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Abstract

In this study, we present some identities involving generalized Fibonacci sequence (U,,) and
generalized Lucas sequence (V},). Then we give all solutions of the Diophantine equations
22 — Vyoy + (—=1)"y? = £(p? + 4)U2, 2° — Voay + (—1)? = £U2, 22 — (p* + 4) Uy —
(P* +4) (1) = £V;2, 2> = Vazy 4 = £1, 2% — (p* + 4)Upzy — (0> +4)(-1)"y* = 1,
22— Vyzy+(—1)"y? = £(p?+4), 22— Vapzy+y? = £(p?+4)V,2, 22— Vouay+y? = (p?+4)U?
and 2% — Vapxy +y? = £V.2 in terms of the sequences (U,,) and (V,,) with p > 1 and p? +4
squarefree.
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1. Introduction

Let p > 1 be an integer. The generalized Fibonacci sequence (U,) = (U,(p,1)) and the
generalized Lucas sequence (V) = (V,,(p, 1)) are defined by

Up=pUpn—1+Up2,Uy=0,U; =1

and
Vi =pVa1+ Vo, Vo =2,V1=p

for n > 2. The terms U, and V,, are called the nth generalized Fibonacci and Lucas
numbers, respectively. In general U_,, = (-1)"*'U,, V_, = (—=1)"V,, and V;, = U411 +
Un—1, for all n € N. Properties of these sequences are determined in [7,8,11,12] and [18].

In 1979, Kiss considered the sequence (R,,) with linear recurrence relation R,, = AR,,_1—
BR, 5, Ry = 0,R; = 1 for some n > 1, where A, B are integers such that A > 0 and
B =—1or A>3and B = 1. Then he proved that for non-negative integers z, y, the equa-
tion |22 — Azy + By?| = 1 holds if and only if 2 and y are consecutive terms of sequence
(Ry), in [9].

In 1993, Matiyasevich mentioned that the conic 22 — kxy +3? = 1 with k& > 2 has (x, %)
integer points if and only if (z,y) = (upn, up+1) for some n, where up41 = kuy, — up—1,
starting with up = 0 and u; = 1, in [10].
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In [12], Melham showed that the solutions of the equations x? — Vy,zy &+ y? = +U2, are
given by (z,y) = £(Uptm,Un) for m, n € Z. Moreover he showed that if m is an even
integer and p?+4 is a squarefree integer, then all solutions of the equation y?—V,,zy+22 =
+ (p? 4 4) U2, are given by (2,y) = F (Vi, Vatm) With n € Z. These theorems of Melham
are generalized forms of the theorems given in [11], by McDaniel. In [8], Kilic and Omiir
examined more general situations of the conics that McDaniel and Melham dealt in [11]
and [12], respectively.

In [1], Demirtiirk and Keskin determined all solutions of the known Diophantine equa-
tions 2 — Lpxy — vy = F1, 2% — Lyay + (-1)" y? = F5 and new Diophantine equations;

2 — BFuay —5(—1)"y* = F1, 22 — Logay + y? = F5E2, 22 — Logay + y? = FF2,
22 — Lopzy + y? = FL2 and 22 — Lo,2y + y* = F5L2. Moreover in [2], the authors give
solutions of generalizations of these equations.

In this paper, our main purpose is to determine all (z,y) solutions of some Diophantine
equations, mentioned in the abstract.

2. Some identities concerning the sequences (U,) and (V},)

In this section, we obtain some identities by using special matrices including generalized
Fibonacci and Lucas numbers. From [6,13-15], the following identities are given for all
m,n € Z by

Vi = pVaVoor = Vil = (=)™ (p* +4) (2.1)
ViU — Un Vi = 2(=1)"Up—1m, (2.2)
ViV = (% +4) UpUs = 2(=1)"Vin s, (2.3)
ViV + (% +4) UpUs = 2V, (2.4)
ViU + Un Vi = 2Upm,s (2.5)

Unt1 +Up—1 =V, (2.6)

Vist + Va1 = (02 +4) Uy, (2.7)

V2~ (p*+4) U2 = 4(-1)", (28)
ViU + VinUn—1 = Vi (2.9)

Theorem 2.1.
Viem — 0+ ()" U ViU — (07 +4)(=1)" U2 1 = (1) HVE,
for all m,n,t € Z.

2
Proof. Assume that A = [ Vin/2 (p" + 4)Un /2

U/2 V)2 } If we consider (2.4) and (2.5), then

we have A { Vi ] = | Votm . By using (2.3), we get

Um Um+t

{ Vin ] a1 Vo ] 2 [ Vi/2 —(p*+4)U,/2 ] Votm ]
Um Um+t (—1)"14_” *Ut/2 Vn/2 Um+t

since det A = YnVi=(p Z+4)U”Ut = (—1)7;\/;,n # 0. Then it follows that

_1\n (2 —_1\n _

V., = ( 1) (V;‘/Vn+mv (p +4)UnUm+t) and U, = ( 1) (VnU$+t UtVn+m)‘
t—n t—n

By using (2.8), we see that

2
(VtVner - (p2 + 4)UnUm+t) - (p2 + 4) (VnUert - UtVn+m)2 = 4(_1)m‘/;2_n‘
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Hence, we obtain (V2 — (p? + 4)U?) V2, — 2(p* + 4) ViU, — Vi, Ur) Vo Unnt — (9% +
4) (V2 — (p* + U2 UZ ., = 4(—1)™V;2,,. Thus, it is seen that

A=)V = 4=1)"(0 + DUt Vi gmUmgt — 4=1)" (0% + AUz = 4(-1)" V2,
by (2.2) and (2.8). Then it follows that
Viem — (0 +4)(=1)" MU ViUt — (02 + 4 (=1)" U5 = (1) V2, (2.10)
which concludes the proof. ([l
Theorem 2.2. Let m,n,t € Z and t #n. Then
Vitim = (D)™ Vi VogmVinge + ()" V3, = (D)™ (p* + UL,

Va/2 (p* +4)Un/2

Proof. Assume that B = { Vi/2 (9 +A4)U,/2

] . By using (2.4), we can write the ma-

trix multiplication B Vm = Vn+m . Since t ?é n, we get det B = M # 0
Um Vm+t 2
by (2.2). Hence it is seen that
{ Vin ] _pt [ Varm ] 220" { (P +AU/2 —(® + 40 /2 ] Vit
Unm Ve | (02 +4)Upn L —Vi/2 Vi /2 Vit

Thus, it follows that

_ (_l)n(UtVn+’m_Uan+t) _ (_l)n(vnvm+t_‘/tvn+m)
Vin = - and U, = DU .

Since V.2 — (p? + 4)U2, = 4(—1)"™ by (2.8), we get
(0 +4) (UVism — UnVinst)? = (VVigt — ViVogm)? = 4 (=1)" (0* + 49U,

Hence, it is seen that

Vivm = (D" Vi Vs Vi + (1) V2L = (1) (2 + YU, (2.11)
by (2.3) and (2.8). O

Using (2.5) and the matrix multiplication

[ U./2 V,/2 ] { Vin ] _ | Unsm
UJ2 Vi/2 Unm U+t
we can give the following theorem.
Theorem 2.3. Let m, n, t € Z and t #n. Then
U2~ VieaUn U + (~1)"HU2 ., = (~1)™07, (212)

In this section, we also recall divisibility rules of the sequences (U,) and (V;,). We omit
their proofs, since they are proved in [3-5,16,17].

Theorem 2.4. Let m, n € N. V,,|U,, iff m = 2kn for some k € N.
Theorem 2.5. Let m, n € N and U, # 1. U,|U,, iff m = kn for some k € N.
Theorem 2.6. Let m, n € N and V,, # 1. V,,|V,, iff m = (2k + 1)n for some k € N.

Theorem 2.7. Let m, n € N and n > 1. Uy, |V, iff n =2 and m is an odd integer, where
p > 3.
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3. Solutions of some Diophantine equations

In this section, firstly we remind some Diophantine equations with their solutions. These
equations are studied in [7,11,18]. We use these equations for determining all solutions of
more general Diophantine equations. Throughout this paper, unless otherwise stated, we
will take p > 1 and p? + 4 will be a squarefree integer.

Theorem 3.1. All solutions of the equation z* — pry — y?> = +1 are given by (x,y) =
F(Um+1,Up) with m € Z.

Corollary 3.2. All solutions of the equations x> — pxy —y> = —1 and > — pry —y> = 1
are given by (z,y) = F(Uam, Uam—1) and (z,y) = F(Uam+1, Uam) with m € Z, respectively.

Theorem 3.3. All solutions of the equation x> — (p* + 4)Uyzy — (p? +4)(—1)"y? = —V?
and 2% — (p* + H)Upzy — (p* + 4)(—1)"y? = V.2 are given by (z,y) = F Virm, Un) with
m odd and m even, respectively.
Proof. Suppose that 22 — (p? +4)U,zy — (p*> +4)(—1)"y? = —V? for some integers x and
y. By using (2.8) in this equation, we get (2z — (p* + 4)Uny)2 — (p? +4)V2y? = —4V2.
Hence it is seen that Vj,|2x — (p? + 4)U,y. Then taking
20 — (p* + 4)U,
(( T (pv )Uny) +py>
_ n d v=
u= 5 and v =y,
we obtain u = (z — V,_1y) /V, by (2.7). Thus it follows that

w? = puv —v? = (2% = (P + )Unzy — (0 + ) (-1)"y?) VI = V.2 V2 = -1,

by (2.1) and (2.7). From Corollary 3.2, it is seen that (u,v) = F (Up41, Un,) for some odd
m. Hence

(.Z‘ - anly)/v = FUny1 and y = FUp,.
Now using (2.9), we obtain
($a y) =+ (Vnera Um)
for some odd m. Conversely, if (z,y) = F (Viutm, Un) for some odd m, then it can be seen
that 22 — (p> + 4)U,zy — (p? +4)(—1)"y? = —V;2 by (2.10).
Now assume that 22 — (p? +4)U,zy — (p? +4)(—1)"y? = V;? for some integers = and .
Then taking u = (z — V,—1y) /V,, and v = y, we obtain

u2—puv—v2:1

by (2.1) and (2.7). From Corollary 3.2, we get (u,v) = F (Un+1,Up) for some even m.
Thus, it follows that (z,y) = F (Va+m,Um) by (2.9), where m is even. Conversely, if
(z,9) = F (Vatm, Um) for some even m, then it can be seen that x2 — (p? +4)U,xy — (p> +
4)(—=1)"y* = V;2 by (2.10). O

Theorem 3.4. All solutions of the equation x> — (p? +4)Upzy — (p? +4)(=1)"y? =1 are
given by (2,y) = F (Vaty1)n/ Vo, Usin/Vn ) with t € Z.
Proof. Assume that 22 — (p? + 4)Upay — (p? + 4)(—1)"y? = 1 for some integers = and y.
Multiplying both sides of this equation by V;2, we get

(Vnm)z - (p2 +4)Un (Vaz) (Vay) — (p2 +4)(-1)" (Vny>2 = Vn2'

Thus, it follows that Vo = FVy4m and V,y = FU,, for some integer m by Theo-
rem 3.3. Hence, we get (z,y) = F (Voem/Va, Un/Vy). From Theorem 2.4 and Theo-
rem 2.6, it can be seen that m = 2tn for some ¢t € Z. Therefore, we obtain (z,y) =

+ (‘/(2t+1)n/vna U2tn/vn>'
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Conversely, if (z,y) = F (V(%H)n/Vn, UQtn/Vn> for some t € Z, then it is easy to verify
that 22 — (p? + 4)Upxy — (p? +4)(—1)"y? = 1 by (2.10). O
The following corollary can be given from Theorems 3.3, 2.4 and 2.6.
Corollary 3.5. The equation x% — (p*> + 4)Uyzy — (p? +4)(—=1)"y* = —1 has no solution.
Now we will prove Theorem 3.6, which is stated by Melham in [12].

Theorem 3.6. All solutions of the equation x> — Vyzy + (—1)"y? = —(p?> + 4)U2 and
2?2 — Vory + (=1)"y% = (p? + 4)U2are given by (z,y) = F Vasm, Vin) with m even and m
odd, respectively.

Proof. Suppose that #2 —V,zy+(—1)"y* = —(p*> +4)U2 for some integers x and y. Then
using (2.8), we get (22 — Vyy)* — (p + 4) U2y = —A4(p® + 4)U2. Thus, it follows that
Un|2z — V,,y. Therefore, there is an integer z such that 2z — V,,y = U,z. Hence we can
write 22 — (p? +4)y? = —4(p? +4). This implies that (p? +4)|z since p? +4 is square free.
Then there is an integer a such that z = (p? + 4)a and we have 2z — V,,y = (p* + 4)Uya.
Thus, it follows that
y? — p?a® = 4 + 46>

Hence y? — p?a? is even. Then we can see that y and pa have the same parity. Taking
u = (y + pa) /2 and v = a, we obtain

2z — Vypu
- yre <(p2 +4)Un> _pr+Vaay
2 (p?2 +4)U,
and
2z —Vpy
PP+,
Thus, we get

u? = puv+ 0 = —(p? +4) (a2 = Vazy + (-1)"?) /(0 + 9°UZ = 1.
Therefore it follows that (u,v) = F (U1, Uy,) for some even m by Corollary 3.2. Thus,
we obtain
(px + Vo_1y) /(p* + DUy, = FUpy1 and (22 — Vi) /(0 + DU, = FUpp,.
This together with (2.4), (2.6) and (2.7) yields (x,y) = F (Votm, Vin) for some even m.

Conversely, if (z,y) = F (Viirm, Vin) for some even m, then it follows that z? — Vy,a2y +
(=1)"y* = —(p* + 49U} by (2.11).

Following the similar steps, we obtain the expected solutions of the equation x2 —V,zy+
(—D)"y* = (0* + 4)U;- O
Theorem 3.7. Ifn is even, then all solutions of the equation x*—Vapxy+y? = —(p*+4)U?
are given by (x,y) = F (‘/(2t+3)n/Vn, V(2t+1)n/Vn) witht € Z. Ifn is odd, then all solutions
of the equation x*—Vanxy+y* = (p*+4)U7 are given by (z,y) = F (V(2t+3)n/ Vs Vot 1yn/ Vn)
with t € Z.

Proof. Assume that n is even and x? — Vo,oy + y*> = —(p? + 4)U? for some integers
x and y. Multiplying both sides of this equation by V;2 and considering the fact that
Uz = U, V,, we get

(Vo) = Vau (Vo) (Vay) + (Vay)® = —(0” + U3,
From Theorem 3.6, it follows that (z,y) = F (Vantm/Va, Vin/Va) for some even m. More-
over, since = and y are integers, there is an integer ¢ such that m = (2t + 1) n by Theorem

2.6. Therefore we obtain (x,y) = F <V(2t+3)n/Vn, 1/(2t+1)n/Vn>.
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Conversely, if n is even and (z,y) = F <W2t+3)n/Vn, 1/(2t+1)n/Vn) for some ¢ € Z, then
it follows that 22 — Vapay +y? = —(p? + 4)U2 by (2.11).

Similarly it can be easily seen that, if n is odd, then all solutions of the equation
22 —Vopwy +1y? = (p? +4)U? are given by (x,y) = F (V(Qt+3)n/Vn, V(%Jrl)n/vn) with ¢t € Z
by Theorem 3.6, Theorem 2.6 and Equation (2.11). O

By using Theorems 3.7, 3.6, and 2.6, the following corollary can be proved. So, we omit
its proof.

Corollary 3.8. If n is odd, then the equation x* — Vopxy + 32 = —(p* + 4)U2 and if n is
even, then the equation x> — Vouxy + 32 = (p? + 4)U2 has no solution.

Theorem 3.9. All solutions of the equation z* — Vyoy + (—1)"y? = —(p? + 4) are given
by (z,y) = F (Vatm/Un, Vin /Up) with m even and U, |Vy,.

Proof. Assume that 22 — V,2y + (—1)"y? = —(p? + 4) for some integers = and y. Multi-
plying both sides of the equation by U2, we get
(Unx)Q - Va (Unx) (Un ) + (_1)n (Uny)2 = _(p2 + 4)U3

Hence using Theorem 3.6, we obtain the expected result.
Conversely, if m is even and (z,9) = F (Votm/Un, Vin/Ux), then it follows that z? —
Vazy + (—1)"y? = —(p* +4) by (2.11). O

The following corollaries can be given from Theorem 3.9 and Theorem 2.7.

Corollary 3.10. All solutions of the equation x* — pxy — y?> = —(p* + 4) are given by
(2,y) = F (Vart1, Var) with t € Z.

Corollary 3.11. If p > 3, then the equation x> — (p* + 2)axy +y?> = —(p* +4) has no
solution.

Theorem 3.12. All solutions of the equation x? — Vyay + (—1)"y? = p* + 4 are given by
(x,y) = F Vasm/Un, Vin/Uy) with m odd and U, |V,,.

Proof. Assume that 22—V, 2y + (—1)"y? = p? +4 for some integers = and y. Multiplying
both sides of the equation by U2, we get

(Unt)* = Vi (Un) (Uny) + (=1)" (Uny)* = (0 + HU;1-

Hence using Theorem 3.6, we have (x,y) = F (Vitm/Un, Vin/Up) for some odd m with
Un|Vin.-

If m is odd and (z,y) = F (Vatm/Un, Vin/Un), then by using (2.11), it is seen that
2?2 — Vpxy 4+ (=1)"y? = p? + 4. O

The following corollaries can be given from Theorem 3.12 and Theorem 2.7.

Corollary 3.13. All solutions of the equation x> — pry —y* = p>+4 are given by (x,y) =
F (Vatg2, Vary1) with t € Z.

Corollary 3.14. All solutions of the equation x> — (p? + 2)xy + y? = p*> + 4 are given by
(x,y) = F (Varys/p, Var+1/p) with t € 7.

Moreover, the following corollary can be proven easily.

Corollary 3.15. All solutions of the equation x*> — 6xy + y*> = 8 are given by (x,y) =
F (‘/vgt+3/2, V2t+1/2) with t € 7.

Now we give the following theorem without proof, since it can be proved in the same
manner with the proof of Theorem 3.12.
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Theorem 3.16. All solutions of the equation x* — Vauxy + y? = —(p? + 4)V.? are given
by (z,y) = F Vontm/Un, Vin/Up) with m even and U, |Vy,.

The following corollaries can be given by using Theorem 3.16 and Theorem 2.7.

Corollary 3.17. All solutions of the equation x® — (p? + 2)ay + y> = —p?(p? + 4) are
given by (x,y) = F (Vargo, Vor) with t € Z.

Corollary 3.18. Ifp > 3, then the equation z*—[p?(p* +4)+2]zy+y* = —(p*+4)(p* +2)?
has no solutions.

Theorem 3.19. All solutions of the equation 2% — Vapxy + y? = (p? + 4)V,2 are given by
(x,y) = F Vantm/Un, Vin/Uy) with m odd and U, |V,,.

Proof. Assume that 22 — Va,ay +142 = (p? +4)V;2 for some integers x and y. Multiplying
both sides of this equation by U2, we have

(Un)? = Vau (Unt) (Uny) + (Uny)® = (* + U3,
Then it follows that (z,y) = F (Vantm/Un, Vin/Uy) for some odd m with U,|V,, by The-
orem 3.6.
Conversely, if m is odd and (z,y) = F Vantm/Un, Vin/Un), then we get 22 —Vo, zy+y? =
(p? +4)V;2 by (2.11). O
The following corollaries can be given by using Theorem 2.7 and Theorem 3.19.

Corollary 3.20. All solutions of the equation x> — (p? + 2)zy + y> = p*(p> +4) are given
by (z,y) = F (Varss, Varg1) with t € Z.

Corollary 3.21. If p > 2, then all solutions of the equation x* — [p?(p* +4) + 2]zy +y? =
(p? + 4)(p* + 2)? are given by (z,y) = F (V(QHg,)/p, V(2t+1)/p) with t € Z.

Now we give the following theorem which is stated by Kilic and Omiir in [8].

Theorem 3.22. All solutions of the equation x>—Vyxy+(—1)"y* = ~U? and 2*—V,zy+
(-1)"y? =U2 are given by (z,y) = F (Untm, Un) with m odd and m even, respectively.

Proof. Suppose that 22 — V,xy + (—1)"y? = —U? for some integers x and y. Completing
the square gives (2z — Voy)? — (p? + 4)U2y? = —4U2, and it is seen that U, |2z — V,y.
Thus, it follows that
(22 = Vay) /Un)* — (0% +4)y* = —4.

Taking u = (((2z — V) /Un) +py) /2 = (x — Upn—1y) /Uy and v = y, we have u? — puv —
v? = —1. Therefore, from Corollary 3.2, we get (u,v) = F (Upy1,Upn) for some odd m.
By using the fact that Up,+1Up, + UnUpn—1 = Uppm, we get (x,y) = F (Untm, Un)-

Conversely, if (z,y) = F (Un+m, Un) for some odd m, then it can be seen that
22 — Vpay + (=1)"y? = —U2 by (2.12).

Following the similar steps, we obtain the expected solutions of the equation
2?2 — Vpay + (=1)"y? = UZ. O

Theorem 3.23. All solutions of the equation x* — Vo,xy +y? = U2 are given by (z,y) =
T (U@HM JVin, Ustn /Vn> with t € 7.
Proof. Assume that 22 — Vo, xy + y? = U2 for some integers x and y. Multiplying both
sides of this equation by V;2, we get

(Vaz)® = Van (Vo) (Vo) + (Vay)” = U3,

Then from Theorem 3.22, it follows that (z,y) = F (U2ntm/Va,Un/Vs) for some even
m. Hence, using Theorem 2.4, it is seen that m = 2tn for some t € Z. Therefore,

(z,y) =F (U(2t+2)n/vn7 U2tn/Vn>-
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Conversely, if (z,y) = F (U(2t+2)n/Vn,U2m/Vn> for some t € Z, then it is seen that
22 — Vopxy + 32 = U2 by (2.12). O

Theorem 3.24. The equation x> — Vopxy + y*> = —U?2 has no solution.

Proof. Assume that 2% — Vo, xy +y? = —U? for some integers = and y. Multiplying both
sides of this equation by V;2, we get

(Vo) = Vo, (Vo) (Vo) + (Vay)? = U2,

From Theorem 3.22, it follows that (z,y) = F (Uant+m/Va, Um/Vy) for some odd m. This
together with Theorem 2.4 yields the result. ]

Theorem 3.25. If n is odd, then all solutions of the equation x* — Vo,xy+y? = —V.2 are
given by (@,y) = F (Usstra)n/Uns Uty 1)n/Un ) with t € Z.

Proof. Assume that 22 — Vo, zy +y? = —V.2 for some integers x and y. Multiplying both
sides of this equation by U2, we get

(Un)? = Vo, (Unt) (Upy) + (Uny)? = U3,

Then from Theorem 3.22, it follows that (z,y) = F (U2n+m/Un, Un/U,) for some odd
m € Z. Hence, using Theorem 2.5 it is seen that n|m. Since n and m are odd, we have

m = (2t + 1)n for some t € Z. Therefore, (x,y) = F (U(2t+3)n/Un, U(2t+1)n/Un).
Conversely, if n is odd and (z,y) = F (U(2t+3)n/Un, U(2t+1)n/Un) for some t € Z, then
from (2.12), it follows that 2% — Va,zy + y? = = V2. O
Now we can give the following corollaries by using Theorem 3.22, Theorem 2.5, and
Equation (2.12).
Corollary 3.26. If n is even, then the equation 2% — Vanxy +y* = —V.2 has no solutions.
Corollary 3.27. If n is even, then all solutions of the equation x> — Vanzy +y? = V.2 are
given by (z,y) = F (U(t+2)n/Un, Utn/Un) with t € Z. If n is odd, then all solutions of the
equation x% — Vopxy + 132 = V.2 are given by (z,y) = F (U(2t+2)n/Un, Ugm/Un) with t € Z.

Theorem 3.28. If n is odd, then all solutions of the equations x> — Vyxy — y?> = —1
and x2 — Vyxy — 32 = 1 are given by (z,y) = F (U(2t+2)n/Un, U(2t+1)n/Un) and (z,y) =
F (U(2t+1)n/Un, Ugtn/Un> with t € Z, respectively. If n is even, then all solutions of the
equation x> — Vyoy +y% = 1 are given by (z,y) = F (U(t+1)n/Un, Utn/Un) with t € Z.

Proof. Assume that n is odd and 2 — Vyoy — y?> = —1 for some integers = and .
Multiplying both sides of this equation by U2, we get
(Unx)Q —Va (Unx) (Uny) — (Uny)Q = _Ug-

From Theorem 3.22, it follows that © = FU, 4 /U, and y = FU,, /U, for some odd m.
Since x and y are integers, it is clear that m = (2t + 1)n for some t € Z by Theorem 2.5.
Then we obtain

(z,y) =F (U(2t+2)n/Una U(2t+1)n/Un) :

Conversely, if n > 3 is odd and (z,y) = F (U(2t+2)n/Un, U(2t+1)n/Un) for some t € Z,
then it follows that 22 — V,zy — y? = —1 by (2.12).

If n is odd, then in a similar way, it is easy to see that all solutions of the equation
22 — Vyoy — y? = 1 are given by (z,y) = F (U(2t+1)n/Un, Ugm/Un> with t € Z.
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Now assume that n is even and 22 —V,,zy+3? = 1 for some integers  and y. Multiplying
both sides of this equation by U,% and using Theorem 3.22, it is seen that © = FUp4+m/Up
and y = FU,, /Uy, for some even m. Since x and y are integers, it is clear that m = tn for
some t € Z by Theorem 2.5. Then we obtain

(x, y) =+ (U(t—i-l)n/Una Utn/Un) .

Moreover, if n is even and (x,y) = F (U(t+1)n/Un, Um/Un) with ¢ € Z, then it follows
that 22 — Vyoy + 9% = 1 by (2.12). O

Multiplying both sides of the equation 2> — V,,xy + y* = —1 by U2 and using Theorem
2.5 and Theorem 3.22, the following corollary can be given.

Corollary 3.29. Ifn is even, then the equation x> — Vyay + y?> = —1 has no solution.
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