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Abstract

In this paper, some properties of an order induced by uninorms are investigated. In this
aim, the set of incomparable elements with respect to the U-partial order for any uninorm
is introduced and studied. Also, by defining such an order, an equivalence relation on the
class of uninorms is defined and this equivalence is deeply investigated. Finally, another set
of incomparable elements with respect to the U-partial order for any uninorm is introduced
and studied.
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1. Introduction

Uninorms were introduced by Yager and Rybalov [27]. Uninorms are special aggregation
operators which have proven to be useful in many applications like fuzzy logic, expert
systems, neural networks, fuzzy system modeling [16, 18, 26].

In recent years, the notation of the order induced by uninorms (nullnorms, triangular
norms) has been studied widely. In this sense, in [22], T- partial order, denoted =<rp,
defined by means of t-norms on a bounded lattice has been introduced.

Based on these previous studies, in [1, 17], respectively, U-partial order and F-partial
order obtained from the uninorm and nullnorm have been introduced and some properties
of these orders have been investigated.

The uninorms, nullnorms and t-norms were also studied by many other authors [2—4,
8-12,14,15,19-21,24].

In the present paper, we introduce the set of incomparable elements with respect to the
U-partial order for any uninorm on [0, 1]. The main aim is to investigate some properties
of this set. The paper is organized as follows. We shortly recall some basic notions in
Section 2. In Section 3, we define the set of incomparable elements with respect to the
U-partial order for any uninorm on [0,1]. Also, we determine the set of incomparable
elements w.r.t. U-partial order for some special uninorms. So, we obtain general form for
t-norms and t-conorms. Then, we define an equivalence relation on the class of uninorms
on [0, 1]. In section 4, we define the set Jg), consisting all incomparable elements with any
x € (0,1) according to <y. Furthermore, we show that even if uninorms are equivalent
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under this relation, it need not be the case that their partial orders coincide. Finally, we
define and study another set of incomparable elements with respect to the U-partial order
for any uninorm on [0, 1].

2. Preliminaries

Definition 2.1 ([25]). Let (L, <,0,1) be a bounded lattice. A triangular norm T (briefly
t-norm) is a binary operation on L which is commutative, associative, non-decreasing in
each variable and has neutral element 1.

Definition 2.2 ([25]). Let (L, <,0,1) be a bounded lattice. A triangular conorm S (briefly
t-conorm) is a binary operation on L which is commutative, associative, non-decreasing
in each variable and has neutral element 0.

Example 2.3 ([23]). Well-known triangular norms and triangular conorms on [0, 1] are:

Tp(z,y) =zy
Tr(z,y) = max(z +y — 1,0)
0 z,y) € [0,1)%
Doy =10 on) By
min(z,y) otherwise.

SM(J"’ y) = Inax(x, y)
Sp(z,y) =z+y—zy
Sp(z,y) = min(z +y,1)

Sp(a.y) = {1 (z,y) € (0,1)%,

| max(z,y) otherwise.

Extremal t-norms T and Ty on L are defined as follows, respectively:
Th(z,y) =z Ny
z ify=1,
Tw(z,y)=qy ifr=1,
0 otherwise.

Similarly, the t-conorms S\, and Sy can be defined as above.
Especially we have obtained Ty = Tp and Th = Ty for L = [0, 1].

Definition 2.4 ([7]). A t-norm T on L is divisible if the following condition holds:
Ve,ye L with x <y there isa z€& L suchthat x=T(y,z).

The infimum t-norm T is divisible: z < y is equivalent to z Ay = z. A basic example
of a non-divisible t-norm on an arbitrary bounded lattice L (i.e., card L > 3) is the t-norm
Tw. Similarly, t-conorm S\, is divisible. Sy is a non-divisible t-conorm on an arbitrary
bounded lattice L (i.e., cardL > 3).

Definition 2.5 ([6]). Let (L, <,0,1) be a bounded lattice. An operation U : L? — L is
called a uninorm on L, if it is commutative, associative, non-decreasing in each variable
and has a neutral element e € L.

We denote by U(e) the set of all uninorms on L with the neutral element e € L.
A(e) = (0,¢e] x [e,1)U[e, 1) x (0,€] for e € (0,1).

Definition 2.6 ([6]). A uninorm U is called idempotent if U(x,z) = x for all = € [0, 1].
Definition 2.7 ([22]). Let L be a bounded lattice, T be a t-norm on L. The order defined

as following is called a T'— partial order (triangular order) for t-norm 7':

x 37y T y) =z for some { € L.
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Definition 2.8 ([17]). Let L be a bounded lattice, S be a t-conorm on L. The order
defined as following is called a S— partial order for t-conorm S

xr 25y <= S x) =y for some ¢ € L.

Definition 2.9 ([17]). Let (L,<,0,1) be a bounded lattice and U be a uninorm with
neutral element e on L. Define the following relation, for z,y € L, as

if x,y € [0,¢] and there exist k € [0, e] such that

U(y,k) =z or,
x 2y y e if 2,y € [e, 1] and there exist £ € [e, 1] such that (2.1)
U(z,l) =y or,

if (z,y) € L* and z= < y,

where [ ={z € L |z || e} and L* =[0,¢] x [e,1]U[0,¢e] x I. Ule, 1] x I. Ule, 1] x [0,¢e] U
I, x[0,e]UI x[e, 1] Ul x .

Proposition 2.10 ([17]). The relation <y defined in (2.1) is a partial order on L.

Proposition 2.11 ([13]). Let T be a t-norm on [0,1]. T is divisible if and only if T is
continuous.

3. The set Ky C [0,1] consisting of incomparable elements with respect
to <y on [0, 1]
In this section, we study the set of elements being incomparable with some other element

with respect to the U-partial order <y with some uninorm U on [0, 1].
Let U be a uninorm on [0, 1] and let Ky be defined by

Ky ={z € (0,1) | for some y € (0,1), [z <y and = Ay y]

orly <z andy Ay ]}
Note that an element x € Ky is not necessarily incomparable with all elements y €

[0, 1]\ {0, 1, z}.
We want to determine above introduced set for the smallest and greatest uninorms on
[0, 1].

Proposition 3.1. Let e € [0,1]. Consider the uninorm U, : [0,1]? — [0,1] with neutral
element e defined by

0 (z,y) € [0,¢)%,
Ue(w,y) = { max(z,y) (z,y) € [e,1]%,
min(z,y) otherwise.

Then, Ky, = (0,¢).

Proof. Let € (0,e) and y < 2 < 1. Let us show that y Ay, 2. We consider y <y, z.
Then, there exists an element ¢ € [0,e] such that y = Uc(z, /). Since y # z, it is not
possible £ = e. Since (z,¢) € [0,¢e)?, it is obtained that

y= Ue(xag) =0,

a contradiction. Since for any z € (0,¢), there exists an element y < z < 1 such that
y Au, x. So, we have z € Ky,. Thus, it is obtained that (0,e) C Ky, .

Conversely, let = € Ky;,. We need to show that z € (0,e). Suppose that = ¢ (0, ¢).
Since x € Ky, there exists an element y € (0,1) such that z <y and z Ay, yory < z

and y ﬁ% x.
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We assume that e < z.
e Let <y and z Ay, ¥.
Since e < z, it must be the case that e < y. Since x < y, we have max(x,y) = y. By the
definition of Ue, we obtain that

y = max(z,y) = Ue(x,y).

Then, it holds that = <y, v, a contradiction.
o Let y<xandy ﬁ% x. Since e < x, we have that e < y. Otherwise, if y < e, then it is
obtained that y <y, =, a contradiction by the definition of <y,. Since y < z, it must be

max(z,y) = x. By the definition of U, we obtain that
r = max(z,y) = Uc(z,y).

Then, it holds that y <y, x, a contradiction.

We consider that x = 0. In this case, we have 0 <y, v, a contradiction. So, it must
be the case that z € (0,e). Thus, it is obtained that K C (0,e). Consequently, we can
show that Ky, = (0,e). o O

Corollary 3.2. For the drastic product t-norm Tp on [0,1], K1, = (0,1).
Corollary 3.3. For the mazimum t-conorm Sy on [0,1], Kg,, = 0.

Proposition 3.4. Let e € [0,1]. Consider the uninorm U, : [0,1]*> — [0,1] with neutral
element e defined by

min(z,y) (z,y) € [0,¢]’,
Uela,y) =4 1 (2,9) € (e, 1)%,
max(x,y) otherwise.
Then, Kz, = (e, 1).
Corollary 3.5. For the minimum t-norm Ty on [0,1], Kr,, = 0.
Corollary 3.6. For the drastic sum t-conorm Sp on [0,1], Kg,, = (0,1).

Lemma 3.7. Let U be a uninorm on [0,1]. Then, 0 <y z, x <y = and z <y 1 for all
z € [0,1].

Theorem 3.8. ([18]). Let e € [0,1]. U € U(e) if and only if

Ty (x,y) €[0,¢],

U(l‘,y) = SU (37,3/) € [67 1]27

C  (z,y) € Ae),

where Ty and Sy are operations respectively isomorphic with some triangular norm and
triangular conorm and increasing operation C : A(e) — [0,1] fulfills

min(z,y) < C(z,y) < max(z,y) for (z,y) € A(e).
Proposition 3.9. Let U be a uninorm on [0, 1] with neutral element e in Theorem 3.8.

If Ty and Sy are continuous, then Ky = ().

Corollary 3.10. Let e € [0,1]. Consider the uninorms U™™ and U™ as unique idem-
potent uninorm U™ and UX?*, respectively:

Umin(xa y) = {

max(z,y) (z,y) € [e,1]?,
min(z,y) otherwise.

min(z,y) (z,y) € [0, €)%,

max(z,y) otherwise.

o=
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Then, it is obtained that Kymin = () and Kymax = () .

Theorem 3.11. ([18]). Let U : [0,1]?> — [0,1] be a uninorm with neutral element e €]0,1].
Then the sections x — U(x,1) and z — U(z,0) are continuous in each point except perhaps
for e if and only if U is given by one of the following formulas.

(a) IfU(0,1) =0, then

CT(%, %) ) (:an) € [076]2
Uz,y) = qe+(1—e)S(7=5 =) . (a,y) € [e, 1) (3.1)
min(z,y) (z,y) € Ale),

where T' is a t-norm and S is a t-conorm.
(b) IfU(0,1) = 1, then the same structure holds, changing minimum by maximum in A(e).

The class of uninorms as in case (a) will be denoted by Ui, and the class of uninorms
as in case (b) by Upax. We will denote a uninorm U in Uy, with underlying t-norm 7',
underlying t-conorm S and neutral element e by U = (T, e, S)_. and in a similar way, a
uninorm in Upax by U = (T ¢, S)

min
max*

Proposition 3.12. Let U be a uninorm such that U = (T e, S)
Then,

min 07U = (T,€,5) ax-

Ky =eKrU(e+ (1 —-e)Kg).

Proof. For any two elements x,y € [0, €], the U-comparability of x and y is equivalent to
the T-comparability of £ and £. Therefore, Ky contains the set e K. Similary, for any two
elements x,y € [e, 1], the U-comparability of z and y is equivalent to the S-comparability
of =% and {=.
Therefore, Ky contains the set e + (1 — e) K.

For any two elements z,y € A(e), we have that Ky = () by the definition of <. On the
other hand, if (x,) € [0,€]? U [e, 1]?, then proof is trivial. Also, if (z,y) € A(e), then
proof is trivial by the definition of Ui, or Umax. ]

As an example of application of the previous proposition we consider U = (Tp, e, Syr)
such that drastic product t-norm and maximum t-conorm. Then,

KU = (0,6).

Proposition 3.13. Let U be a uninorm such that U = (T, e, S)
Then,

i) If x,y € [0,€], then x <y y if and only if £ <p L.

i) If z,y € [e, 1], then x <y y if and only if =5 <5 {=.

l1—e

min 07U = (T,€,5) ax-

Proof. (i)(Necessity) Let © <y y for z,y € [0, ¢]. Then, there exists an element k € [0, €]
such that U(y,k) = x. By the definition of U, it must be the case that 2 = eT'(¥, %)
Then, we have £ = T'(¥, g) Since % <1, it is obtained that £ <7 £.

(Sufficiency) Let £ =<p ¥ for z,y € [0,e]. Then, there exists an element ¢ € [0, ¢]
such that T(%,/) = %, that is x = eT'(¥,{). Clearly, v+ = eT'(¥, %e) This means that
x = U(y,le). Since le < e, it is obtained that <y y.

(ii) (Necessity) It can be shown that the case (i).
(Sufficiency) Let #=¢ <g Y=< for z,y € [e,1]. Then, there exists an element ¢ € [e, 1]

1—e 1—e
such that S({=5,¢) = {=¢, that is y = e+ (1 — €)S(§=5,¢). It is clear that y = e + (1 —
e)S(1=5, (E_Zf%ee)_e). Since e < £ — fe + e, it is obtained that x <y ¥. O

<y-partial order introduced above allows us to introduce the next equivalence relation
on the class of all uninorms on [0, 1].
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Definition 3.14. Define a relation 5 on the class of all uninorms on [0, 1] by U;5Us,,
Ul,BUQ = I(U1 = KU2.
Lemma 3.15. The relation B given in Definition 3.1} is an equivalence relation.

Definition 3.16. For a given uninorm U on [0, 1], we denote by U the 3 equivalence class
linked to U, i.e, B
U={U'| UPBU}.

Proposition 3.17. The set [0,1]/8, is uncountably infinite.

Proof. Let ey, ex € (0,1) and e; # ez. Suppose that e; < es.
Consider the functions on [0, 1] defined as follows:

0 (xvy) € [0761)2,
%(l‘?y) = max(m,y) (wvy) S [6171]27
min(z,y) otherwise,

and
0 (wvy) S [07 62)27
%(xvy) = max(:r,y) (:r,y) S [6271]27
min(z,y) otherwise.

The functions Ue, and Ue, are uninorms on [0, 1] with neutral elements e; and e,
respectively. Since Ky, = (0,e1) and Ky, = (0, e2) by Proposition 3.1 and e; < ez, then
we have that the uninorms U,, and %ﬂe not equivalent under the relation 3. So, we
obtain that Up, # U,,.

Define the mapping 0 : (0,1) — [0,1]/5 by
5(e) = Uk.
We showed that if e; # ez, then it must be d(eq1) # d(e2). So, ¢ is an injective function, it

o(e
is obtained that |(0,1)| < [[0,1]/8]. So, the set [0, 1]/ has uncountably infinite cardinality.
U

Definition 3.18. Let U; and Uy be two uninorms on [0, 1]. If <y, C=<y,, then we say that
Us is order-stronger than Uj, or equivalently, that U; is order-weaker than Us.

In [5], it was shown that for t-norms Ty and Tx on L, Ty is the order-weakest and T
is the order-strongest t-norm, i.e., <7, C<7C=r,. But for the uninorms, it need not be
that case. Now, let us investigate the following example.

Example 3.19. Let us consider a smallest uninorm U, : [0, 1] — [0, 1] in Proposition 3.1

and a greatest uninorm U, : [0,1]> — [0,1] in Proposition 3.4 with neutral elements e.

We clalm that U, is not order weakest and U, is not order-strongest uninorm. We choose
. Since Ue(3, 3) , 1t 1s obtained that % 5 2U, §

On the other hand, 2 5 fU 5. On the condltlon that 1

¢ > % such that Ue(3,¢) =
or Ue(3,0) = max(%,ﬁ)

condition, it is obtained that £ = 2 and (3, %) € (e, 1]?, a contradiction. So, 3 o 2.

iy 3, there exists an element
2 By the definition of Uy, we have that U, ( ) = mm(2 ) = %
. In ﬁrst condition, we have ¢ = 3, a contradiction. In second

w\ww\

4. About the set J(Um ) consisting all incomparable elements with any x €
(0,1) according to <y

Definition 4.1. Let U be a uninorm on [0, 1] and let Jgj) for z € (0,1) be defined by

) — {y e (0,1) | [z <yand z Ay ylor[y <z andy Ay x|}
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After that the notation will be Jéﬂf) to denote the set of all incomparable elements with
z € (0,1) according to <yy. The set Jgﬁ ) in Definition 4.1 can be defined on a bounded
lattice and uninorm acting on this lattice.

We want to determine above introduced set for the smallest and greatest uninorms on
[0, 1].

Proposition 4.2. Let us consider the smallest uninorm U, with neutral element e in
Proposition 8.1. Then,

0) I ={y e (0,e) | x#y} forze(0e).
b)J(Ui?:@foregx.

a) Let y € (0,€) be arbitrary such that x # y for = € (0,¢e). Let us show that y € Jg?.

Suppose that y ¢ J(Ume ). That is, y is comparable to x according to <y,. Then, y < x and
y =u, xor z <yand z <y, y.

e Let y < 2 and y <y, =. Then there exists an element k € [0, ] such that y = Ue(x, k).
Since y # 0, it must be case that o

Yy = min(x7 k) = %(.’IJ, k)

or

y = max(z, k) = Ue(x, k).
If y = min(z, k) = Ue(x, k), then we have that y = k by  # y. In this case, we have that
y = 0, a contradiction from z,y < e. If y = max(x, k) = Uc(x, k), then we have that y = k

by x # y. Then, we have that y = 0, a contradiction from x,y < e. So, y € Jg“;).

e Let z <y and x <y, y. Then, there exists an element ¢ € [0, e] such that z = U,(y,1).
Since x # 0, it must be the case that

y = min(z, k) = U(z, k)

or
y = max(z, k) = U(x, k)

and similar argument can be done for this case. So, y € J(Uz )

Conversely, let y € 387)

e

be arbitrary for x € (0,e). By Lemma 3.7 it must be x # y. So,
we need to show that y € (0,e). Suppose that y ¢ (0,e). First, we assume that y = 0. In
this case 0 <y, =, a contradiction. So, it must be y # 0. Let e < y. Since y € .’J(me), we

have y < z and y Ay, = or x <y and x Ay, y.
Let y <z and y Ay, 2. Since = max(z,y), by the definition of U,

v = max(z,y) = Ue(e,y).

It is obtained that y =<y, z, a contradiction. Similarly, it can be shown that z ﬁ% Y
for x < y. So, it must be the case that y € (0,e). Consequently, we can show that

J}Z) ={ye(0,e) x#y} forze(0e).

b) Let e < z. Suppose that J&) # 0. Let y € J%Z) be arbitrary. So, it must be y < x
andyﬁUexor$<yandmﬁUe§. o
Let y < z and y Ao, z. If y <e< x, by the definition of <y, it would be y <y, z, a
contradiction. If e < y < z, then we have that # = max(z,y). By the definition of U,, we
have that z = max(z,y) = Ue(,y). It leads to y Ay, =, a contradiction. Similarly it can

be shown that 2 < y and = Ay, y. So, Jg“;) = for e < z.
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Proposition 4.3. Let us consider the greatest uninorm U, with neutral element e in
Proposition 3.4. Then,

0) 1D = {ye(e) | z#y} forze(e1)
b)Jéi):@forxge.

Since we will use the results of the following example in subsequent propositions, it is
useful to elaborate on the example.

Example 4.4. The uninorm U := U
1

e=3 defined as follows:

in(TnM Sy, 1) ¢ [0,1]2 — [0, 1] with neutral element

0 (ﬂc,y)E[O,%}Q and z +y < 3,
Umin(TnMﬁM,%)(fL'yy) = (max(z,y) (z,y) € [%, 1]

min(z,y) otherwise.

2
’

Then,

a)J(UI):{yE(O,%—x] | x#y} foer(O,%).
b) Jg)zwforégfv.
Now, we want to show this claims.

a) Let z < % and y € (0, % — z]. Let us show that y € Jgf). We assume that y ¢ 386), ie.,
y<zandy yzrorzx<yandzyy.

Let y <  and y <y . Then, there exists an element k € [0, 3] such that y = U(x, k).
Since y # 0, it must be the case that

y =min(z, k) = U(z, k).
Since x # y, it is obtained that y = k. Since z,y < % and y € (0,% — x], it is obtained
that z +y < %, a contradiction. Then, it must be the case that y € f]gc).
Let x < y and x <y y. Since y € (0, % — x|, it is not possible the case z < % < y. So,

T <y< % Then, there exists an element ¢ € [0, %] such that z = U(y, ¢). Since x # 0, it
must be

x = min(y, ¢) = U(y,{)

and similar argument can be done for this case. So, y € 3(U$ ),

Conversely, let y € J;}E). Suppose that y ¢ (0, % —x]. Since y € Jgﬁ), we have y < x and
yZvzorz<yandz Ay y. Lety > 5 —x.
Let y < z and y Ay 2. Since y = min(z,y) and z+y > %, by the definition of U, we have
that

y =min(z,y) = U(z,y).

It is obtained that y <y x, a contradiction.
Let x < y. Similarly it can be shown that Ay y.
If y = 0, we have that 0 <y x, a contradiction. So it must be y € (0, % — z]. Consequently,

we can show that J(Ugg) ={ye(0,5—a] z#y}forze(0,3).

b) Let % < x. We assume that Jé@ #0. Let y € ch) be arbitrary. That is, y < x and

yAvzorz<yandz Ay y.

Let y < z and y Ay z. If y < 3 < z, by the definition of <y, it would be y <y z, a
contradiction. If % < y < z, then we have that = max(z,y). By the definition of U, we
have that = max(z,y) = U(x,y). It leads to y Ay z, contradiction. Similarly, if z < y

and z Ay y, then we have similar contradiction. So, it is obtained that JSF) = () for % <z
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Lemma 4.5. Let U be a uninorm on [0,1]. Then Ky = Uepo 1 J(Ux).

Proposition 4.6. Let Uy and Uy be two uninorms on [0,1] with neutral element e. If
<u,S=y,, then 5802) C ‘Jgfl) for all x € ]0,1].

Proof. Let U; and Us be two uninorms on [0, 1] with neutral elements e and <y, C=y,.
We assume that Jgj? ¢ Jg? for some x € (0,1). Lety € .'chz) and y ¢ Jg) for some y € (0,1).
Since y € 3(1;)7 then it must be case that x <y, z Ay, y or y < z, y Au, .

Without loss of generality, we assume that < y and 2 Ay, y. Then, it must be
r<y<eore<zxz <y Ifzr<e<yory<e<x then we have that x <y y or
y =y z, a contradiction by the definition of <y. Without loss of generality, we assume

that z < y < e and z Ay, y. Since y ¢ J&) and = < y, it is obtained that x <y, y. Since
<v, C=<v,, then we have that x <y, v, i.e., y ¢ J(LZ), a contradiction. Thus, it is obtained
that 95 C 95 for all 2 € [0, 1]. O

1

Remark 4.7. In Proposition 4.6, if <y, C=<y,, then we can not say Jg? C J,(JIQ) for all

x € [0,1]. To illustrate this claim, the following example can be given:

Example 4.8. Consider the functions on [0, 1| defined as follows:

0
1
Ur(z,y) =y
X

min(z,y) otherwise,

and
]2

Us(z,y) = {min(x,y) (z,y) € [0’%

max(z,y) otherwise.

U; and Us are uninorms with neutral elements % by [23]. It is clear that <y, C=<y,. We
1 1

claim that % € Jgf’l) but % ¢ Jgg). On the condition that % =0, %, there exists an element

k € [0,3] such that Ui(3,k) = . If k = 3, then we have } = %, a contradiction. If

’2 5 37
1
k € [0, %), then we have é = 0, a contradiction. So, % Ao, % Thus, % € j(USl)' On the

1
other hand, $ ¢ 325'2) by Us(},1) = 1. We can generalize this set for the uninorms above
as follows:

Jg’?:{ye(o,l) | z#y and y# 3} for z € (0,1) and = # 3.
Jg;):@forxe [0,1].

Corollary 4.9. Let U; and Uz be two uninorms on [0,1] with neutral elements e. If
=<, ==U,, then Iy, @ = 75, @ for all z € [0,1].

Corollary 4.10. Let Uy and Uz be two uninorms on [0,1] with neutral elements e. If
leszg; then KU1 = KU2.

Proposition 4.11. Let Uy and Uy be two uninorms on [0, 1]. If for all x € [0, 1], Iy, (@) —
Ju, (“”), then the uninorms Uy and Us are equivalent under the relation 3.

Remark 4.12. The converse of Proposition 4.11 does not have to be true. Below is an
example.
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Example 4.13. Let us consider a uninorm U on [0, 1] in Example 4.4 and a uninorm
U, on [0, 1] in Proposition 3.1 with neutral elements e = % By Proposition 3.1, we have
Ky, = (0, 3). Now, we want to show Ky = (0,3). Let € (0,3) and y < 3. By Example
4.4, it is clear that * <y, z Ay y or y < z, y Av =. So, x € Ky. That is, (0,3) C K.
Conversely let € Ky be arbitrary. We need to show that = € (0, %) Suppose that
x ¢ (0, %) Since x € Ky, then there exists an element y € (0,1) such that z <y, z Ay y
or y <z, y Ay x. Without loss of generality, we assume that z < y, z Ay y. If z > %,

then we have that y > x > % So, we have max(x,y) = y. By the definition of U,

U(z,y) = max(z,y) = y.
It is obtained that x <y y, a contradiction. If z = 0, then we have 0 <y y, a contradiction.
So, it must be the case that x € (0, %) Thus, Ky C (0, %) This proves that Ky = (0, %)
So, it is obtained that Ky, = Ky = (0, %) Thus, the uninorms U and U, are equivalent
under the relation 8. But, we claim that 75 = J%(‘”) for some z € (0,1).

Now, we want to show that this claim. Since 1 = U(2,1), we have that 1 ¢ 7,3,
On the other hand, % ﬁg % On the condition that % =u. %, there exists an element
k € [0, 3] such that U(2,k) = 1. By the definition of U,, we have that 0 = £ = U.(%, k),

~Zelyo
a contradiction. So, % € J%(%). Thus, we have .'JU(%) % Jg(%).

Corollary 4.14. Although the uninorms Uy and Uy are equivalent under the relation (3,
it need not be the case that the Uy-partial order coincides with the Us-partial order.

Definition 4.15. Let U be a uninorm on [0, 1] with neutral element e. K7 is defined by
K{ = {z € Ky | for some y,y' € (0,¢€), [z <y but x Ay ]
and [y < z buty’ Ay =]}
Remark 4.16. By the definition of K7, it is clear that K7; € Ky. But the reverse

inclusion may not be true. Now, let us investigate the following example.

Example 4.17. Let us consider a uninorm U on [0,1] with neutral element e = 3 in
Example 4.4. Since Ky = (0,3) by Example 4.13, it is clear that € K. But 1 ¢ K.
That is, there does not exist some y € (0, 1), i < y and % Au y. It is because that we
have % +y> % since § < y. So, we have that U(y, %) = 1 by the definition of U. So,

ijnyoralli<y.

Remark 4.18. One can wonder which uninorms are provided K, = Kp. Consider the
smallest uninorm U, on [0, 1] with neutral element e in Proposition 3.1. It can be shown
that, for all x € (07,6), there exist elements y,y" € (0,e) such that z < y, Ay, y and
y <,y Au. x. So, Kf; = (0,e). This show that K7, = Ky,. Also, consider the greatest
uninorm U, on [0, 1] with neutral element e in Proposition 3.4. Similarly, KZZT = (e, 1).
So, we have that K(’;—e = Ky

The set, denoted K, allows us to introduce the next equivalence relation on the class
of all uninorms on [0, 1].

Definition 4.19. Define a relation 5* on the class of all uninorms on [0, 1] by Uy 5*Us,
UlB*UQ = K;}l = K;}2.
Lemma 4.20. The relation B* given in Definition 4.19 is an equivalence relation.

Remark 4.21. Although Ky, = Ky, for the uninorms U; and Us, it need not be the case
that Kp;, = Kpj,. To illustrate this claim we shall give the following example.
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Example 4.22. Let us consider a uninorm U on [0, 1] in Example 4.4 and a uninorm U,
on [0, 1] in Proposition 3.1 with neutral elements e = % We know that Ky, = Ky = (0, %)
So, it is obtained that the uninorms U, and U are equivalent under the relation 3. Also,
we have K7 = (0, 1) by Remark 4.18. It is obtained that Kj; = (0, 1) by Example 4.17.

5. Conclusion

We have defined the set of incomparable elements with respect to the U-partial order
for any uninorm on [0, 1]. Also we have introduced and studied an equivalence relation 3

defined on the class of all uninorms on [0, 1]. We have defined that the set ch), consisting
all incomparable elements with any = € (0,1) accordingly to <y. Furthermore, we have
shown that even if uninorms are equivalent under this relation, it need not be the case
that their partial orders coincide. Finally, we have defined and studied another set of
incomparable elements with respect to the U-partial order for any uninorm on [0, 1].
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