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Abstract
In this study, we present some identities involving generalized Fibonacci sequence (Un) and
generalized Lucas sequence (Vn). Then we give all solutions of the Diophantine equations
x2 − Vnxy + (−1)ny2 = ±(p2 + 4)U2

n, x2 − Vnxy + (−1)ny2 = ±U2
n, x2 − (p2 + 4)Unxy −

(p2 + 4)(−1)ny2 = ±V 2
n , x2 − Vnxy ± y2 = ±1, x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2 = 1,

x2−Vnxy+(−1)ny2 = ±(p2+4), x2−V2nxy+y2 = ±(p2+4)V 2
n , x2−V2nxy+y2 = (p2+4)U2

n

and x2 − V2nxy + y2 = ±V 2
n in terms of the sequences (Un) and (Vn) with p ≥ 1 and p2 +4

squarefree.
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1. Introduction
Let p ≥ 1 be an integer. The generalized Fibonacci sequence (Un) = (Un(p, 1)) and the
generalized Lucas sequence (Vn) = (Vn(p, 1)) are defined by

Un = pUn−1 + Un−2, U0 = 0, U1 = 1
and

Vn = pVn−1 + Vn−2, V0 = 2, V1 = p

for n ≥ 2. The terms Un and Vn are called the nth generalized Fibonacci and Lucas
numbers, respectively. In general U−n = (−1)n+1Un, V−n = (−1)nVn and Vn = Un+1 +
Un−1, for all n ∈ N. Properties of these sequences are determined in [7,8,11,12] and [18].

In 1979, Kiss considered the sequence (Rn) with linear recurrence relation Rn = ARn−1−
BRn−2, R0 = 0, R1 = 1 for some n > 1, where A, B are integers such that A > 0 and
B = −1 or A > 3 and B = 1. Then he proved that for non-negative integers x, y, the equa-
tion

∣∣x2 − Axy + By2∣∣ = 1 holds if and only if x and y are consecutive terms of sequence
(Rn), in [9].

In 1993, Matiyasevich mentioned that the conic x2 − kxy + y2 = 1 with k ≥ 2 has (x, y)
integer points if and only if (x, y) = (un, un+1) for some n, where un+1 = kun − un−1,
starting with u0 = 0 and u1 = 1, in [10].
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In [12], Melham showed that the solutions of the equations x2 − Vmxy ± y2 = ±U2
m are

given by (x, y) = ±(Un+m, Un) for m, n ∈ Z. Moreover he showed that if m is an even
integer and p2+4 is a squarefree integer, then all solutions of the equation y2−Vmxy+x2 =
±
(
p2 + 4

)
U2

m are given by (x, y) = ∓ (Vn, Vn+m) with n ∈ Z. These theorems of Melham
are generalized forms of the theorems given in [11], by McDaniel. In [8], Kılıç and Ömür
examined more general situations of the conics that McDaniel and Melham dealt in [11]
and [12], respectively.

In [1], Demirtürk and Keskin determined all solutions of the known Diophantine equa-
tions x2 − Lnxy − y2 = ∓1, x2 − Lnxy + (−1)n y2 = ∓5 and new Diophantine equations;
x2 − 5Fnxy − 5 (−1)n y2 = ∓1, x2 − L2nxy + y2 = ∓5F 2

n , x2 − L2nxy + y2 = ∓F 2
n ,

x2 − L2nxy + y2 = ∓L2
n and x2 − L2nxy + y2 = ∓5L2

n. Moreover in [2], the authors give
solutions of generalizations of these equations.

In this paper, our main purpose is to determine all (x, y) solutions of some Diophantine
equations, mentioned in the abstract.

2. Some identities concerning the sequences (Un) and (Vn)
In this section, we obtain some identities by using special matrices including generalized
Fibonacci and Lucas numbers. From [6, 13–15], the following identities are given for all
m, n ∈ Z by

V 2
n − pVnVn−1 − V 2

n−1 = (−1)n
(
p2 + 4

)
, (2.1)

VmUn − UmVn = 2(−1)mUn−m, (2.2)

VmVn −
(
p2 + 4

)
UmUn = 2(−1)nVm−n, (2.3)

VmVn +
(
p2 + 4

)
UmUn = 2Vn+m, (2.4)

VmUn + UmVn = 2Un+m, (2.5)
Un+1 + Un−1 = Vn, (2.6)

Vn+1 + Vn−1 =
(
p2 + 4

)
Un, (2.7)

V 2
n −

(
p2 + 4

)
U2

n = 4(−1)n, (2.8)

Vm+1Un + VmUn−1 = Vn+m. (2.9)

Theorem 2.1.
V 2

n+m − (p2 + 4)(−1)n+tUt−nVn+mUm+t − (p2 + 4)(−1)n+tU2
m+t = (−1)m+tV 2

t−n,

for all m, n, t ∈ Z.

Proof. Assume that A =
[

V n/2 (p2 + 4)Un/2
U t/2 V t/2

]
. If we consider (2.4) and (2.5), then

we have A

[
V m

Um

]
=
[

V n+m

Um+t

]
. By using (2.3), we get[

Vm

Um

]
=A−1

[
V n+m

Um+t

]
= 2

(−1)nVt−n

[
V t/2 −(p2 + 4)Un/2

−Ut/2 V n/2

] [
V n+m

Um+t

]
since det A = VnVt−(p2+4)UnUt

4 = (−1)nVt−n

2 ̸= 0. Then it follows that

Vm = (−1)n(VtVn+m − (p2 + 4)UnUm+t)
Vt−n

and Um = (−1)n(VnUm+t − UtVn+m)
Vt−n

.

By using (2.8), we see that(
VtVn+m − (p2 + 4)UnUm+t

)2
− (p2 + 4) (VnUm+t − UtVn+m)2 = 4(−1)mV 2

t−n.
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Hence, we obtain
(
V 2

t − (p2 + 4)U2
t

)
V 2

n+m − 2(p2 + 4) (VtUn − VnUt) Vn+mUm+t − (p2 +
4)
(
V 2

n − (p2 + 4)U2
n

)
U2

m+t = 4(−1)mV 2
t−n. Thus, it is seen that

4(−1)tV 2
n+m − 4(−1)n(p2 + 4)Ut−nVn+mUm+t − 4(−1)n(p2 + 4)U2

m+t = 4(−1)mV 2
t−n

by (2.2) and (2.8). Then it follows that

V 2
n+m − (p2 + 4)(−1)n+tUt−nVn+mUm+t − (p2 + 4)(−1)n+tU2

m+t = (−1)m+tV 2
t−n, (2.10)

which concludes the proof. �

Theorem 2.2. Let m, n, t ∈ Z and t ̸= n. Then

V 2
n+m − (−1)n+tVt−nVn+mVm+t + (−1)n+tV 2

m+t = (−1)m+t+1(p2 + 4)U2
t−n.

Proof. Assume that B =
[

Vn/2 (p2 + 4)Un/2
Vt/2 (p2 + 4)Ut/2

]
. By using (2.4), we can write the ma-

trix multiplication B

[
Vm

Um

]
=
[

Vn+m

Vm+t

]
. Since t ̸= n, we get det B = (p2+4)(−1)nUt−n

2 ̸= 0

by (2.2). Hence it is seen that[
Vm

Um

]
=B−1

[
Vn+m

Vm+t

]
= 2(−1)n

(p2 + 4) Ut−n

[
(p2 + 4)Ut/2 −(p2 + 4)Un/2

−Vt/2 Vn/2

] [
Vn+m

Vm+t

]
.

Thus, it follows that

Vm = (−1)n(UtVn+m−UnVm+t)
Ut−n

and Um = (−1)n(VnVm+t−VtVn+m)
(p2+4)Ut−n

.

Since V 2
m − (p2 + 4)U2

m = 4 (−1)m by (2.8), we get

(p2 + 4) (UtVn+m − UnVm+t)2 − (VnVm+t − VtVn+m)2 = 4 (−1)m (p2 + 4)U2
t−n.

Hence, it is seen that

V 2
n+m − (−1)n+tVt−nVn+mVm+t + (−1)n+tV 2

m+t = (−1)m+t+1(p2 + 4)U2
t−n (2.11)

by (2.3) and (2.8). �

Using (2.5) and the matrix multiplication[
Un/2 Vn/2
Ut/2 Vt/2

] [
Vm

Um

]
=
[

Un+m

Um+t

]
,

we can give the following theorem.

Theorem 2.3. Let m, n, t ∈ Z and t ̸= n. Then

U2
n+m − Vt−nUn+mUm+t + (−1)n+tU2

m+t = (−1)m+tU2
t−n. (2.12)

In this section, we also recall divisibility rules of the sequences (Un) and (Vn). We omit
their proofs, since they are proved in [3–5,16,17].

Theorem 2.4. Let m, n ∈ N. Vn|Um iff m = 2kn for some k ∈ N.

Theorem 2.5. Let m, n ∈ N and Un ̸= 1. Un|Um iff m = kn for some k ∈ N.

Theorem 2.6. Let m, n ∈ N and Vn ̸= 1. Vn|Vm iff m = (2k + 1)n for some k ∈ N.

Theorem 2.7. Let m, n ∈ N and n > 1. Un|Vm iff n = 2 and m is an odd integer, where
p ≥ 3.
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3. Solutions of some Diophantine equations
In this section, firstly we remind some Diophantine equations with their solutions. These

equations are studied in [7,11,18]. We use these equations for determining all solutions of
more general Diophantine equations. Throughout this paper, unless otherwise stated, we
will take p ≥ 1 and p2 + 4 will be a squarefree integer.

Theorem 3.1. All solutions of the equation x2 − pxy − y2 = ±1 are given by (x, y) =
∓(Um+1, Um) with m ∈ Z.

Corollary 3.2. All solutions of the equations x2 − pxy − y2 = −1 and x2 − pxy − y2 = 1
are given by (x, y) = ∓(U2m, U2m−1) and (x, y) = ∓(U2m+1, U2m) with m ∈ Z, respectively.

Theorem 3.3. All solutions of the equation x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2 = −V 2
n

and x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2 = V 2
n are given by (x, y) = ∓ (Vn+m, Um) with

m odd and m even, respectively.

Proof. Suppose that x2 − (p2 +4)Unxy − (p2 +4)(−1)ny2 = −V 2
n for some integers x and

y. By using (2.8) in this equation, we get
(
2x − (p2 + 4)Uny

)2 − (p2 + 4)V 2
n y2 = −4V 2

n .
Hence it is seen that Vn|2x − (p2 + 4)Uny. Then taking

u =

((
2x − (p2 + 4)Uny

)
Vn

+ py

)
2

and v = y,

we obtain u = (x − Vn−1y) /Vn by (2.7). Thus it follows that

u2 − puv − v2 =
(
x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2

)
/V 2

n = −V 2
n /V 2

n = −1,

by (2.1) and (2.7). From Corollary 3.2, it is seen that (u, v) = ∓ (Um+1, Um) for some odd
m. Hence

(x − Vn−1y)/Vn = ∓Um+1 and y = ∓Um.

Now using (2.9), we obtain
(x, y) = ∓ (Vn+m, Um)

for some odd m. Conversely, if (x, y) = ∓ (Vn+m, Um) for some odd m, then it can be seen
that x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2 = −V 2

n by (2.10).
Now assume that x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2 = V 2

n for some integers x and y.
Then taking u = (x − Vn−1y) /Vn and v = y, we obtain

u2 − puv − v2 = 1
by (2.1) and (2.7). From Corollary 3.2, we get (u, v) = ∓ (Um+1, Um) for some even m.
Thus, it follows that (x, y) = ∓ (Vn+m, Um) by (2.9), where m is even. Conversely, if
(x, y) = ∓ (Vn+m, Um) for some even m, then it can be seen that x2 − (p2 +4)Unxy − (p2 +
4)(−1)ny2 = V 2

n by (2.10). �
Theorem 3.4. All solutions of the equation x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2 = 1 are
given by (x, y) = ∓

(
V(2t+1)n/Vn, U2tn/Vn

)
with t ∈ Z.

Proof. Assume that x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2 = 1 for some integers x and y.
Multiplying both sides of this equation by V 2

n , we get

(Vnx)2 − (p2 + 4)Un (Vnx) (Vny) − (p2 + 4)(−1)n (Vny)2 = V 2
n .

Thus, it follows that Vnx = ∓Vn+m and Vny = ∓Um for some integer m by Theo-
rem 3.3. Hence, we get (x, y) = ∓ (Vn+m/Vn, Um/Vn). From Theorem 2.4 and Theo-
rem 2.6, it can be seen that m = 2tn for some t ∈ Z. Therefore, we obtain (x, y) =
∓
(
V(2t+1)n/Vn, U2tn/Vn

)
.
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Conversely, if (x, y) = ∓
(
V(2t+1) n/Vn, U2tn/Vn

)
for some t ∈ Z, then it is easy to verify

that x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2 = 1 by (2.10). �
The following corollary can be given from Theorems 3.3, 2.4 and 2.6.

Corollary 3.5. The equation x2 − (p2 + 4)Unxy − (p2 + 4)(−1)ny2 = −1 has no solution.

Now we will prove Theorem 3.6, which is stated by Melham in [12].

Theorem 3.6. All solutions of the equation x2 − Vnxy + (−1)ny2 = −(p2 + 4)U2
n and

x2 − Vnxy + (−1)ny2 = (p2 + 4)U2
nare given by (x, y) = ∓ (Vn+m, Vm) with m even and m

odd, respectively.

Proof. Suppose that x2 −Vnxy +(−1)ny2 = −(p2 +4)U2
n for some integers x and y. Then

using (2.8), we get (2x − Vny)2 − (p2 + 4)U2
ny2 = −4(p2 + 4)U2

n. Thus, it follows that
Un|2x − Vny. Therefore, there is an integer z such that 2x − Vny = Unz. Hence we can
write z2 − (p2 + 4)y2 = −4(p2 + 4). This implies that (p2 + 4)|z since p2 + 4 is square free.
Then there is an integer a such that z = (p2 + 4)a and we have 2x − Vny = (p2 + 4)Una.
Thus, it follows that

y2 − p2a2 = 4 + 4a2.

Hence y2 − p2a2 is even. Then we can see that y and pa have the same parity. Taking
u = (y + pa) /2 and v = a, we obtain

u =
y + p

( 2x − Vny

(p2 + 4)Un

)
2

= px + Vn−1y

(p2 + 4)Un

and
v = 2x − Vny

(p2 + 4)Un
.

Thus, we get

u2 − puv + v2 = −(p2 + 4)
(
x2 − Vnxy + (−1)ny2

)
/(p2 + 4)2U2

n = 1.

Therefore it follows that (u, v) = ∓ (Um+1, Um) for some even m by Corollary 3.2. Thus,
we obtain

(px + Vn−1y) /(p2 + 4)Un = ∓Um+1 and (2x − Vny) /(p2 + 4)Un = ∓Um.

This together with (2.4), (2.6) and (2.7) yields (x, y) = ∓ (Vn+m, Vm) for some even m.
Conversely, if (x, y) = ∓ (Vn+m, Vm) for some even m, then it follows that x2 − Vnxy +

(−1)ny2 = −(p2 + 4)U2
n by (2.11).

Following the similar steps, we obtain the expected solutions of the equation x2−Vnxy+
(−1)ny2 = (p2 + 4)U2

n. �
Theorem 3.7. If n is even, then all solutions of the equation x2−V2nxy+y2 = −(p2+4)U2

n

are given by (x, y) = ∓
(
V(2t+3)n/Vn, V(2t+1)n/Vn

)
with t ∈ Z. If n is odd, then all solutions

of the equation x2−V2nxy+y2 = (p2+4)U2
n are given by (x, y) = ∓

(
V(2t+3)n/Vn, V(2t+1)n/Vn

)
with t ∈ Z.

Proof. Assume that n is even and x2 − V2nxy + y2 = −(p2 + 4)U2
n for some integers

x and y. Multiplying both sides of this equation by V 2
n and considering the fact that

U2n = UnVn, we get
(Vnx)2 − V2n (Vnx) (Vny) + (Vny)2 = −(p2 + 4)U2

2n.

From Theorem 3.6, it follows that (x, y) = ∓ (V2n+m/Vn, Vm/Vn) for some even m. More-
over, since x and y are integers, there is an integer t such that m = (2t + 1) n by Theorem
2.6. Therefore we obtain (x, y) = ∓

(
V(2t+3)n/Vn, V(2t+1)n/Vn

)
.
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Conversely, if n is even and (x, y) = ∓
(
V(2t+3)n/Vn, V(2t+1)n/Vn

)
for some t ∈ Z, then

it follows that x2 − V2nxy + y2 = −(p2 + 4)U2
n by (2.11).

Similarly it can be easily seen that, if n is odd, then all solutions of the equation
x2 −V2nxy +y2 = (p2 +4)U2

n are given by (x, y) = ∓
(
V(2t+3)n/Vn, V(2t+1)n/Vn

)
with t ∈ Z

by Theorem 3.6, Theorem 2.6 and Equation (2.11). �

By using Theorems 3.7, 3.6, and 2.6, the following corollary can be proved. So, we omit
its proof.

Corollary 3.8. If n is odd, then the equation x2 − V2nxy + y2 = −(p2 + 4)U2
n and if n is

even, then the equation x2 − V2nxy + y2 = (p2 + 4)U2
n has no solution.

Theorem 3.9. All solutions of the equation x2 − Vnxy + (−1)ny2 = −(p2 + 4) are given
by (x, y) = ∓ (Vn+m/Un, Vm/Un) with m even and Un|Vm.

Proof. Assume that x2 − Vnxy + (−1)ny2 = −(p2 + 4) for some integers x and y. Multi-
plying both sides of the equation by U2

n, we get

(Unx)2 − Vn (Unx) (Uny) + (−1)n (Uny)2 = −(p2 + 4)U2
n.

Hence using Theorem 3.6, we obtain the expected result.
Conversely, if m is even and (x, y) = ∓ (Vn+m/Un, Vm/Un), then it follows that x2 −

Vnxy + (−1)ny2 = −(p2 + 4) by (2.11). �

The following corollaries can be given from Theorem 3.9 and Theorem 2.7.

Corollary 3.10. All solutions of the equation x2 − pxy − y2 = −(p2 + 4) are given by
(x, y) = ∓ (V2t+1, V2t) with t ∈ Z.

Corollary 3.11. If p ≥ 3, then the equation x2 − (p2 + 2)xy + y2 = −(p2 + 4) has no
solution.

Theorem 3.12. All solutions of the equation x2 − Vnxy + (−1)ny2 = p2 + 4 are given by
(x, y) = ∓ (Vn+m/Un, Vm/Un) with m odd and Un|Vm.

Proof. Assume that x2 −Vnxy +(−1)ny2 = p2 +4 for some integers x and y. Multiplying
both sides of the equation by U2

n, we get

(Unx)2 − Vn (Unx) (Uny) + (−1)n (Uny)2 = (p2 + 4)U2
n.

Hence using Theorem 3.6, we have (x, y) = ∓ (Vn+m/Un, Vm/Un) for some odd m with
Un|Vm.

If m is odd and (x, y) = ∓ (Vn+m/Un, Vm/Un), then by using (2.11), it is seen that
x2 − Vnxy + (−1)ny2 = p2 + 4. �

The following corollaries can be given from Theorem 3.12 and Theorem 2.7.

Corollary 3.13. All solutions of the equation x2 −pxy −y2 = p2 +4 are given by (x, y) =
∓ (V2t+2, V2t+1) with t ∈ Z.

Corollary 3.14. All solutions of the equation x2 − (p2 + 2)xy + y2 = p2 + 4 are given by
(x, y) = ∓ (V2t+3/p, V2t+1/p) with t ∈ Z.

Moreover, the following corollary can be proven easily.

Corollary 3.15. All solutions of the equation x2 − 6xy + y2 = 8 are given by (x, y) =
∓ (V2t+3/2, V2t+1/2) with t ∈ Z.

Now we give the following theorem without proof, since it can be proved in the same
manner with the proof of Theorem 3.12.



Some Diophantine Equations in terms of Generalized Fibonacci and Lucas Numbers 457

Theorem 3.16. All solutions of the equation x2 − V2nxy + y2 = −(p2 + 4)V 2
n are given

by (x, y) = ∓ (V2n+m/Un, Vm/Un) with m even and Un|Vm.

The following corollaries can be given by using Theorem 3.16 and Theorem 2.7.

Corollary 3.17. All solutions of the equation x2 − (p2 + 2)xy + y2 = −p2(p2 + 4) are
given by (x, y) = ∓ (V2t+2, V2t) with t ∈ Z.

Corollary 3.18. If p ≥ 3, then the equation x2−[p2(p2+4)+2]xy+y2 = −(p2+4)(p2+2)2

has no solutions.

Theorem 3.19. All solutions of the equation x2 − V2nxy + y2 = (p2 + 4)V 2
n are given by

(x, y) = ∓ (V2n+m/Un, Vm/Un) with m odd and Un|Vm.

Proof. Assume that x2 − V2nxy + y2 = (p2 + 4)V 2
n for some integers x and y. Multiplying

both sides of this equation by U2
n, we have

(Unx)2 − V2n (Unx) (Uny) + (Uny)2 = (p2 + 4)U2
2n.

Then it follows that (x, y) = ∓ (V2n+m/Un, Vm/Un) for some odd m with Un|Vm by The-
orem 3.6.

Conversely, if m is odd and (x, y) = ∓ (V2n+m/Un, Vm/Un), then we get x2−V2nxy+y2 =
(p2 + 4)V 2

n by (2.11). �
The following corollaries can be given by using Theorem 2.7 and Theorem 3.19.

Corollary 3.20. All solutions of the equation x2 − (p2 + 2)xy + y2 = p2(p2 + 4) are given
by (x, y) = ∓ (V2t+3, V2t+1) with t ∈ Z.

Corollary 3.21. If p ≥ 2, then all solutions of the equation x2 − [p2(p2 + 4) + 2]xy + y2 =
(p2 + 4)(p2 + 2)2 are given by (x, y) = ∓

(
V(2t+5)/p, V(2t+1)/p

)
with t ∈ Z.

Now we give the following theorem which is stated by Kılıç and Ömür in [8].

Theorem 3.22. All solutions of the equation x2−Vnxy+(−1)ny2 = −U2
n and x2−Vnxy+

(−1)ny2 = U2
n are given by (x, y) = ∓ (Un+m, Um) with m odd and m even, respectively.

Proof. Suppose that x2 − Vnxy + (−1)ny2 = −U2
n for some integers x and y. Completing

the square gives (2x − Vny)2 − (p2 + 4)U2
ny2 = −4U2

n, and it is seen that Un|2x − Vny.
Thus, it follows that

((2x − Vny) /Un)2 − (p2 + 4)y2 = −4.

Taking u = (((2x − Vny) /Un) + py) /2 = (x − Un−1y) /Un and v = y, we have u2 − puv −
v2 = −1. Therefore, from Corollary 3.2, we get (u, v) = ∓ (Um+1, Um) for some odd m.
By using the fact that Um+1Un + UmUn−1 = Un+m, we get (x, y) = ∓ (Un+m, Um).

Conversely, if (x, y) = ∓ (Un+m, Um) for some odd m, then it can be seen that
x2 − Vnxy + (−1)ny2 = −U2

n by (2.12).
Following the similar steps, we obtain the expected solutions of the equation

x2 − Vnxy + (−1)ny2 = U2
n. �

Theorem 3.23. All solutions of the equation x2 − V2nxy + y2 = U2
n are given by (x, y) =

∓
(
U(2t+2)n/Vn, U2tn/Vn

)
with t ∈ Z.

Proof. Assume that x2 − V2nxy + y2 = U2
n for some integers x and y. Multiplying both

sides of this equation by V 2
n , we get

(Vnx)2 − V2n (Vnx) (Vny) + (Vny)2 = U2
2n.

Then from Theorem 3.22, it follows that (x, y) = ∓ (U2n+m/Vn, Um/Vn) for some even
m. Hence, using Theorem 2.4, it is seen that m = 2tn for some t ∈ Z. Therefore,
(x, y) = ∓

(
U(2t+2)n/Vn, U2tn/Vn

)
.
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Conversely, if (x, y) = ∓
(
U(2t+2)n/Vn, U2tn/Vn

)
for some t ∈ Z, then it is seen that

x2 − V2nxy + y2 = U2
n by (2.12). �

Theorem 3.24. The equation x2 − V2nxy + y2 = −U2
n has no solution.

Proof. Assume that x2 − V2nxy + y2 = −U2
n for some integers x and y. Multiplying both

sides of this equation by V 2
n , we get

(Vnx)2 − V2n (Vnx) (Vny) + (Vny)2 = −U2
2n.

From Theorem 3.22, it follows that (x, y) = ∓ (U2n+m/Vn, Um/Vn) for some odd m. This
together with Theorem 2.4 yields the result. �

Theorem 3.25. If n is odd, then all solutions of the equation x2 − V2nxy + y2 = −V 2
n are

given by (x, y) = ∓
(
U(2t+3)n/Un, U(2t+1)n/Un

)
with t ∈ Z.

Proof. Assume that x2 − V2nxy + y2 = −V 2
n for some integers x and y. Multiplying both

sides of this equation by U2
n, we get

(Unx)2 − V2n (Unx) (Uny) + (Uny)2 = −U2
2n.

Then from Theorem 3.22, it follows that (x, y) = ∓ (U2n+m/Un, Um/Un) for some odd
m ∈ Z. Hence, using Theorem 2.5 it is seen that n|m. Since n and m are odd, we have
m = (2t + 1)n for some t ∈ Z. Therefore, (x, y) = ∓

(
U(2t+3)n/Un, U(2t+1)n/Un

)
.

Conversely, if n is odd and (x, y) = ∓
(
U(2t+3)n/Un, U(2t+1)n/Un

)
for some t ∈ Z, then

from (2.12), it follows that x2 − V2nxy + y2 = −V 2
n . �

Now we can give the following corollaries by using Theorem 3.22, Theorem 2.5, and
Equation (2.12).

Corollary 3.26. If n is even, then the equation x2 − V2nxy + y2 = −V 2
n has no solutions.

Corollary 3.27. If n is even, then all solutions of the equation x2 − V2nxy + y2 = V 2
n are

given by (x, y) = ∓
(
U(t+2)n/Un, Utn/Un

)
with t ∈ Z. If n is odd, then all solutions of the

equation x2 − V2nxy + y2 = V 2
n are given by (x, y) = ∓

(
U(2t+2)n/Un, U2tn/Un

)
with t ∈ Z.

Theorem 3.28. If n is odd, then all solutions of the equations x2 − Vnxy − y2 = −1
and x2 − Vnxy − y2 = 1 are given by (x, y) = ∓

(
U(2t+2)n/Un, U(2t+1)n/Un

)
and (x, y) =

∓
(
U(2t+1)n/Un, U2tn/Un

)
with t ∈ Z, respectively. If n is even, then all solutions of the

equation x2 − Vnxy + y2 = 1 are given by (x, y) = ∓
(
U(t+1)n/Un, Utn/Un

)
with t ∈ Z.

Proof. Assume that n is odd and x2 − Vnxy − y2 = −1 for some integers x and y.
Multiplying both sides of this equation by U2

n, we get

(Unx)2 − Vn (Unx) (Uny) − (Uny)2 = −U2
n.

From Theorem 3.22, it follows that x = ∓Un+m/Un and y = ∓Um/Un for some odd m.
Since x and y are integers, it is clear that m = (2t + 1)n for some t ∈ Z by Theorem 2.5.
Then we obtain

(x, y) = ∓
(
U(2t+2)n/Un, U(2t+1)n/Un

)
.

Conversely, if n ≥ 3 is odd and (x, y) = ∓
(
U(2t+2)n/Un, U(2t+1)n/Un

)
for some t ∈ Z,

then it follows that x2 − Vnxy − y2 = −1 by (2.12).
If n is odd, then in a similar way, it is easy to see that all solutions of the equation

x2 − Vnxy − y2 = 1 are given by (x, y) = ∓
(
U(2t+1)n/Un, U2tn/Un

)
with t ∈ Z.
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Now assume that n is even and x2−Vnxy+y2 = 1 for some integers x and y. Multiplying
both sides of this equation by U2

n and using Theorem 3.22, it is seen that x = ∓Un+m/Un

and y = ∓Um/Un, for some even m. Since x and y are integers, it is clear that m = tn for
some t ∈ Z by Theorem 2.5. Then we obtain

(x, y) = ∓
(
U(t+1)n/Un, Utn/Un

)
.

Moreover, if n is even and (x, y) = ∓
(
U(t+1)n/Un, Utn/Un

)
with t ∈ Z, then it follows

that x2 − Vnxy + y2 = 1 by (2.12). �
Multiplying both sides of the equation x2 − Vnxy + y2 = −1 by U2

n and using Theorem
2.5 and Theorem 3.22, the following corollary can be given.

Corollary 3.29. If n is even, then the equation x2 − Vnxy + y2 = −1 has no solution.
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