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ABSTRACT:
Making use of fractional derivative operator, we introduce a general

class   ,,,
,

q
npK  of functions which are analytic and p-valent in the open

unit disk U, and obtain a necessary and sufficient condition for a function to
be in the class  ,

, , ,q
p nK     , distortion bounds, inclusion property and the

radii of p-valently close-to-convexity, p-valently starlikeness, p-valently
convexity for this generalized class of p-valent function.
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ÖZET:
Kesirsel türev operatörü kullanılarak U birim diskinde analitik ve p-değerli

fonksiyonların genel bir   ,,,
,

q
npK  sınıfı tanımlandı ve bir fonksiyonun

 ,
, , ,q

p nK      sınıfında olması için gerek ve yeter şart, büyüme ve bükülme
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sınırları, kapsama özelliği ve p-değerli fonksiyonların bu genelleştirilmiş sınıfı için
yıldızılık, konvekslik, konvekse yakınlık yarıçapları elde edildi.

Anahtar kelimeler: P-değerli, kesirsel integral, kesirsel türev, büyüme
teoremleri, maksimum modül teoremi, p-değerli konvekse yakınlık,
yıldızıllık ve konvekslik yarıçapları.

1. INTRODUCTION

Let T(n,p) denote the class of functions f(z) of the form

    ,,...3,2,1,;0,  




Npnazazzf k
pnk

k
k

p    (1.1)

which are analytic and p-valent in the open unit disk

 1;  zandCzzU

A function f(z)  T (n, p) is said to be p-valently starlike of order
 if it satisfies the inequality

 
   , 0 ; ; .

z f z
p p N z U

f z
 

 
      
 

            (1.2)

A function f(z)  T (n, p) is said to be p-valently convex of order
  if it satisfies the inequality

 
   1 , 0 ; ; .

z f z
p p N z U

f z
 

 
        

             (1.3)

Furthermore, a function f(z)  T (n, p) is said to be p-valently close-to-
convex of order   if it satisfies the inequality

    .;;0,1 UzNppzfz p            (1.4)

It is easily seen that a function f(z) is p-valently convex of order

 0 ;p p N    if  and only if  
p

zfz   is p-valently starlike of order

 0 ;p p N     (see, [7], [8], [13]).
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The following definitions of fractional integral and fractional
derivative by Owa (1978) ( also Srivastava and Owa(1987), Owa and
Srivastava( 1992) ) will be required in our investigation.

Definition 1 (Fractional Integral Operator). The fractional
integral of order  is defined, for a function f (z), by

   
 

 
 ,0,1

0
1 


  

 



 
 d

z
fzfD

z

z                         (1.5)

where f (z) is analytic function in a simply-connected region of the z-
plane containing the origin, and the multiplicity of   1 z  is
removed by requiring  zlog  to be real   .0z

Definition 2 (Fractional Derivative Operator). The fractional
derivative of order q+ is defined, for a function, by

   
 

 
 

   
















,;10,

0;10,
1
1

0

NqzfD
dz
d

qd
z
f

dz
d

zfD

zq

q

z

q
z











          (1.6)

where f(z) is constrained, and the multiplicity of  z  is removed,
as in Definition 1.

Using fDq
z
 , we denote by   ,,,

,
q

npK  the subclass of
function f(z) in the class T(n, p) which also satisfy the inequality

        1Re 1 , ,q p q q
z zp q z D f z zD f z z U                     (1.7)

Where    .0;,;!0;;0;10; 0  NNqNpnqppqp 

In view of the inequality (1.7), it is easily verified that the class
  ,,,

,
q

npK  can be identified with the class of

(i) p-valently close-to-convex functions of order
 Npp  ;0   when
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  ;
!1

1,1,0



p

andq 

(ii) close-to-convex functions of order  10   when

.1,1,0   andqp

We note that by giving specific values to p, q, n, ,   and ,
we obtain the following important subclasses studied by various
authors in earlier papers:

(i)      ,0,1,1,0 ,
,

,
,

q
np

q
np KK  ;

(ii)         NpnpppC
pp

K nnp 









,;10;0,,,,
!1

1,
!1

0,1
, 

;

(iii)      NnnFK n  ;1;10;10;10,,,,1,,1
,1  
 ;

(iv)      .10;10,,,1,1,0,1
,1   FK n

The class   ,,pCn  was studied by Chen et al., [5], the class
  ,,nF  was studied by Altıntaş et al,.[1], and the class  F  was

studied by Bhoosnurmath and Swamy [3] and see, for example Chen
et al., [4], Chen et al., [6], Irmak [9]; Irmak et al., [10] and Altıntaş et al.,
[2]).

2. Basic Properties of the Class   ,,,
,

q
npK

A necessary and sufficient condition for a function f (z)T(n,p)
to be in the class   ,,,

,
q

npK is provided by following theorem.

Theorem 1. Let a function f (z) is defined by (1.1) be in the class
T(n,p). Then, the function f (z) belongs to the class   ,,,

,
q

npK if and
only if

 
 

 
 

! !
,

1 1k
k n p

k k q p p q
a

k q p q
      

 



 

            
                      (2.1)

where     .0;;!0;;0;10; 0  NNqNpqppqp 
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The result is sharp for the function f(z) given by

       
       ,

1!
!1 pnp z

qpnqppn
qppqpnzzf 








(2.2)

where .;,; 0NqNpnqp 

Proof. Suppose that the function f (z), given by (1.1), is in the class
  ,,,

,
q

npK . It is easily seen from the definition of fractional
derivatives that

      ,
1

!
1

!
k

qk

pnk

qpq
z az

qk
kz

qp
pzfD 








  



 (2.3)

where 0;,;10; NqNpnpp  

Making use of (1.7) and (2.3), choosing values of z on the real axis,
and then z 1 through real values, we arrive at the assertion (2.1)
of Theorem 1.

Conversely, we suppose that the inequality (2.1) holds true and let

 .1;  zandCzzUz

Then, we find from (1.1), (1.7) and (2.3) that

             qppzfDzzfDzqp q
z

q
z

pq !1 1

  
 

  
 1

!
1

!







 


 





qp
qppa

qk
qkk

pnk
k  (2.4)

where    ,;,;!0;;0;10;; 0NqNpnqppqpUz  

Thus, by the maximum modulus theorem, we conclude from (2.4)
that  ,

,( ) , ,q
p nf z K     .

Finally, by observing the function ( )f z given by (2.2) is indeed an
extremal function for assertion (2.1), we complete the proof of
Theorem 1.
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Next, by appealing to the assertion (2.1) of Theorem 1, it is not
difficult to prove the following inclusion property for the
class   ,,,

,
q

npK . The details may be omitted.

Theorem 2. Let a function ( )f z is defined by (1.1) and the function
g(z) is defined by

   Npnbzbzzg k
k

pnk
k

p  




,;0,                   (2.5)

be in the same class   ,,,
,

q
npK . Then the function h(z) defined by

        ,1 k

pnk
k

p zczzgzfzh 




  (2.6)

where   NpnbaC kkK  ,;10;01  is also in the

class   ,,,
,

q
npK .

Theorem 3. If  ,
,( ) , ,q

p nf z K     , then

  
     

  
   ,1

!!

1
!!
















































qp
z

z
qpn

qppp

zfD
qp

z
z

qpn
qppp

qp
n

q
z

qp
n

     (2.7)

where
   ,;,;!0;;0;10;; 0NqNpnqppqpUz   and

the fractional operator  zfD q
z
  given by (2.3). The result is sharp

for the function ( )f z given by (2.2).

Proof. Under the hypothesis of Theorem 3, we find from the assertion
(2.1) of Theorem 1, that

    
  

  ,
1

!
1

! 






 






pnk

k
pnk

k a
qp

qkka
qk
kqpn







which readily yields
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 
  

  ,
1

!
1

!








 


 qp
qkpa

qk
k

pnk
k  0; , ;p q n p N q N   (2.8)

Now the inequality (2.7) would readily when we make use of (2.8) in
conjunction with the series expansion for

   0;,; NqNpnqpzfDq
z   given by (2.3).

Theorem 4. If  ,
,( ) , ,q

p nf z K     , then

 
    

      
 

 
    

       ]
11

1
1

[!

!]
11

1
1

[

n
qp

qp

q
z

qpn
qp

z
qpnqpnqp

qpqpn
qp

z
zp

zfD

zpz
qpnqpnqp

qpqpn
qp

z













































(2.9)

where 0;,;; NqNpnppUz   and the fractional integral

operator  zfD q
z
  for a function f (z) is given by (1.1) defined by

      ,
1

!
1

! 








  



 qk

pnk
k

qpq
z za

qk
kz

qp
pzfD  (2.10)

Each of these results is sharp for the function f (z) given by (2.2).

Proof. Under the hypothesis of Theorem 4, we find from the assertion
of Theorem 1, that

     
     ,

1
1!!










 qpnqp
qpqpnpak

pnk
k     (2.11)

where 0;,;10; NqNpnpp   .

Now the inequalities (2.9) follows readily when we use (2.11)
in conjunction with the series expansion for

   0; NqqzfD q
z    given by (2.10).
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Finally, we determine the radii of p-valently starlikenes, p-
valently convexity, and p-valently close-to-convexity, for function in
the class  .,,,

, q
npK

Theorem 5. If  ,
,( ) , ,q

p nf z K     , then ( )f z is p-valently starlike

of order   1;0 rzinNpp   , p-valently convex of order

  2;0 rzinNpp   , and p-valently close-to-convex of order

  3;0 rzinNpp   , where

      
       

pk

k qppqkk
qkqpkpr
















1

1 !1
1!inf


 ,  (2.12)

       
       

pk

k qppqkk
qkqpkppr
















1

2 !1
1!1inf


   (2.13)

and

       
     

pk

k qppqk
qkqpkpr
















1

3 !1
1!1inf


 (2.14)

for .0;0;,; ppNpnpnk  

Each of these result is sharp for the function f (z) given by

       
       ,

1!
!1 pnp z

qpnqppn
qppqpnzzf 








    (2.15)

where .;,; 0NqNpnpnk 

Proof.  It is sufficient to show that

 
   ,;;0;, 1 NpUzprzpp
zf
zfz




       (2.16)

 
   NpUzprzpp
zf
zfz





 ;;0;,1 2   (2.17)
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and

   ,;;0;, 3
1 NpUzprzppzfz p    (2.18)

for a function  ,
,( ) , ,q

p nf z K     , where 321 ,, randrr  are defined
by (2.12), (2.13), and (2.14) respectively. The details involved are fairly
straightforward and may be omitted.
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