1] on the right side of (2.6).
Then we get

r

J (x — a)?(b—x)9f (x)dx < J [t"’(b—a]"’(l—t]q(b—a]q]”(b—a]dtl

x (b= a)s ([11f (tb+ (1= 1) aj]'*"dr}s
= (b - )" ([P (1 - DT dtf
x (S (b + (1 - tjaj]sdt)?,

— (b —ayrert ([ (1 r]‘f]?"drf

x ([T e+ (-1 aj]fdr}é 2.7)
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Since f is convex function we have that:

fFltb+(1-ta) <tf (B) + (1 —-1)f (a) (2.8)
Using (2.8) on the right side of (2.7), we have

1

[t (1—¢) ‘?]’"dt)r

1

J:r:x — @P(b—x)*f ()dx < (b— aj(f

X ((ful[rf'(bj +(1- t)f'(aj]""dr}?) (2.9)

However, from (1.4) we get

LleP( -0 de= [Jt"(1—6)dt = f(pr + Lqr+ 1) (210)
And detoning u:= tf (b) + (1 —t) f (a), t € [0,1], we also get that:

LIt (B) + (1 — 0F (@]°dt = L3(f (a). £ (b)) (211)

Combining the inequalities (2.9), (2.10) and (2.11) we get the
required inequality in (2.1).

The following theorem is a result of a special condition of (1.1)
proven by using the Buniakowski-Schwarz inequality (Mitrinonovi¢
and Vasi¢, 1970, p.43).

Theorem 2.3. Let f:R = R be a differentiable mapping on I
a b el witha <b If T s integrable on[a, b], then we have the
inequality:

s _ 2o an]” < 22 P P 12)

2 12

Proof. Using Buniakowski-Schwarz inequality, we can state that:

2 (x-22)f '(x]dxr < [J“: (x- ﬂ] dx} [ I (f'(xj)2 dx] (2.13)

"
&

However,
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[(x—22) ax = ':b;;}E (2.14)
and
P (x—Z2)F ()de = (b —a) CELE 2 fx)dx (2.15)

Thus, using (2.13) and (2.14) on the (2.12) we get the required
inequality in (2.12).The proof is complete.

Let us put p=2and g = 2 on (1.1) we obtain (2.12).
3. APPLICATIONS FOR SPECIAL MEANS
Let us recall the following means:

a)The arithmetic mean

Ala,b) = Efb; a,b >0,
b)The geometric mean
G(a,b) =+ab; a,b =0,
¢)The harmonic mean
H[a,b]:z._z._; ab >0,
]
d)The logarithmic mean
b—a ,
L(a,b) = {!nb—!nﬂ if b#a ; a,b >0,
a if b=a
e)The p-logarithmic mean
ph+i_ P+ ; .
Lp(ﬂ?b] = (':?J‘l'l:'l:b—ﬂ}) Lf b * a@p € R\\'{_ 1’0} ; iy b = ﬂ/

a if b=a
See ( Dragomir and Wang, 1998).
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The following proposition holds:
Proposition 3.1. Let 0 < a < b < @ andp = 1. Then we have the
inequality:
p LD P 2 _ p*(b-a)® 2p-2
[A(a?,b7) — L5 (a,b)] = — L3 (ab) (3.1)

The  proof follows by Theorem 23 on choosing
fila,b] = (0,o0), f(x) = x¥ and we omit the details.

Proposition 3.2. Let 0 < a < b. Then we have the inequality:

0< [H'(ab) - L (ab)] < (“'*’]2 (L) (32)

2 (e

The  proof follows by Theorem 23 on  choosing
fila.b] = (0,x0), f(x) = i and the details are omitted.

REFERENCES

Dragomir, S.S. and Pearce, C.E.M. (2000). Selected Topic on Hermite-Hadamard
Inequalities and Applications, RGMIA Monographs, Victoria
University.

Dragomir, S.S., Agarwal, R.P. and Barnett, N.S. (2000). Inequalities for Beta
and Gamma functions via some classical and new integral
inequalities, J. of Inequal. & Appl., Vol 5,103-165

Dragomir, S.S. and Wang, S. (1998). A generalization of Bullen’s inequality
for convex mappings and its applications, Soochow |. of Math. Vol.
24, No. 2, 97-103.

Mitrinonovié, D.S. and Vasi¢, P.M. (1970). Analytic Inequalities, Springer-
Verlag New York. Heidelberg. Berlin.

*kkk

EUFBED - Fen Bilimleri Enstitiisii Dergisi Cilt-Sayi: 2-1 Yil: 2009



