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ABSTRACT:

Making use of fractional derivative operator, we introduce a general
class K Z:f (/1, B.a ) of functions which are analytic and p-valent in the open
unit disk U, and obtain a necessary and sufficient condition for a function to
be in the class KZ:f (/1, B.a ) , distortion bounds, inclusion property and the

radii of p-valently close-to-convexity, p-valently starlikeness, p-valently
convexity for this generalized class of p-valent function.
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OZET:

Kesirsel tiirev operatorii kullanilarak U birim diskinde analitik ve p-degerli

. . q,0
fonksiyonlarin genel bir K oo

(ﬂ,ﬂ,a) smifi tanimland1 ve bir fonksiyonun

Kzzd (i,ﬂ,a ) smifinda olmasi icin gerek ve yeter sart, biiyiime ve biikiilme

n
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sinirlar1, kapsama 6zelligi ve p-degerli fonksiyonlari bu genellestirilmis sinifi i¢in
yildizilik, konvekslik, konvekse yakinlik yarigaplari elde edildi.

Anahtar kelimeler: P-degerli, kesirsel integral, kesirsel tiirev, biiytime
teoremleri, maksimum modiil teoremi, p-degerli konvekse yakinlik,
yildizillik ve konvekslik yarigcaplari.

1. INTRODUCTION
Let T(n,p) denote the class of functions f(z) of the form
fl2)=z"-Yaz, (a,20nmpeN={,23.]) (11
k=n+p
which are analytic and p-valent in the open unit disk

U={z;zeCand|z|<l}

A function f(z) € T (n, p) is said to be p-valently starlike of order
aif it satisfies the inequality

SR{%S)}>0¢, (0<a<p;peN;zel). (1.2)

A function f(z) € T (n, p) is said to be p-valently convex of order
«a if it satisfies the inequality

9%{1+Z;{,;(ZZ))}>CX, (OSa<p;peN;zeU). (1.3)

Furthermore, a function f(z) € T (n, p) is said to be p-valently close-to-
convex of order « if it satisfies the inequality

R f(2)>a. (0<a<p peN;zeU) (1.4)
It is easily seen that a function f(z) is p-valently convex of order

a(O Sa<p;pe N) if and only if ZfT(Z) is p-valently starlike of order

a(0<a<p;peN) (see [7],[8], [13]).
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The following definitions of fractional integral and fractional
derivative by Owa (1978) ( also Srivastava and Owa(1987), Owa and
Srivastava( 1992) ) will be required in our investigation.

Definition 1 (Fractional Integral Operator). The fractional
integral of order ¢ is defined, for a function f (z), by

1 :
D’ f(z)= F(5)-([(Z{(§)?‘5d§’ (5>0), (1.5)
where f (z) is analytic function in a simply-connected region of the z-
plane containing the origin, and the multiplicity of (z - )‘H is
removed by requiring log(z — &) to be real (z—&)> 0.

Definition 2 (Fractional Derivative Operator). The fractional
derivative of order q+5 is defined, for a function, by

V4

1
0<5<1; =0
dz!z &)y 1=0 (1.6)
Df( ), (0£5<1;qu),

D flz)=1" dq

dz?

where f{(z) is constrained, and the multiplicity of (z - )5 is removed,
as in Definition 1.

Using D °f, we denote by K ‘M(/i B.a) the subclass of
function f(z) in the class T(n, p) which also satisfy the inequality

Re{[(p—q-5+1)2" [ DI f (2)+AzD0 " [ (2) | > (2€U), (17)
Where p>q0<6<,A>06>1-6,0<a< p!w+ﬂ(p—q—5)ln, PeN,geN, :NU{O}

In view of the inequality (1.7), it is easily verified that the class
K Z:f (4, B,a) can be identified with the class of

(i) p-valently close-to-convex functions of order
a(0<a<p;, peN)when
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1 .
(p-1)
(ii) close-to-convex functions of order « (0 <a< 1) when

A=0=0, p=g=1,and p=1.

A=0=0, g=1and =

We note that by giving specific values to p, g, n, 6, f and A,
we obtain the following important subclasses studied by various
authors in earlier papers:

@) K20La)c K22(10,a);

pn

A 1

i) K;ﬁ{w,(p_l),aqu(p,a,l), (120:0<a< plpi—A+ 1 pe)

(iti) K2 (L1-Aa)=F(nAa) (0<5<L0<A<L0<a<Ld+a<lneN)

1,n
i) K2 (A1-A,e)=F,(LAd,a), (0<5<0<A<1)

The class C, (p,a,/l) was studied by Chen et al., [5], the class

F (n, l,a) was studied by Altintas et al,.[1], and the class F ( a) was

studied by Bhoosnurmath and Swamy [3] and see, for example Chen
et al., [4], Chen et al., [6], Irmak [9]; Irmak et al., [10] and Altintas et al.,

[2])-
2. Basic Properties of the Class K Z:f (1, 8.a)

A necessary and sufficient condition for a function f (z) e T(n,p)
to be in the class K Z:j (1, B,a) is provided by following theorem.

Theorem 1. Let a function f (z) is defined by (1.1) be in the class
T(n,p). Then, the function f (z) belongs to the class K ij (4, B,a) if and
only if

o k[ f+A(k—q-05)] 3 pB+i(p-q-05)]-«a
Koy F(k—q—5+1) ke F(p—q—5+l)

, 2.1)

where (p>g0<5<LA>0 B> 15:0<a<pl|f+Ap—q-5)} peNigeN, =N}
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The result 1is sharp for the function f(z) given by
F(n+p—q—5+1){p![ﬁ+i(p—q—5)]—a} -

f(z)=zp— z"P,
(n+ pIN(p—g—5+1)|+An+p—q-0)

(2.2)
where p>g;n,pe N;q € N,.

Proof. Suppose that the function f (z), given by (1.1), is in the class
K Z:f (/1, ﬂ,a). It is easily seen from the definition of fractional

derivatives that

! S k!
Dq+5 — p p—q75_ —_— kﬂ75 2_3
LS i ey S Iy v ) S S

where p>p;0<o<l;n,pe N;qge N,

Making use of (1.7) and (2.3), choosing values of z on the real axis,

and then z — 1 through real values, we arrive at the assertion (2.1)
of Theorem 1.

Conversely, we suppose that the inequality (2.1) holds true and let
zeaU:{z;zeCand|z|=l}.
Then, we find from (1.1), (1.7) and (2.3) that

|F(p —q -5 +1)z77" {ﬂDf“gf(z)+ ﬂsz*‘st(z)}—p! [+ A(p—q- 5)]

% k![ﬂ+/1(k—q—5)] P![ﬁ”rﬂ(p—q—é)]—a
Sk;p F(k—q—5+1) Clkﬁ F(p—q—6+l) (24)

where zedU; p>q,0<6<LA>0, 5> A 5;0<a£p!m+ﬂ(p—q—5)ln,p eN,geN,,

Thus, by the maximum modulus theorem, we conclude from (2.4)

that f(z)eK? (4, B8.a).

pn

Finally, by observing the function f(z) given by (2.2) is indeed an

extremal function for assertion (2.1), we complete the proof of
Theorem 1.
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Next, by appealing to the assertion (2.1) of Theorem 1, it is not

difficult to prove the following inclusion property for the
class K (A, B,a). The details may be omitted.

p.n

Theorem 2. Let a function f(z) is defined by (1.1) and the function
4(z) is defined by

z)=2z" — ibkzk, (b, >0;m,peN) (2.5)
[l
be in the same class K ** (4, B,c). Then the function h(z) defined by
Wz)=(1-p) f(z)+ uglz)=2" - k;pck : (26)
where C, =(1—p)a, + ub, >0;0< u<l;n,pe N isalsoin the
class K42 (4, B,a).

Theorem 3.If f(z)e KZ:f (i,ﬂ, 0[) , then

(oo

B+ﬂ(n+p —q- 5

H”ﬂ

yelrse)
[  PLB+Ap—q-8)-

/3+A(n+p o 5

2.7)

4

}l’(p —q— 5+1

where

zeU;p>q,0S5<1;),2(},ﬁ>ﬂ,-6;0<a£p!w+ﬁ(p—q—5)ln,peN;q eN,,and
the fractional operator D"’ f (z) given by (2.3). The result is sharp
for the function f(z)given by (2.2).

Proof. Under the hypothesis of Theorem 3, we find from the assertion
(2.1) of Theorem 1, that

= k! = KB+ Ak—q-05))
A Y ——————a, < "
[ﬂ+ (n+p 7 k;prk q- 5+1) K omep F(p—q—5+1) %

which readily yields
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y K P+ Mk—q-5)-a

.(p>gnpeN.qeN,) (2.8)

S Tlke—q— 5+1) Np—q-5+1)
Now the inequality (2.7) would readily when we make use of (2.8) in
conjunction with the series expansion for

D f(z) (p>gq;n,peN;qeN,) givenby (2.3).
Theorem 4.1If f(z) € KZ:f (i,ﬂ, a) , then
4 In+p-g-5+fp+Ap—4-8]-o

T(p —q—6+1) T(p—q—5+)(n+p—g—5+1|B+A(n+p—q—9)| 4"].19!\#;%5

S‘Df‘)ﬂz) 2.9)

SPMW[ M'Hﬁs r(n+p q—5+1]rﬂ+ﬂ.(p—q—5)] 4,1]
! I'(p —g— 5+1) f(p q—5+1)1'(n+p —q— 5+ljﬂ+ﬂ(n+p —g- 5)]

where zeU;p>p;n,peN;qge N, and the fractional integral
operator D’ f (z) for a function f (z) is given by (1.1) defined by

! < k! ;
DI £(z)= p ped N g R 2.10
/) F(p—q+5+1)z _nz;pl"(k q+§+1)az 210

Each of these results is sharp for the function f (z) given by (2.2).

Proof. Under the hypothesis of Theorem 4, we find from the assertion
of Theorem 1, that

c < IT(n+ s+1){B+ A S)-a!
’f;pk - I(p pq q5+ 1)[ﬁ+ An +pp qq 5)] , (210)

where p>p;0<5<lin,pe N;qeN,.

Now the inequalities (2.9) follows readily when we use (2.11)
in conjunction with the series expansion for

qu_‘sf(z) (5 >q;q € NO) given by (2.10).
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Finally, we determine the radii of p-valently starlikenes, p-
valently convexity, and p-valently close-to-convexity, for function in

the class KZ:,f (4, B,).

Theorem 5. If f(z)e K%’ (/1, ,6’,05) , then f(z) is p-valently starlike

p.n
of order ¢& (0 <¢E<p;peN ) in |Z| <1, p-valently convex of order
& (0 <&E<p;peN ) in |Z| <r,,and p-valently close-to-convex of order
& (OS E<p;pe N)in |z|< r,, where

1

(p—E)T(p—q-5+)B+Alk—q—5)] |-
{(k—(:)r(k—q—5+1){pz[p+/1(p_q_5)]ﬂ , (2.12)

ry <inf
k

cind 2= p—g 5 Al kg ]|
- k{p(]Z‘f)r(k—q—p5+q1){p![ﬂ+z(p—q—q5)]} } (213)

and

(o= &Nk 1T (p—g -5+ D+ Alk g~ )] |7
’ F(k—q—5i1)?p![ﬁ+/1(p—q—5ﬁ} } 214

for k>2n+p;n,peN;0<a<p,0<E<p.

ry < inf{
k

Each of these result is sharp for the function f(z) given by

Mo+ p-q -0+ 1plp+Ap-a-0)-a} .,
(”+Pifé—q—5f1)[ﬁ+,1](9n+qp_q_5)]z , (215

where k>n+p;n,pe N;qeN,.

Se)=2"-

Proof. It is sufficient to show that

%(Z))—p<p—§, QZ|<VI;OS(§<p;Z€U;pEN), (2.16)

z

1+Zf"(z)—p <p-¢& QZ|<r'0<§<p'zeU'peN) (2.17)
f,(Z) B 29 — s s .
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and

2 () -pl<p-& (d<ni0<é<pizeUipeN) (218)

. 4.5
for a function f(z)e K7,

by (2.12), (2.13), and (2.14) respectively. The details involved are fairly
straightforward and may be omitted.
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