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Abstract

In the present paper, we consider two new codingprdhms by means of right
circulant matrices with elements generalized Fibmmand Lucas polynomials. To that
end, we study basic properties of right circulardtrnites using generalized Fibonacci

polynomials, . (x), generalized Lucas polynomiald , (x) and geometric
sequences.

Keywords: Coding/decoding method, right circulant matrix, geadized Fibonacci
polynomials, generalized Lucas polynomials.

Genellatirilmi s Fibonacci ve Lucas polinomlariyla birliktegsa
devirsel matrisler ve kodlama teorisi

Ozet

Bu calsmada elemanlari geneligriimis Fibonacci ve Lucas polinomlari olan devirsel
matrisler kullanilarak iki yeni kodlama algoritmasverecgiz. Bu amagla,

genellgirilmis Fibonacci polinomlari F,, .(x), genellgtirilmis Lucas polimomlari

L,qn(X) ve geometrik diziler kullanilarak gadevirsel matrislerin bazi temel
Ozelliklerini calsacagiz.

Anahtar Kelimeler: Kodlama/kod ¢6zme metodu, gengliégmis Fibonacci
polinomlari, genellgtirilmis Lucas polinomlari, sadevirsel matris.
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1 Introduction

There are many studies including Fibonacci, Fibongcaternion, Lucas, Pell, Pell
(p,i))-numbers and their applications such as codingryheothe literature [1-7]. Here

we consider two classes of right circulant matriedsose entries are generalized
Fibonacci and Lucas polynomials to obtain new cgftiacoding algorithms.

Let n, g >0 be integers. From [8], we know thagairculant matrix with orden is a
square matrix is of the form:

bn—g+1 bn— o+2 o bn— g
Bg,n: bn—2g+1 bn—29+2 n-2g |
bg+1 bg+2 bg

where each subscript is thought to be reduced modul The first row of B, is
(b,b,..., ) and its(j +1) th row is gained by giving itg th row a right circulant shift
by g positions.

It is clear thatg=1 or g =n+1 give the standart right circulant matrix, or egsil
circulant matrix. Then a right circulant matrix da@é given by

RCirc(q,g,...,q):t?“ q b:”

A geometric sequence is known to be a sequéagé_, such that each term is given by
a multiple of the previous one.

In [8], it was given a g-circulant, right circulant and left circulant miats whose
entries are h(x)-Fibonacci polynomials and presented the deternsnari these

matrices. In [9], it was introduced the right cilaxot matrices with ratio of the elements
of Fibonacci and a geometric sequence and giveaneajues, determinants, Euclidean
norms and inverses of these matrices.

In [10], it has been dealt with circulant matrioggh the Jacobsthal and Jacobsthal-
Lucas numbers, studied the invertibility of thesewant matrices and presented the
determinant and the inverse matrix. Similarly, 14]} it has been studied inverses and
determinants of the circulant matrices related tboacci and Lucas numbers.

Furthermore, there are many applications of cirdulaatrices in the literature. For

example, these matrices has been studied relatedottels and several differential

equations such as fractional order models for raatl@pidemics, differential delay

equations (for more details one can see [12-16}la@deferences therein).
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Recently, h(x) -Fibonacci polynomials are given by, ,(x)=0, F ,(x)=1 and
FonaX) =h(XF, (X+ K ,,(X for n>=1, and then it was given some properties of
them in [17].

Let p(X) and q(x) be polynomials with real coefficientsp(x);:o,q(x):s 0 and
p?(X)+4q( ¥ > 0. In [18], it was defined generalized Fibonacci paignials F,_ , ()
by

Foami(®) = PO F, X+ A K qa( 3 21 (1)

with the initial valuesF  ,(X)=0,F,,,(X)=1 and generalized Lucas polynomials
L,.qn(X) were given by

Lpami(0= POILyqr( D+ A ) Lygni 3 11 @

with the initial valuesl, ,4(X) = 2, L, 4,(X) = p( X .

It is known that the polynomiaF_  (X) generalizes classical Fibonacci numbeéxs,

p.q,n
Fibonacci numbers, generalized Fibonacci numbeagal@n’s Fibonacci polynomials

(for more details see [19-24] Similarly, the polynomial L, (X) comprises

generalized Lucas numberg,-Lucas numbers, classical Lucas numbers (for more
details see [22-24] and [27-28]).

Considering the recurrence relation (1), ke{x) and g(x) be the roots of the
following characteristic equation

v vp( )~ §=0.

It is known that the Binet formulas for the getieead Fibonacci polynomial§pyq’n(x)

and generalized Lucas polynomial§,q,n(x) are of the following forms, respectively
[18]:

0=
o) 0= 09

and

,forn>0

L, on(X)=a"(x)+ B"(X),for n>0,

where

PO T I o A=K G
2 2

a(x)=
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It is clear that a(x)+8(x)= p(X, a(x)f(x)=-aq(¥  and
a(X)=A()=\ P (H+4d 3.

In this study, we investigate right circulant me#s using generalized Fibonacci
polynomials, generalized Lucas polynomials and geamsequences. In Section 2, we
give the eigenvalues and determinants of the kghtlant matrices whose entries are
the ratio of the elements of generalized Fibonamguence and some geometric
sequences. In Section 3, we give right circulantricess whose entries are the
generalized Fibonacci and Lucas polynomials andutate the determinants of these
matrices. In Section 4, we give some applicationsght circulant matrices to coding
theory.

From now on, we shortly denote(x) by «, S(x) by B, p(x) by p andq(x) by
q.

2 Right circulant matrices with generalized Fibonaci polynomials and geometric
sequences

Let { f} ", be the sequence of the form

f - Fp,q,n(x)

n n !

ar

where F_ . (x) is the n-th generalized Fibonacci polynomial ara" is the n-th

element of any geometric sequence.

Using these types of sequences, we consider tloavial right circulant matrix#, :

fo f1 fz o fn—z fn—l

fn_l fo fl n-3 n-2

ﬁ — fn—2 fr:1—1 f:O n-4 n3
f, f, f, f, f,
f1 f2 f3 fn—l f0

Theorem 2.1The eigenvalues of the matrik, are as follows:

1 = _er,q,n(X)_W_m(qu,q,n—l(X)_ rn)

m ar”‘l(r—aw‘m)(r—ﬂw‘m)

_ p+y P’ +4q p= P P+4q -
’ 2

andw=en" .
2

wherem=0,1,...n—- 1 «
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Proof. From [25], we know that the eigenvalues of a rightulant matrix 7, are

A= fw ™, 3)

27i

wherem=e" andm=0,1,2,...nh— 1 Using the equation (3) and the Binet’'s formula
for the generalized Fibonacci polynomidts,, (x), we get

H

n—

qu (X) —msz ak_ﬁk W—mk

k=0 ar k:o(a—ﬂ)ark

wherea = P 2 +4q Y 49 . Then using the properties of the geometric

series, we obtain

1 (1(0{”) 1—(,B/r)”j

S @ P)| Tmaw™ 1T 1o pw

1 -eo" r"-p"
ar“‘l(a—ﬂ)(r—aw‘m r—ﬂw‘mj
: ){(r“—a”)(r—w—(r—awm)(r “—m],

ar" (a-p (r—aw™)(r-pw™)

By the factef =q, we find

- -r (a” —,B”)+r W "a—-B)-w m(—ﬂa "+af ")
" ar™ (a—B)(r—aw™)(r-pw ")
_ —r(a” —,B”)+r r\/v’m(oc—/i’)—w_"h](oc "B ”1)
- ar™ (a—B)(r—aw ™) (r-pw ")
Foqn()+r"wW™F (X)W "gF, 1%

ar™(r—aw™)(r—pw ")

and so

er’q’n(x)—W‘m(qu’q (- rn)
ar™(r—aw™)(r - pw ")

Now we present the below theorem.
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Theorem 2.2 The determinant of the matrik, is

( ) rannq n(x)_(qu,q, n—1(x)_ rn)n

) = (L, 0 ()]

Proof. Because the product of eigenvalues of a matriegyiits determinant, from
Theorem 2.1 we obtain

= pqn(x) (q pqn—l(x)_ n)

det(F,) = — (4)
S (e | (e

From the complex analysis, we know

B (x YW ) X'—y (5)

0

3
Tl

Applying the equation (5) to the equation (4), veedn

(_1)rnF;qAX)_(anqwdxy_rwn
anrn(n—l)(rn_an)(r n_IBn)

:( )n annq 2 (X)- (quvq,rfl(X)_ rn)”

anrn(n—l)(r _r (0!”+,3n)+(—q)n) .

det(7, ) =

Using the Binet's formulas for the generalized LsipalynomialsL, , n( X), we get

(_1) rannq n(x)_(qu,q, n—1(x)_ rn)n
" ( —r”l_p’q,n(x)+(—q)") |

det(7, ) =

Notice that forp=x and g=1; for p=2x andq=1; p=k andg=t; p=k and
g=1;, p=q=1in Theorem 2.1 and Theorem 2.2, we have simil@orttms for
Catalan’s Fibonacci polynomiaIan(x), Byrd’'s polynomials ¢, (x), generalized
Fibonacci numberdJ,, k-Fibonacci numberss , classical Fibonacci numbers,,
respectively. Also, in [26], the right circulant tria with Fibonacci sequence was

defined and given eigenvalues, Euclidean normisfrifatrix.
3 Right circulant matrices with generalized Fibonaci and Lucas polynomials

In this part, we give the determinant of a rightcelant matrix whose elements are
generalized Fibonacci polynomialt;p’q,n(x) and generalized Lucas polynomials

Lp,q,n(x)'
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Theorem 3.1Let G, be a right circulant matrix of the following form:

Fp,q,l(x) Fp,q,z( X) Fp,q,3( X) o Fp,q,ﬂ 1( )9 Fp,q,r( )9
Fp,q,n(x) Fp,q,l(x) Fp,qVZ( X Fp,q,ﬂz(x) Fntuq{ 3
Fp,q,ml(x) Fp,q,n(x) anl(x) ann4x) Fn qﬂ(»
G =| s A : (6)
Fp,q,4(X) Fp,q,5( X) Fp,q,G( X) Tt I:p,q,g )9 Fp,q;(x)
Fp,q,3(X) Fp,q,4( X) Fp,q,S( X) Tt Fp,q,l( )9 Fp,q,£ )9
Fp,q,Z(X) Fp,q,3( X) Fp,q,4( X) Tt Fp,q,r( )9 Fp, q,{ )9
Then we have
(1 n-1 n2fd(1— Fp,q,ml(x) -
det(Gn ) _( 1 I:p,q, 1 (X)) +( qu,q,n(X)) ;( qu‘q’n(X) J qu,q,k (X) (7)

Proof. For n=1, det(G)) =1 satisfies the equation (7). Let us consider trse ce> 2
and we focus on the following matrices:

1 0 0 O 00 O
-p 0O 0 O 0 0 1
-g 0 0 0 - 0 1-p
A= R (8)
0O 0 0 1 00 O
0 1 -p 00 O
0O 1 -p -qgq -« 0O0 O

and
1 0 0 - 0 O
n-2
1- Fp,q,ml(x)
n-3
F
B— O ( q P]q,n(x) j 0 1 O
a 1- Fp,q,n+1(x)
[ qu’q’n(X) J 1 0 O
1- Fp,q,ml(x)
0 1 o - 0 O

nxn
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Notice that

(n-1)( n—2)

det(A) = det@ ) (- ;

If we multiply the matricesA, G, and B we have the following product matrices:

Fp,q,l(x) @ vaq,ml( X) Fp, q3( X) Fp,q,Z( X)
0 B quwZ(X) qu,q,Z(X) qu,q,l( )9
0 0 Foq(X)=F qni(X) -
AG,B= 0 0 —qF, ,n(X)
0 0 .
0 0 0 _qu,q,n(X) I:Ml( X)_ Fp,q,r-rl( X)
where
- qF (X) n—(k+1)
Z[ Pt J I:p,q,k+1(x) (9)
1 pql(x) quml(x)
and
(k+1)
S qF,.q.n(X
B...=(1- N + 9.0 gF X). (10)
P ( ha l( ) k=1( p,q,l(X) - Fp'q,m-l(x) p’q’k( )

Then we have

det(AGn B) ql( ) n PQ( nql( )9_ quml( )9)'1—2 '

Using the equation (10), we get

k=1 qu,q,n(X)

et(AG,B) =(1 g (X)+( o (&)Z(L”j ol 3

Sincedet(AG,B) =de(G,) we find

(G,) (1 Fy s ) (qu,q,n(x»“‘z"z‘l(Mj )

k=1 qu,q,n(X)
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Now we give the following theorem for generalizaachs polynomialsl_pyq'n(x) .

Theorem 3.2Let H_ be a right circulant matrix of the following form:

Lp,q,l(X) Lp,q,z( X) Lp,q,s( X) e Lp,q,n { )9 I-p, q,r( )9
Lp,q,n(x) vaqyl(x) Lp,q,Z(X) vaq,nz(x) anﬂ£ 3
Lp,q,n—l(x) Lp,q,n(x) qul(x) qun3()9 quﬂz(»
Ho=| : L : (11)
Lp,q,4(X) Lp,q,5(x) Lp,q,e(x) Lp,q,2( )9 Lp,gﬁ(x)
Lp,q,3(X) Lp,q,4( X) Lp,q,5( X) e Lp,q,ﬂ )9 Lp,q,£ )9
Lp,q,Z(X) Lp,q,3(x) Lp,q,4( X) e Lp,q,r( )9 Lp, q,{ )9
Then we have
detH, ) =Ly g (X)(Lpaa(X) = Lpgma®)
n-1 n-2 5 Lp,q,l(x)_ Lp,q,ml(x) -
+Lp,q,1(x)q (Lp,q,n(x)_z) kzzi qu’q‘n(X)_zq J Lp,q,k(x) (12)

n-1 2 &5 Lp,q,l X _Lp,q,ml(x) “
20" (L q0(0-2) kzl( qL( )(X)—Zq j Ly e (X)-

Proof. For n=1, det(H,) = p satisfies the equation (12). Let us consider thgec

n>2. Let A be a matrix of the form given in (8) and D be anweof the following
form:

1 0 0O.- 0O
n-2
o( ALy (X) 20 J 0 .. 01
Lp,q,l(x)_ Lp,q,ml( X)

L (x)-2 i
0 ( qp’q'n() i j 0O - 10
Lp,q,l(x)_ Lp,q,ml( X)

L -2

0 ( qp,q,n(X) d J 1 - 0O
Lp,q,l(x)_ Lp,q,ml( X)

0 1 o 0O

nxn

Using the properties of determinants and multiglyinese matrice#\ H, and D, the
proof can be fulfilled by an analogous way appliethe proof of the above theorem.
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4 An Application to coding theory

In this section, we give two new coding/decodingthds using the right circulant
matricesG, and H, for p=qg=1. At first, we give an algorithm by means of the

generalized Fibonacci polynomials. Following theations in [5], we give generalized
Fibonacci and Lucas blocking algorithms with tramsfations

MxG,=E, MxH, =E
and
Ex(G,) =M, Ex(H,) =M,

where M is nonsingular square message matfx,is a code matrixG, is coding

matrix and the inverse matr{G,) " is decoding matrix.

We put our message in a matrix adding zero betweerwords and end of the message
until we obtain the size of the message matrix3ns. Dividing the message square

matrix M into the block matrices, namell (1<i<m?), of size 3x 3, from left to
right, we can construct a new coding method.

Now we explain the symbols of our coding methodpiise that matrice8 and E
are of the following forms:

BB b & & s
B=\h 8 BlandE 6 & s
b, O b & & %
We use the matrixs, given in (6) for p=q=1 and rewrite the elements of this matrix
9 9 G
as G,=|g;, 9 0| The number of the block matriceB is denoted byb. In
gZ gS gl
accordance witlb , we choose the number as follows:
3 , b=1
n= .
b , bzl

Using the chosem, we write the following character table accordiogmod27 (this
table can be enlarged according to the used cleasaictthe message matrix). We begin
the “n” for the first character.

315



BAUN Fen Bil. Enst. Dergisi, 21(1), 306-322, (2019)

A B C D E F G H I

n n+1 n+2 n+3 n+4 n+5 n+6 n+7 n+8

J K L M N O P Q R (13)
n+9 n+10| n+1l1] n+12 n+1l3 n+l4 n+15 n+l6 nHl7

S T U \Y W X Y Z 0
n+18 | n+19| n+20] n+21 n+22 n+23 n+24 n+5 n+426

Generalized Fibonacci Blocking Algorithm
Coding Algorithm

Step 1.Divide the matrixM into blocksB, (1<i<m?).

Step 2.Choosen.

Step 3.Determineb; (1< j<9).

Step 4.Compute de }»> d.

Step 5.Constructk =|d, bi]ke{n“emg].
Step 6.End of algorithm.

Decoding Algorithm

Step 1.ComputeG, .

Step 2.Determineg; (1<j<3).
Step 3.Computeg,bj + g,8,+ g,h— § (1<i<m?).
g.b+ 9B+ gh— &
gt + g8+ gbh— §
ol + g+ gh— &
g.b,+ gb+ gh—> §
gt + g+ gh— &
Step 4.Solve
det(G;)xd =6&(gh+ gx- g'P+ ‘¢4 gb gx pbJ
+ee(gh+ gx+ gB-('d¢ db gx g
+66(gh+ gx+ gD+ '¢¢ db gx gP

Step 5.Substitute forx =4 .
Step 6.ConstructB, .

Step 7.ConstructM .
Step 8.End of algorithm.

We give an application of the above generalizediéaci blocking algorithm in the
following example forb =1.

Example 4.1Let us consider the message matrix for the follgmmessage text
“SUMEYRA”

Using the message text, we get the following messaatrix M :
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S
M=E
A

o < C
o g <Z

3x3

Coding Algorithm:
Step 1.We construct the message tétt of size3x 3, namedB; :

Blz

> m o
o < C

M
R|.
0

Step 2.Sinceb =1, we calculaten=3. For n=3, we use the following “letter table”
for the message matriM :

S U M E Y R A 0
21 23 15 7 27 20 3 2

Step 3.We have the elements of the bloBkas follows:

bl =21 b} =23 bl =15
bi=7 o =27 bf = 20
bi=3 o =2 o =2.

Step 4.Now we calculate the determinadht of the blockB, :

d, = det(B,) = 347

Step 5.Using Step 3 and Step 4, we obtain the followiragrir K :
K=[347 21 23 15 7 20 3 2 ]2

Step 6.End of algorithm.

Decoding algorithm:
Step 1.By (6), we know that

G, =

PN R
N R R
R RN

Step 2.The elements o6, are denoted by

0,=19,=1andg, =2
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Step 3.We compute the elemenes €, €, &, &, & 1to construct the matrig, :
e=82,€ =74,& =80,6 =9,¢ =9ankt =
Step 4.We calculate the elemenss:

4x 347 = 80624 2926- 78912 29%
=X =27.
Step 5.We renamex; as follows

x =k =27.

Step 6.We construct the block matrii, :

21 23 15
B=|7 27 20
3 2 2

Step 7.We obtain the message matik :

21 23 15 |S U M
M=|7 27 2003E Y R
3 2 2 A 0 O

Step 8.End of algorithm.

Now, we give another blocking algorithm benefitiiggm the generalized Lucas
polynomialsL, (). Let's suppose

.y

¢ 6
b, b,

}a”dﬁ 5 &

We use the matrid+,, given in (11) for p=q=1 and we rewrite the elements of this

h h
h,

b. According tob, we choose the numbaer as follows:

2 b=1
2o, bzl

matrix asH, :{ } Similarly, the number of the block matric®&s is denoted by
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Using the chosem, we write the character table given in (13) acowydo mod27 or
we can differently array this table. For examples Wegin the"n" for the first,
second,central, last character etc.

Generalized Lucas Blocking Algorithm
Coding Algorithm

Step 1.Divide the matrixM into blocksB, (1si < mz) :
Step 2.Choosen.

Step 3.Determineb; (1< j<4).

Step 4.Compute det }»>d.

Step 5.ConstructK = [di : bL]

Step 6.End of algorithm.
Decoding Algorithm
Step 1.ComputeH ..

Step 2.Determineh;, (1<j<2).
Step 3.Computehb, + h, > & (1<i<m?).
ho+ hi,— &
Step 4.Solvedet(H2)x d =€ (hh+ hx)- 8(h'br h3.
Step 5.Substitute forx = 1.

Step 6.ConstructB,.

Step 7.ConstructM .
Step 8.End of algorithm.

ke{1,3,4}

We give following example as an application of theneralized Lucas blocking
algorithm forb=1.

Example 4.2Let us consider the message matrix for the follgmmessage text:
“GOOD”

Using the message text, we get the following messaatrix M :

e
M = :
O D 2x2

Coding Algorithm:
Step 1.We construct the message tét of size2x 2, namedB; :

B = G O
O DJ
Step 2.Sinceb =1, we calculaten= 2. For n=2, we use the following “letter table”

for the message matrid :
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G O O D
8 16 16 5

Step 3.We have the elements of the bloBkas follows:

bl =8 bi=16 |bki=16 | b;=5.

Step 4.Now we calculate the determinards of the blockB,; :

d, =det(B)=-216

Step 5.Using Step 3 and Step 4 we obtain the followingrixeK :
K=[-216 8 16 §

Step 6.End of algorithm.
Decoding algorithm:
Step 1.By (11), we know that

B
H, = .
31

Step 2.The elements oH, are denoted by

h =1andh, =3

Step 3.We compute the elemenes, € to construct the matrig, :
& =31¢ =53

Step 4.We calculate the elemenss:
(-8)x(-216) =424+ 159, — 744 X
= x =16.

Step 5.We renamex; as follows
x =k =16.

Step 6.We construct the block matrii, :

B - 8 16
16 5]
Step 7.We obtain the message matik :
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M = 8 16/ |G O
16 5| |O D]
Step 8.End of algorithm.

5 Conclusions

We have presented two new coding/decoding algostlm means of the blocks of
sizes3x 3 and 2x 2. Since the determinant of the matf® is 0, we study the matrix

G, for n>3 in the generalized Fibonacci blocking algorithrith@ugh we can study
with the matrixH, for n> 2 in the generalized Lucas blocking algorithm.

By differently taking p and q, we can obtain different algorithms. Furthermdreain

be mixed the above new blocking methods with tle¥ipus methods given in [5-7]. It
is possible to produce new blocking methods simdaninesweeper algorithm given in

[71
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