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ABSTRACT

[ - semigroup associated with singular Laplace- Bessel differential operator

g2 0° 2v 0
Ag :26)(2 +{ + ]
k

= oxZ X, OX,
-a

is introduced. Representations of the Riesz potentials (— Ag )7(p ,
(Rea > 0) via the [ -semigroup are obtained.
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OZET

Bu calismada 6ncelikle

5? o> 2v 0
Ag :Zaxz +( + ]
k

e
X, X, OX,

Laplace- Bessel Diferansiyel operatorii tarafindan iiretilen [ - semigrup

-—a
tanimlanmistir. Tanimlanmig olan [ - semigrup vasitasiyla (— Ag )7 Q,
(Re o> 0) Riesz potansiyelinin yeni bir gosterimi elde edilmistir.

Anahtar Kelimeler: Genellesmis kayma operatorti, Riesz Potansiyeli,
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1. INTRODUCTION

In the Fourier- Harmonic Analysis some of the important tools
as well as singular integral operators are the Riesz, Bessel, Parabolic
Potentials, etc.

The Riesz Potenatials, representing the negative ( fractional)
powers of the Laplace- Bessel Differenatial operator (—AB), are

defined in terms of Fourier- Bessel multiplier by ¢ € S(R!)

(_AB)(P = Fs_l(lx|2 FB(D)

are applied to the theory of functions, partial differential equations
and other areas of mathematics as well as harmonic analysis. ( Samko
and Kilbas, 1987; Stein, 1970; Rubin 1996).

The singular integral operators and potentials associated with
the Laplace- Bessel differential operator ( Levitan, 1951,
Muckenhoupt and Stein, 1965; Kipriyanov, 1967).

n-1 2 2
AB:ZaZJr 62+2—Va v>0
ka2 OX,  \OX) X, OX,

are known to be important differential operators in analysis and its
applications, have been research areas for many mathematicians such
as L. Kipriyanov and M. Klyuchantsev (1970), L.Lyakhov (1984), A. D.
Gadjiev and 1. A. Aliev (1987, 1988, 1994), V. S. Guliyev (1998) and
others.

I. A. Aliev and S. Sezer (2010) have studied a new
characterization of the Riesz Potenatial generated by Fouier
transform. They have introduced the so- called S —semigroup

fw” M(x)—Iw (lt)f (x—y)ay
generated by the radial kernel

D y|,t)= (2r1)™" Ie’t‘x‘ﬁe‘y'xdx
-

y.X =YX +..+Y,X, and using this £ - semigroup (VV ))bo they

EUFBED - Fen Bilimleri Enstitiisii Dergisi Cilt-Say1: 6-2Y11: 2013 175-186



177

On g —Semigroup Generated By Fourier- Bessel Transform and Riesz Potential
Associated With p— Semigroup

have obtained a new integral representation of the Riesz potentials.
Note that, for f=1 and f=2. (Wt("}))t>o coincides with the well
known Poisson and Gauss- Weierstrass integrals, respectively.

The purpose of this article is to define - semigroup (Bt(ﬁ ))t>0

generated by Fourier- Bessel transform and obtain a new
representation of the Riesz potentials with aid of this f - semigroup.

2. AUXILIARY DEFINITIONS, NOTATIONS AND RESULTS

1) Let R} = {X =X, X,) €R" X, > O} and denote by S(R}) the
space of functions
which are the restrictions to Rf of the test functions of Schwartz that

are even in the last variable X,. The space C(R!) of continious

functions is defined similiary. The closure of the space S(R!) in the
seminorm

1]

= ( [1f00)" xﬁdeJ (1)

is denoted by Lp’V(R”)E L where v >0 is a fixed parameter,

+ pv/

1<p<owand dx=dx,..dx,.

2) Let A=A, (X) denote the singular differential operator of
Laplace- Bessel as

fallows:
n-1 2 2
AB=262+ 82+2—Va v>0
ka2 OXe  \OX) X, OX,

3) Denoteby T’ the generalized shift operator (GSO), acting
according to the law

e

I1
TV o(x) = —1_[(p(x' —y X2 —2x,y, cosa + y? Xsin a) da
r(v)r(j 0

EUFBED - Fen Bilimleri Enstitiisii Dergisi Cilt-Say1: 6-2 Y11: 2013 175-186



178

Keles ve Bayrakgi

where X = (X',Xn ), y=(y,y,)and x’,y’e R"". ( Levitan, 1951;
Kipriyanov and Klyuchantsev, 1970; Klyuchantsev, 1970).

We remark that T? is closely connected with Bessel differential
operator ( Levitan, 1951)

d> 2v d
« =t
dt t dt

The convolution ( B- convolution) generated by GSO is

defined on the space S(R!') by

(@)X = [ols)rw(x)s:dg 2)

where dg =dg;...dg,,.

It is easy to prove the following Young's inequality

where 1< p,q,r <co and £+1:£+1 by using lemma of
P q r
Muchenhoupt and E. Stein (1965) about convolution or the

Marcinkiewicz interpolation theorem.

q.v

The Fourier- Bessel transformation ( Kipriyanov, 1967) is defined
on the space of test

functions S(R") by
(Fep)z)= Ico(X)e (2, e ®)

2
and its inverse is defined by
( Fe ¢XZ ¢, (NNFsp)-2) (4)

o1
where X\Z'=X2Z +. X120 ,

c,(n) = {(21‘[)"‘122”1“2(1/ + %ﬂ_ .
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The function jp(t) (t >0,p> _71} in (3) is connected with the
Bessel function (of the first kind) J (t) as follows ( Levitan, 1951)
J, ()

tP

The acting of the Fourier- Bessel transformation to B- convolution
is as follows:

Fo(o®y)=F(p)Fs (), ow eSRY)  (5)

Let P(t,,t,,...,t,,,t’) be a polynomial in the n variables with

i, ()=2"T(p+1)

constant coefficients and even according in the last variable. Then,

P[ayiaya B, J<FB¢Xy>= FolPli im0 )

F[P(a% axil B, }o(x)}(y) = Py iy s ~y2 (P XY)

In particular, for the Laplace- Bessel differential operator A,

(ag ) =Fstle[* Fop), @ <SR (6)

is proved ( Bayrakciand Aliev, 1998).

. ON THE g - SEMIGROUPS GENERATED BY FOURIER-
BESSEL TRANSFORM

The p - semigroup associated with A; is an integral
operator of convolution type generated by the generalized shift.
The kernel " )(H,t) of this operator is defined as the inverse

_tlyl?
Fourier- Bessel transformation of the function e ¥ ,

(xeR],t>0)
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a)(ﬁ’)Qth): R (e*‘\x\” Xy) @)
where yeR,t>0,4>0.

LemmalLet yeR,t>0,4>0,v>0.Then

—(2v+n) -1
w(ﬂ)Qy|,t):t B a)(ﬂ)[t B |Y|,1] ®)
Proof From (3), (4) and (7) we get
o t)=c. R |-y)

B s
:Cv(n)fe‘t‘z‘ eV Jvi(ynzn)zﬁ“dz
R 2

-1
Changing the variable as z;=t’m, , we get

—(2v+n) -1 | |
a)(ﬂ)([y|,t):t B a)(ﬁ)[t Vi |y|’1] )

The S - semigroup {Bt('g ) }M generated by the kernel
") q y|, t) is defined by

(B Xx)= [ (y )T £ (x)y2 dy 9)

where dy =dy,...dy,,.
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4. ON THE RIESZ POTENTIALS GENERATED BY THE
LAPLACE- BESSEL DIFFERENTIAL OPERATOR AND THEIR

REPRESENTATION VIA THE j3- SEMIGROUP {BY)}

According to the formula (6) we have

(- Ag)p = F3* (X Fyp) for all p < S(R?)

Thus we define the negative ( fractional) powers of the Laplace-
Bessel operator (—Ag ) by

(Ag) 50 =Fs ({ “Fup), (a>0)

We denote the last operator by |; as in ( Gadjiev and Aliev,
1988);

(150)= Fs‘lﬂxl*“ FB‘P)I (peSR)a>0)

Many known results for the classic Riesz potentials such as the
Hardy- Littlewood- Sobolev theorem, etc are also valid for the

Riesz potential |5 . See for example ( Gadjiev and Aliev, 1988;
Guliyev, 1998).

Theorem 2 ( Gadjiev and Aliev, 1988) For all ¢ € S(R]) and
O<a<n+2v

O 1
(IB¢X ) ]/n(a,v)[|x|n+2va ®¢7]

1
A

) I oy’ QXI*“”“ )yf”dy (10)

53

where

1-n
v (@)= {zl—anzr(”*z%ﬂ

-1
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A normalizing coefficient is chosen in such a way that

Vala,v)

Fo(150)y) =Y Fa(0)y) (11)

As mentioned above, our main purpose is to determine a new
formula representing the Riesz Potentials associated with

{Bt(ﬂ ) }bo [ - semigroups.
4.1 MAIN THEOREM

Theorem 3 O<a<n+2v , feprv(Rf); 1Sp<n+2v ,
a

(t >0,Xe Rf) and IS f be the Riesz potenatial associated with the
Laplace- Bessel differential operator. Then

(12 £ )x)=—2 th_l(sﬁﬂ) £ )(x)dt
5)

Note: A similar formula representing a relation between the calssical
- semigroup and the Riesz Potential associated with the Laplace

n 2
differential operator A = 26—2 was proved by S. Sezer and I. A.
k=1 Xk

Aliev (2010).

Proof. By changing the order of integration, we have
®© 271
1 [t7 (B Nx)dt =
0

1
15 15)
Yij s
_ ! Ttzla)(ﬂ)(]y|,t)l'yf(x)yfvdydt
i
B

Tt;l[ [Pyt £ () y2 dy |dt
0 R
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j[jtﬁ o |t)dtJTyf(x)y§de
EG}
1 o —(2v+n)+a71 -1
=_jTyf(x) jt ’ m<ﬂ>[tﬂ|y|,1]dt y2dy
F[aJ R} 0
B

[tﬂ|y| =7,dt = (- ,B)|y|ﬂr_ﬂ_ldz']

0
r( : -
P JTrf0e0ly ™" ﬁr”*”“lwﬁ (r2)d r]yﬁvdy
G
_ ﬁ Trn+2v—a—la)ﬁ (T,l)dl' IT Y § (X)|y|0‘_2"_” yfvdy
G
B

Therefore, we have

T 5t )f)(x)dt— (a, v)[jT f Oy o ”dy}

=R
N—
pe)

—
i

(12)

d,(a,v)= p Iz‘ ey )z 1)d e
0
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In accordance with (10) we must show that
1
Va(a,v)

We will show the last equality not by straight calculation but
indirectly using the Fourier- Bessel transform. Since (12) holds for

all e Lp’V(Rf), 1<p< nJ;Zv , it holds in particular for

d,(a,v)=

Schwartz test functions. Thus, assuming f e S(Rf ) we get

Fs L]ﬁt;_l(Bt(ﬂ)f XY)dt :LTt;_lFB (Bt(ﬁ)f )(y)dt
F(a] 0 F(a] 0
B i

_ 1 th Fo (@ ()N y XFs f Xy)dt

(FB f )(y) Tt;_le_t|y|_a dt
0

_ (Fs fXy) | y|_aTtﬂ_1e_tdt

5

= (FBf)(y)|y|_a = FB(IngZ)

EUFBED - Fen Bilimleri Enstitiisii Dergisi Cilt-Say1: 6-2Y11: 2013 175-186



185

On g —Semigroup Generated By Fourier- Bessel Transform and Riesz Potential
Associated With p— Semigroup

REFERENCES

Levitan, B. M., (1951), Bessel function expansions in series and Fourier
Integrals, Uspekhi Mat. Nauk 6, No 2, 102-143 (In Russian).

Stein, E. M., (1961), The characterization of functions arising as potentials,
Bull. Amer. Math. Soc., 67, No1, 101-104.

Muckenhoupt, B., Stein, E., (1965), Classical expansions and their relation to
conjugate harmonic functions, Trans. Amer. Mat. Soc., 118,17-92.

Kipriyanov, I. A., (1967), The Fourier Bessel Transformation and embedding
theorems for weighted class, Trudy Mat. Inst. AN SSSR, 89, 130-213. (
In Russian)

Wheeden, R. L., (1969), On hypersingular Integrals and Lebesgue Spaces of
differentiable functions, II. Trans. Amer. Math. Soc., 139,No 1, 37-53.

Lizorkin, P. 1., (1970), On description of Lrp (Rn) space in the term of
difference singular integrals, Math. Sbornik, 81, No 1, 79-91.

Stein, E. M., (1970), Singular integrals and differentiability Properties of
Functions, Princeton Univ., Press, Princeton, N. |.

Kipriyanov, 1. A. Klyuchantsev, M. I, (1970), On Singular Integrals
generated by the generalized shift operator, II. Sibirsk. Mat. Zh. 11,
1060-1083 ( In Russian); English translate in: Siberian Math. ]. 11

Klyuchantsev, M. 1,(1970), On Singular integrals generated by the
generalized shift operator, I Sibirsk. Mat. Zh. 11, 810-821 ( In
Russian)

Fisher, M. J., (1971), Singular Integrals and fractional powers of operators,
Trans. Amer. Math. Soc., 161,No 2,307-326.

Samko, S. G. (1976), On Riesz potentials spaces, Izv. AN SSSR (Ser. Mat.), 40,
No 5,1143-1172.

Samko, S. G., (1977), The spaces Log’r (Rn) and the hypersingular integrals,
Stud. Math. (PRL), 61, No 3,193-230.
Lyakhov, L. N. (1984), On classes of spherical functions and singular

psedodifferential operators, Dokl. Akad Nauk 272, 781-784 ( In
Russian)

Samko, S. G., Kilbas, A. A., Marichev, O.I., (1987), Integrals and derivatives
of fractional order and some of their applications, Nauk. Tek., Minsk.

Aliev, 1. A, (1987), Riesz transform generated by a generalized shift
operator, Izvestiya Akad Nauk Azaerbaijan Rep. ( Ser. Fiz. Techn. Math.
Nauk) 1, 7-13 (In Russian)

EUFBED - Fen Bilimleri Enstitiisii Dergisi Cilt-Say1: 6-2 Y11: 2013 175-186



186

Keles ve Bayrakgi

Gadjiev, A. D., Aliev, I. A., (1988), The Riesz and Bessel type potentails
generated by a generalized shift operator and their inverse, Proc. IV
All- Union Winter Conf., Theory of functions and Approximation, 47-53,
Saratov.

Gadjiev, A. D., Aliev, 1. A., (1988), On a class of potential type operator
generated by a generalized shift operator, Reports Seminar of the L
N. Vekua Inst., Appl. Math., 3, No 2, Thilisi.

Aliev, I. A, Gadjiev, A. D., (1994), Weighted estimates of multidimensional
singular integrals generated by the generalized shift operator,
Russian Acad. Sci. Sb. Math. 77, No 1,37-55.

Rubin, B. S., (1996), Fractional Integrals and Potentials, Essex- U. K., Addison
Wesley- Longman.

Guliyev, V. S. (1998), Sobolev’s theorem for Riesz B- Potentials, Dokl. Rus.
Akad. Nauk, 358, No 4,450-451.

Mourou, M. A. Trimeche, K. (1998), Calderon’s reproducing formula
associated with the Bessel operator, |. Math. Anal. and Appl 219, 97-
109.

Bayrakci S., Aliev, I. A., (1998), On inversion of B- elliptic potentials by the
method of Balakrishnan- Rubin, Fractioanl Calculus and Applies
Analysis, Vol 1, No 4, 365-384.

Sezer, S., Aliev, 1. A, (2010), A new characterization of the Riesz potential

spaces with the aid of a composite wavelet transform, Journal of
Mathematical Analysis and Applications, 372,549-558.

*hrE

EUFBED - Fen Bilimleri Enstitiisii Dergisi Cilt-Say1: 6-2Y11: 2013 175-186



