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Abstract

In this paper, a powerful method, named as the double Laplace decomposition method, is used to obtain exact solutions of nonlinear partial
differential equations subject to initial conditions. We especially interested in Hirota, Schrodinger and complex modified KdV equations with
their initial conditions. The double Laplace deceomposition method is applied to these equations. We then gain complex-valued solutions,
yield the given initial conditions. Moreover, we give some nonlinear partial equations to demonstrate that this method effective, useful, and
powerful tool for getting real-valued functions.
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1. Introduction

In modern science and engineering, a great deal of scientific events and engineering problems can be modelled by linear or nonlinear
partial differential equations (LPDEs, NLPDESs). In nature, N/LPDEs may not be considered without being exposed to any forces and some
conditions. Scientists mostly focus on N/LPDEs which are subject to initial conditions. It is therefore important to gain the solutions of such
N/LPDE:s. For this aim, several analytical and numerical methods have been established until now. The perturbation method [1]-[4], the
homotopy perturbation method [4]-[5], the Adomian decomposition method [7]-[11], the modified decomposition method [7], [12]-[15], the
Laplace decomposition method [7], [15], [16]-[18], the double Laplace decomposition method [20]-[25], and others. Among these methods,
we utilize the double Laplace decomposition method, combines the double Laplace transform and Adomian decomposition method to find
solutions for NLPDEs with initial values.

The Laplace transform has attracted a great deal of attention and many applications in modern science and engineering. This transform is
mostly used for one variable function, f(x). For a function of two variables, f(x,?), the double Laplace transform is more convenient and
suitable. There are numerous applications for the Laplace transform, but there are insufficient work on the double Laplace transform. In the
literature, we see some applications. In 2011, some significant theorems on two dimensional Laplace transform are proposed by Aghilli
and Moghaddam[19], and they applied the suggested method to nonhomogeneous parabolic partial differential equations. In 2012, Elzaki
[22] combined double Laplace transform and modified variational iteration method, and solved nonlinear convolution partial differential
equations by the proposed method. Eltayeb and Kilicman [23] used the double Laplace transform to solve some differential equations and
integro-differential equations in 2013. Debnath [24] paid his attention to the properties and convolution theorem for the double Laplace
transform in 2016. Dhunde and Waghmare [25] applied double Laplace transform technique in order to solve partial integro-differential
equations. In these applications, it is clearly seen that the double Laplace decomposition method is powerful one to obtain solutions of
real-valued functions.

Here we give some information about Hirota, Schrodinger, and complex mKdv equations, hence this work mainly focuses on these NLPDEs.
The well-known Hirota equation [26] is given by

iur+uxx+2|u|2u+iauxxx+6ia|u|2ux:0, (1.1)
where u(x,7) is the complex amplitude of slowly changing optical field, the subscripts ¢ and x represent the temporal and spatial partial

derivatives, respectively, and « is a small parameter. The equation (1.1) describes the propagation of femtosecond soliton pulse in the single
mode fibers. uyy, [u|>u, e, and |u|?u, demonstrate the group velocity dispersion, self phase modulation, third order dispersion, and self
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steepening, respectively [27]. Hirota equation plays significant role in modern science and therfore is of many applications in the literature,
see [28]-[32].

The Schrodinger equation, another famous mathematical and physical equation, is derived from the equation (1.1). For o = 0, the equation
(1.1) gives the Scrodinger equation [33] as follows:

ity + ey +2|u|?u = 0. (1.2)

Here u(x,t) is a complex function of x and ¢. The equation (1.2) defines the propagation of pulses in single mode fibers in the condition of
ignoring fiber loss. It also characterizes the evolution of the evelope of modulated nonlinear wave groups. And also, it is noticed in nonlinear
wave propagation in dispersive and inhomogeneous media. Furthermore, it has significant roles in several areas of physics including water
waves, nonlinear optics, plasma physics, quantum mechanics, and so on, see [34], [35]. Because of its importance in these areas, there are
large number of works on obtainin the exact and approximate analytical solutions to Schrédinger equation, such as [36],[37].

In addition to Schrddinger equation, removing the terms of group velocity dispersion and self phase modulation from the equation (1.1)
grants the complex modified KdV equation(shortly, cmKdV). The equation reads

u,+auxxx+6a|u|2ux20, (1.3)

which covers the dynamics for the amplitude of wave packet [38]. Here u(x,?) is a complex-valued function of x and ¢. The cmKdV equation
(1.3) is the theoretical model for propagation of the nametic optical fibers [39]. It also has applications in the propagation of transverse
magnetic waves and few-cycle optical pulses [40]. Our main intent is to demonstrate that the double Laplace decomposition method is
impressive, efficient, and fruitful for solving NLPDEs subject to the initial conditions. Therefore, we utulize this method to obtain the
solutions of Hirota equation, Schrodinger equation, and complex mKdV equation, whose solutions are complex-valued functions. The
application of this method to these equations indicate that the double Laplace decomposition method is impressive tool in order to get
solutions for complex-valued functions. To exemplify usefullness of this method for real-valued functions, we aslo put forward some
applications.

This work is prepared as follows. In section 2, we give some informations about double Laplace transform. We then highlights the double
Laplace decomposition method in section 3. We obtain the solutions of Hirota equation, Schrodinger equation, complex mKdV equation,
and two more equations subject to initial conditions in section 4. Finally, we give some conclusions in section 5.

2. Some Notes On Double Laplace Transform

Let us consider f(x,7), a function of two varibale x and 7. The double Laplace transform of f(x,¢) is defined by the following double integral:

LLy[f(x,0)] = F(p,s) = /0 ) /0 TP f(x ) drdx, @1

whenever this integral exists. Here x,# > 0 and p, s are complex numbers [41].
Let o and f be sufficiently large constants. The inverse double Laplace transform L, 'L, [F(p,s)] = f(x,t) is defined by

flo,t) =L L7 F(p,s) = L /()CJrlb<7ep)‘LilryL /BHwe”F(p s)ds (2.2)
’ ‘X t ) 27mi . ico 27Ti . B—ioo ’

where F(p,s) must be an analytic function for all p and s in the region defined by the inequalities Rep < ¢ and Res < d.

Definition 2.1. A function f(x,t) is said to be of exponential order a > 0 and b > 0 on 0 < x < 00,0 < < oo, if there exists a positive
constant K such that | f(x,y)| < Ke®xt+by.

Theorem 2.2. If a function f(x,t), continous in (0,X) and (0,T), is of exponential order exp(ax+ bt), then the double Laplace transform
of f(x,t) exists whenever Rep > a and Req > b.

Proof. The proof of this theorem is given in [42]. O

Because of this fact that all functions are supposed to be of exponential order in this paper.

Definition 2.3. Let f(x,t) and g(x,t) be continous functions for x,t < 0 and of exponential order. Then, the double convolution of the
functions f(x,t) and g(x,t) is defined by

fnysngten = [ [ rte=mi- Qg Handt. e3)

Theorem 2.4. Suppose that f(x,t) and g(x,t) have double Laplace transforms say, F (p,s) and G(p,s), respectively. The double Laplace
transform of the convolution of f(x,t) and g(x,t) is

LXL,[f(x,t)**g(x,t)] =F(p,S)G(p,S). 2.4)

Proof. Firstly, the double Laplace transform is applied to the convolution f(x,#) x g(x,¢). Then, we have

Ll [f(x) £5g(5,0)] = /0 B | /O TP (F ) worg (x,1) ). 2.5)
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By the definition of the convolution, we get

Ll esgtenl = [ [Ter ([ famna- Ot Oanat)aar. ex)

For simplicity, we use the notations & =x — 1 and p =7 — {. After that, the integral turns into

Ll () ssg(en)] = ([ [7e =8, Qandg)( [ [7e 70 8 wydgap) ex)

where 1, ¢, &, andp > 0. From this equality, it is easily seen that

Lily[f(x,1) #xg(x,1)] = F(p,5)G(p,s). (2.8)
O

Theorem 2.5. Let f(x,t) and g(x,t) be continuous functions defined for x,t > 0 and having double Laplace transforms, F(p,s), and G(p,s),
respectively. If F(p,s) = G(p,s), then f(x,t) = g(x,t).

Proof. Let a and f3 be sufficiently large constants. Then, f(x,) can be written as

flo,t) =L L7 F(p,s)) = ! /aﬂmepxdpL/ﬁHMeS’F(p,s)ds. 2.9
’ 27 O—ioo 2T JB—ioo
Putting the given condition that F (p,s) = G(p,s) into equation (2.9) yields
1 Qoo . 1 B+ico o 1
Pty = g [ eaps [ G s = L (6] = gl 210
O

Here we give some fundamental properties of double Laplace transform and inverse double Laplace transform.
Let a, b, and ¢ be constants.

(WNALESS

ax+bt] _ 1
2. Laly[¢"™] = =5y

. b b
3. Lal[eort )] = U
4. LyL¢[cos(ax+br)] = %-
5. Ll [sin(ax+br)] = oSt

6.L L [x"t"] = o T L where m and n are positive integers.
TAF F(x,1) = h(x)g(t), them Lol [ (5,0)] = LuLy (B0 Lei[8(1)].
8.LoL; [¢™ P f(x,t)] = F|p—a,s — b].

9.LLy[f (ax,bt)] = F[a V3]

10.LyL,[.] and L; 'L, '[.] are linear transformations, that is,

LyL[c1fi(x,1) +cafa(x,1)] = c1LaLe[f1(x,0)] + c2LLe [ f2 (x,1)], (2.11)
and
L'L7 e Fi (p.s) + e2Fa(p.s)] = elLy 'LV [Fi (p,s)] + oL 'L [P (p,s)), (2.12)

where ¢ and ¢, are arbitrary constants.
Now we introduce the general formulas for the double Laplace transform of a function f(x,) with any integer order partial derivatives w.r.t x
and ¢ as follows:

Pl n—1 1 0,
Lol f(x l)]— F(p,s)— Y, p" "L ](;(xi l)], (2.13)
i=0
and
" 37 f(x,0
Lm[%]: mE Zs’” L ];(;j )]. (2.14)
For the first and second order pamal derivatives, we have
d 92 JdF (0
Lt 0] ()~ P09), L LS = () pr(0,9) - PO @15
d 92 JdF (p,0
Ll D) i (p)F(p.0), L TLED) = 2F () s (p.0) - LD @16
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3. QOutline of The Method

This method is described as in the following manner. Let us consider the nonlinear nonhomogeneous partial differential equation in operator
form

Lu(x,t) + Ru(x,t) + Nu(x,t) = h(x,t) 3.1

with initial conditions u(0,¢) = f(¢) and u,(0,#) = g(¢). Here L is a second order partial differential operator with respect to x, R is a
remaining linear operator, N represents a general nonlinear differantial operator, and h(x,7) is a source term.
At the beginning of this method, the double Laplace transform is applied to both sides of the equation (3.1). Then we have

LyLi[Lu(x,t) + Ru(x,t) + Nu(x,t)] = LyL; [h(x,1)]. (3.2)
Using the linearity and the differentiation properties of the double Laplace transform yields

U9) = "4 O L L))~ 3 oL Rutn)] + L V)] (33)

where U (p, s), F(s), and G(s) represents the double Laplace transforms of u(x,#), f(¢), and g(¢), respectively.
After this step, we use the following decomposition series

u(x,t) = Z up (x,1) = uo(x, 1) +up (x,1) +up(x,2) +. .. 3.4)
n=0

for the linear terms. And also, the infinite series defined by
)) = ZAn(M(X,t)), (35)
P

is used for the nonlinear terms. Here A, represents the Adomian polynomials, described by

1 w
A, = n'da"[ Zau] O,n:o,17z7... (3.6)
o=l

From this definition, we get the first terms as below:

Ag=N(up), Ar=uiN'(ug), Az =urN"(up)+ 5-uiN"(uo). (3.7

21
Now we substitute (3.4) and (3.5) into the equation (3.3), and afterwards we get

oo

LxL,[iun(x,z)]:?fi) L L) - Z[LL, Z ()] + L[ Y Ad). (3.8)
n=0 n=0 n=0

The inverse double Laplace transform is applied to both sides of the equation (3.8), and by the linearity of the inverse transform, we obtain

Zunxt (t)+xg(t)+ L L7 2L Lilh(x,0)]] — L 'L, 1[ 2 LL,R[Zu,, (6, 0)]] + LiLy ZA,,] (3.9)
n=0 n=0

Comparing both sides of the equation (3.9) yields the following equalities:

wler) = £+ 350+ L 1 o Lalilh(m)], (3.10)
w(x0) = —L; 'L [%[LxL, [Rluo (x,1)] + Ly [Ao]], (3.11)
ur(e,t) = L1 %[LXL, [R[uy (x,0)] + Lo A ]]. (3.12)

The general form of the recursive relation is given by
1,1 1
U1 = —L7 'L, I[F[LXL, [Run (x,)] + LeLs [A4]]], n>0. (3.13)

Obtaining the components ug, uy, us, ... from the above recursive relation and putting them into the expansion (3.4) provide us with the
solution u(x,1).
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4. Applications of The Method

4.1. Solving Hirota Equation
We consider the nonhomogeneous Hirota equation given by
. 2 . . 2. it .20t 3 tt
iUy + iy + 2|u|"u+ i Quyyy + 600t u|“uy = xe” +6iax“e” 4+ 2x°¢ “4.1)
with the initial conditions #(0,7) = 0 and u,(0,7) = e”’. The equation (4.1) can be written as
3 it

e = xe'' 4+ Giox? e + 203" — iuy — 2|u|*u — it — 6ict|u|uy. 4.2)

We first apply the double Laplace transform to both sides of the equation (4.2). By the properties of the double Laplace transform we have
LyLi[u(x,t)] =U(p,s) = xe't + I%LXL, [xeit +6iax2e™ + 2x3e”} p12 [LiLy[ivy 4 iQuyry] + LiLy [Z\u\zu—l— 6ia\u\2uxﬂ. 4.3)
Here we use the decomposition series
t) = f:oun (x,1) 4.4)
n—=

for the linear terms, and

o

N(u(x,1)) = Y Au(u(x,1)), (4.5)

n=0
for the nonlinear terms. Putting these into the equation (4.3) gives

o 1 1 i
LiLi[Y un(x,1)] = peT Py + — Lyl [xe" +6iax?e +2xe] — —[L L/ [R[ Z un(x,1)]] + Ly L;[Z Ay (4.6)
n=0 ps—1 14 n=0

where R[u] = ity + iQuyyy and Ap[u] = 2|u|?u + 6icr|u|?uy. Then, taking the inverse double Laplace transform of the equation (4.6) yields

o ' 1 ' o0
Y un(xt) = xe' + L L7 [ LeLy [xe™ + 6icx®e™ +2x ]| — Ly [L L[R[ Z (x,0)]] + Ly Lt[ZA 4.7
n=0 p n=0 n=0
From the equation (4.7), we obtain the recursive relation:
. 1 .
u(x,1) = xe" + L L [ LLy [xe” + Gioa®e” +2x7 ], (4.8)
p
q,-1 1 . .
up(x,0) = —L7'L7! [F (L Lt [it0; + it gee] + LiLe[Ao]]], 4.9)
1. 1
U1 = —L; 'L, I[E[LXL,[R[un(x,t)} + LL[An]]], n>0. (4.10)
Eventually, we obtain
ug(x,1) = xe' — le”x3 + = ! it 4 — ! S, (4.11)
6 2 10
1 1 1 1.5 | 1 13 13 3
M](X,l) _ 5lell 2—0—2(163”)(34— 6 21a6311x4 2i631tx4_meztx5 Eemxs—l-6Olae3"x6—|—42063’tx7+7a235”x7 4.12)
1. 3it.8_ 9. 51 8 1 J3ir9_ 1 51,9 1.2 5i ia®" 10 5ir .10

3 7it .10 1 a2edity 1l
481ae X 701ae X° = g€ X — ppe X —ga‘e X +1080x +2251ae X + zae X + X

3 2,711 St 11 1 50 11 1 5ir 12 2liae™ 12 1 .3 7ir 12 ™ 13 &' 13 1 4 9ir 13 _ 294%™ 13
tiza°e"x 4 1iggpX +ssp@ X — gosiae’x T — Spemx T — ggia’e T — sgex Y — gag X — gyd e — X

L1 ;3,9 14 | 23iae’™ 14 | 194 2ot K e 15 iae®" 16 St 17
+opia’e X" + Sg5ap X + 00X T 2fo00% © — 4000%  — T36000%

From ug and u;, we get the noise terms as —%e”x3 ll

desired solution:

a3 xt and 3”x5. Deleting these terms from the first component u( gives the

u(x,t) = xe' . (4.13)
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4.2. Solving Schrodinger Equation

We consider the following nonhomogeneous Schrodinger equation

ity + ey 4 2|u|?u = 20t — 2x%t — 2ix51°,

with the initial conditions u(0,#) = 0 and u,(0,7) = 0. We can rewrite the equation (4.14) as follows:

e = 2> — 2571 — 2ix%1% — iuy — 2|ul?u.

(4.14)

(4.15)

Applying the double Laplace transform to both sides of the equation (4.15) and using the properties of the double Laplace transform gives

1 1
LeL [u(x,t)] =U(p,s) = I?LXL, [2ir* — 2x%1 — 2ix%1%) — o [LoLy[itg] + LoLy [2]u)*u]].
Here the expansions
u(x,t) = Z Un (x,1)
n=0

and

are used for the linear and nonlinear terms, respectively. We put these expansions into the equation (4.16). Then we get
oo 1 , ' 1 oo oo
LeLi[ Y un(x,0)] = p LiLy[2if* — 2x% — 2ix01%) — p [LLi[RLY wn(x,0)]) + LeLy [ Y An)],

n=0 n=0 n=0

where R[u] = iu; and A, [u] = 2|u|>u. Applying the inverse double Laplace transform ot both sides of the equation (4.19) yields

" o ‘ . o o w0
Y un(x,)=L; 'Lt {?LXL, [2ir% —2x%t —2ix%%) — L7 'L, I[E[LXL, RLY un(x,0)]] + LoLe [ Y, An]]]-
n=0 n=0 n=0

If we compared the both sides of the equation (4.20), then we get the recursive relation as below:

1
uo(x,t) = L 'L7! [?LXL, [2ir% — 2x°1 — 2ix51°]],

NI | .
ui(x1) = ~L; 'L 1[?[Lx1~z [itto,] + LaLs[Ao]]],

IR |
Uiy = —L7 'L, 1[?[LXL, [R[un (x,0)] 4 L Ly [A]]], n>0.
We therefore obtain

1 1
uo(x,t) = it — 6x4t — Z—Six8t6

1 4 I o6, .36 17 105 1 .104 I 3 3 1410 16.9 I 183
)= x4+ — iSO - M0 2 4 — 16 t
(1) = GX o+ i+ S = e TR T T 2548 T 3360" 1 T 51a08"
3 .20,14 12213 126,18
t 128960 1~ 360208% 1~ Ti34ap0 X -

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

4.21)

4.22)

(4.23)

(4.24)

(4.25)

Comparing the first two components, ug and u;, gives the noise terms, —%x“t and —%ixgtq By canceling these terms from the first

component u, we obtained the desired solution as:

u(x,r) = ix’>.

(4.26)
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4.3. Solving Complex mKdV Equation

We consider the nonhomogeneous complex mKdV equation as

Uy + Qi + 60£|u| uy = ixe' + 60x2xe> (4.27)
with the initial condition u(x,0) = x. In other way, the equation (4.27) is given by

uy = ixe™ + 60xxe ! — Qi — 6a|u|2ux. (4.28)
By applying the double Laplace transform to both sides of the equation (4.28) and using the properties of the double Laplace transform, we
get

1 1
LLi[u(x,t)] =U(p,s) = foLt [lxe” +60x xe3”] [LXL,[(XMWC} +L,L, [6a|u|2u}]. (4.29)

We then put the expansions (3.4) and (3.5) into the equation (4.29). We therefore have

oo

Lth[i un(x,1)] = %LXL, [ixe" + 60x?xe®] — %[LXL, [R[i un (x,1)]] +Lth[Z Anll, (4.30)

n=0 - n=0 n=0
where R[u] = Qutyy, and A, [u] = 6a|u|?u]. By applying the inverse double Laplace transform ot both sides of the equation (4.30), we obtain
1 ; 1
Z Un(x,0) =L 'L, ! [ LyL;[ixe" +60x’xe>")] — L7 'L [ Lth[R[Z 1t (x,1)] ]+LXL,[ZAn (4.31)
n=0 n=0

From the above equality, we get the recursive relation as follows:

uo(x,t) =x+ L 'L ! [leL, lixe™ + 60xxe®]], (4.32)
s
1,-1.1
wy(x,) = =L L[ (Lol [Rluo]] + Ll [Ao] ], (4.33)
1,-1.1
Unp1 = —Ly 1Lz I[E[Lth [Rlun (x,0)] + LL[An]]], > 0. (4.34)

We hence attain

uo(x,1) = xe' + 2iox® — 2iax*e (4.35)
; 32 176a*x 120 ;

up(x,t) = —96a*e x> 4 4840 — 3 a*e® P +96ia’ 1 + + —120ia’ " x* — 7 —idde X + 60ia> M Xt + (4.36)

@ia3x4_24a2621tx3+48 2 ,5it 3 72ax +2me3ztx2_

ae'x’ 4+ = 2iax?.

From the first two components, u and u1,we observe the noise terms as 2iotx? and 2iox2e> . Removing these terms from the first component
uq provides us with the solution

u(x,t) = xe' . (4.37)
4.4. Examples

Here we solve two nonhomogeneous nonlinear partial differential equations subject to the initial conditions by the double Laplace
decomposition method.

4.4.1. Example 1

For the first example, we consider the following equation
Uyt — Oty + Bu— yu® =t sin(x) + t Bsin(x) — t>ysin(x)?, (4.38)

with the initial values u(x,0) = 0 and u,(x,0) = sin(x). First thing is to get u;, alone in the left side and put the other terms into the right side.
We hence have

it = tatsin(x) +tBsin(x) — 12 ysin(x)? + oy — Bu+ yu®. (4.39)

Applying the double Laplace tranform to both sides of the equation (4.39) gives

LLs[u(x,0)] = U(p,s) = S%LXL, [sin(x)] + S%LXL, [tosin(x) +tBsin(x) — > ysin(x)?] — S%[LXL, [0t — Bu] + Ly L [yu?]). (4.40)
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By following the same process shown above, we get

1
uo(x,1) = tsin(x) + Ly 'L7! [5LeLs [t sin(x) + 1 Bsin(x) — 2 ysin(x)?]], (4.41)
s
1.1
1 (5) = ~L L5 L [Rluol )+ Led o)) (442)
1,11
Upy1 = —L; 'L I[S—Z[LXL, (Rt (x,2)] + LeLe[An]]], n >0, (4.43)
From above, we obtain
Uo(5,1) = — o 71 4+~ cos(2x) + ~ 026 sin(x) + ~ Br3 sin(x) + ¢ sin(x) (4.44)
' 24 24 6 6 ’
_ 1 10 ! 10 1 10 2,29 L 2009
up(x,t) = 3456());7 + 103680y3t cos(4x) 25920);7 cos(2x) + T0368 & 7?17 sin(3x) 31562 7217 sin(x) (4.45)

+—10§68ﬁ72t9 sin(3x) — 555 BY7 sin(x) + ﬁa“”yzg + ﬁazﬁwg + ﬁﬁzws - ﬁa“yzg cos(2x) — ﬁazﬁwg cos(2x)
— ﬁﬁzytg cos(2x) — ﬁyzﬂ sin(x) 4+ Tlogyzﬂ sin(3x) + %az"}/tﬁ + ﬁﬁ‘yﬁ - %azyﬁ cos(2x) — ﬁﬁ 1% cos(2x)
—%a“ts sin(x) — %azﬁts sin(x) — %ths sin(x) + ﬁ}/t“ - %yt“ cos(2x) — %a2t3 sin(x) — %ﬁz‘3 sin(x).

Here the noise terms are  yr*, - yr* cos(2x), %a2t3 sin(x), and %ﬁﬁ sin(x). If we remove the noise terms from ug, then we obtain the
solution

u(x,t) =tsin(x). (4.46)
4.4.2. Example 2

For the first example, we consider the following equation

Upt — Upxxlly — Uy = —25in(x), (4.47)
with the initial values u(x,0) = cos(x) and u;(x,0) = 1. Firstly, let us consider the equation (4.47) as follows:

Uy = —28in(X) + Uyelts + Uy (4.48)

Then, we apply the double Laplace tranform to both sides of the equation (4.48) yields

1 . 1

LyLe[u(x,1)] = U(p,s) = cos(x) +1t + SjoLz[*zsm(x)] - S*Z[Lth[Mm} + L Ly [ty ]]- (4.49)
In the same manner above, we have

1
up(x,t) = cos(x) +t + — Ll [~2sin(x)], (4.50)

s

IR |
ur(x,1) = —L7 'L ‘[?[LXL, [R[uo)s] + L Ls [Ao]]] (4.51)
IR |

Uy = —L; 'L [?[LXL, [R[utn (x,1)] + LeLi[A]]], n>0. (4.52)

where R[un| = ity and Ay [u] = tyxxcttn, . From this recursive relation, we obtain

uo(x,t) = cos(x) +t— tzsin(x)7 (4.53)
uy (x,1) = t>sin(x) — 113 + lz‘3cos(2x) + l1‘4cos(x) — itssin(2x). (4.54)
' 6 6 6 20

It is easily seen that r2sin(x) is the noise term. We take away the noise term from uj to attain the solution as

u(x,t) = cos(x) +1. (4.55)
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5. Conclusion

In this present paper, we focus on the double Laplace decomposition method. We take the advantage of this method in order to obtain the
exact solutions of some significant NLPDEs, namely Hirota, Schrodinger, cmKdV, and two more equations with the initial conditions. It
is clearly demonstrated that this method is really convenient, appropriate, advantageous, and sufficient to acquire the exact solutions of
NLPDE:s subject to the given initial conditions. It is also seen that this method is simple and direct. Moreover, we quickly obtain the exact
solution with the help of the noise terms. The best part of this method is that there is no need for linearization of nonlinear terms thanks to
the Adomian polynomials compared to other methods. We eventually state that this method is indeed trustworthy and applicable to almost all
NLPDE: subject to the initial conditions.
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