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THE DIMENSION OF PRODUCTS OF n HOMOGENEOUS
COMPONENTS IN FREE LIE ALGEBRAS

NIL MANSUROGLU

Abstract. Let L be a free Lie algebra of finite rank r ≥ 2 over a field F and
we let Lmi denote the degree mi homogeneous component of L. Ralph Stöhr
and Micheal Vaughan-Lee derived formulae for the dimension of the subspaces
[Lm1 , Lm2 ] for all m1 and m2. Then, the author and R. Stöhr obtained formu-
lae for the dimension of the products [Lm1 , Lm2 , Lm3 ] under certain conditions
on m1,m2,m3. In this paper, we study on products of n homogeneous com-
ponents in free Lie algebra and we derive formulae for the dimension of such
products.

1. Introduction

Let L be a free Lie algebra of finite rank r over a field F and let Lmi denote the
degree mi homogeneous component of L. The algebra L has a natural graded as

L = L1 ⊕ L2 ⊕ . . .⊕ Lmi ⊕ . . . .

Throughout of this paper, we use the left normed convention for Lie brackets,
that is, for a1, . . . , as ∈ L we write [a1, a2, . . . , as] = [[a1, a2, . . . , as−1], as]. For
calculating the dimension of Lmi

, we use Witt’s formula

dimLmi = f(mi, r) =
1

mi

∑
d|mi

µ(d)r
mi
d ,

where µ is the Möbius function (see [6, 7], [1, Theorem 5.11]). Moreover, in this note,
since [Lm1

, Lm2
] = [Lm2

, Lm1
] for all m1 and m2, we focus on the case m1 ≥ m2.

Take a subset Y of L, let L(Y ) be the Lie subalgebra generated by Y in L
and we denote the degree mi homogeneous component of L(Y ) by Lmi

(Y ). We
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say that a set Y of homogeneous elements in L is a reduced set if none of its ele-
ments is contained in the subalgebra of L generated by the remaining elements of Y .

The following lemma is referred to as Shirshov’s Lemma which is played an
important role in the proof of the Shirshov-Witt Theorem (see [3, 4]).

Lemma 1 ([3], Proof of Theorem 2). If L is a free Lie algebra and Y is a reduced set
of homogeneous elements in L, then Y is a set of free generators for the subalgebra
L(Y ).

Given any homogeneous subspace U in Lmi
. The Lie subalgebra L(U) is free

of rank dimU and any F -basis of U is a free generating set for the Lie subalgebra
L(U). In [2], the author and R. Stöhr investigated the dimension of product of two
homogeneous subspaces and they proved the following lemma which will be the key
step in the proof of our main results.

Lemma 2 ([2], Lemma 2.2). Let U and V be subspaces of L such that U ⊆ Lm1
, V ⊆

Lm2
with m1 ≥ m2 ≥ 1. Then
dim[U, V ] = dim[U ∩ L(V ), V ] + (dimU − dim(U ∩ L(V )))dimV. (1)

2. Products of n homogeneous components

In this paper, our aim is to investigate the dimension of the subspaces in the
forms [Lm1

, Lm2
, . . . , Lmn

]. Firstly, we give a technical lemma for the proof of main
result.

Lemma 3. Let m1,m2, . . . ,mn be positive integers with m1 ≥ m2.
(i) If m1 = s1mn, m2 = s2mn,. . ., mn−1 = sn−1mn for some positive integers
s1, s2, . . . , sn−1, then

[Lm1 , Lm2 , . . . , Lmn−1 ] ∩ L(Lmn) = [Ls1(Lmn), Ls2(Lmn), . . . , Lsn−1(Lmn)].

(ii) If at least one of m1,m2, . . . ,mn−1 is not divided by mn, then

[Lm1 , Lm2 , . . . , Lmn−1 ] ∩ L(Lmn) = 0.

Proof. (i) Clearly, we have

[Ls1(Lmn), Ls2(Lmn), . . . , Lsn−1(Lmn)] ⊆ [Lm1 , Lm2 , . . . , Lmn−1 ] ∩ L(Lmn).

It remains to show that

[Lm1
, Lm2

, . . . , Lmn−1 ] ∩ L(Lmn
) ⊆ [Ls1(Lmn

), Ls2(Lmn
), . . . , Lsn−1(Lmn

)].

Firstly, we take the subalgebra Lmn = Lmn
⊕ Lmn+1 ⊕ Lmn+2 ⊕ . . ., this is the

mn-th term of the lower central series of L. This subalgebra has a homogeneous
free generating set of the form S = Smn ∪ Smn+1 ∪ Smn+2 ∪ . . ., where Si ⊂ Li
(i = mn,mn + 1, . . .). It is easy to obtain a free generating set for Lmn . First, we
consider an F -basis of Lmn

for Smn
, then we proceed inductively by taking a basis

of a vector space complement of Li ∩ L(Smn
∪ . . . ∪ Si−1) as the set Si for i > mn.
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By Lemma 1, it is clear to verify that the set is a generating set for Lmn and also
it is a free generating set. Hence, Lmn = 〈Smn〉 and Smn is a free generating set
for L(Lmn).
We now consider a projection map π : Lmn → L(Lmn) defined by π(x) =

x for x ∈ Smn
and π(x) = 0 for x ∈ S\Smn

. This map is also a Lie algebra
homomorphism. Arbitrary chosen an element B in [Lm1

, Lm2
, . . . , Lmn−1 ] can be

expressed as a linear combination of the Lie products [u1j , u2j , . . . , u(n−1)j ] for
u1j ∈ Lm1

, u2j ∈ Lm2
, . . . , u(n−1)j ∈ Lmn−1 , namely,

B =
∑
j

αj [u1j , u2j , . . . , u(n−1)j ]

for some scalars αj ∈ F . Here, π(u1j) ∈ Ls1(Lmn
), π(u2j) ∈ Ls2(Lmn

), . . . , π(u(n−1)j) ∈
Lsn−1(Lmn). Suppose that B ∈ L(Lmn). Since π is a Lie algebra homomorphism,
we have

B = π(B) = π(
∑
j

αj [u1j , u2j , . . . , u(n−1)j ])

=
∑
j

αj [π(u1j), π(u2j), . . . , π(u(n−1)j)] ∈ [Ls1(Lmn
), Ls2(Lmn

), . . . , Lsn−1(Lmn
)].

Therefore, we proved the inverse inclusion

[Lm1 , Lm2 , . . . , Lmn−1 ] ∩ L(Lmn) ⊆ [Ls1(Lmn), Ls2(Lmn), . . . , Lsn−1(Lmn)].

(ii) Here in order to prove this part of lemma, we use the projection π as in (i)
and we choose arbitrary element in L(Lmn), say B =

∑
j αj [u1j , u2j , . . . , u(n−1)j ]

with u1j ∈ Lm1
, u2j ∈ Lm2

, . . . , u(n−1)j ∈ Lmn−1 . Since any element in L(Lmn
)

is written as a linear combination of elements of degree λmn with λ = 1, 2, . . ., all
homogeneous components Ls with s ≥ mn andmn - s are in the kernel of π. Asmn -
m1 or mn - m2 or . . . or mn - mn−1, at least one of π(u1j), π(u2j), . . . , π(u(n−1)j)
is zero. Thus,

π([u1j , u2j , . . . , u(n−1)j ]) = [π(u1j), π(u2j), . . . , π(u(n−1)j)]

= 0

for all j. Therefore, we conclude that

[Lm1 , Lm2 , . . . , Lmn−1 ] ∩ L(Lmn) = 0

as required. �

We are now ready to give main theorem.

Theorem 4. Let m1,m2, . . . ,mn be positive integers with m1 ≥ m2.
(i) If m1 + m2 + . . . + mn−1 > mn and at least one of m1,m2, . . . ,mn−1 is not
divided by mn, then

dim[Lm1 , Lm2 , . . . , Lmn ] = dim[Lm1 , Lm2 , . . . , Lmn−1 ]dimLmn ,
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(ii) if m1+m2+. . .+mn−1 > mn and m1 = s1mn, m2 = s2mn,. . ., mn−1 = sn−1mn

for some positive integers s1, s2, . . . , sn−1, then

dim[Lm1
, Lm2

, . . . , Lmn
] = dim[Ls1(Lmn

), Ls2(Lmn
), . . . , Lsn−1(Lmn

), Lmn
]

+(dim[Lm1
, Lm2

, . . . , Lmn−1 ]− dim[Ls1(Lmn
), Ls2(Lmn

), . . . , Lsn−1(Lmn
)])dimLmn

,

(iii) if mn ≥ m1 +m2 + . . .+mn−1 and (m1 +m2 + . . .+mn−1) - mn, then

dim[Lm1 , Lm2 , . . . , Lmn ] = dim[Lm1 , Lm2 , . . . , Lmn−1 ]dimLmn ,

(iv) and if mn ≥ m1 +m2 + . . .+mn−1 and mn = s(m1 +m2 + . . .+mn−1) with
s ≥ 1, then

dim[Lm1 , Lm2 , . . . , Lmn ] = dimLs+1([Lm1 , Lm2 , . . . , Lmn−1 ])

+(dimLmn − dimLs([Lm1 , Lm2 , . . . , Lmn−1 ]))dim[Lm1 , Lm2 , . . . , Lmn−1 ].

Proof. (i) We apply Lemma 2 with U = [Lm1
, Lm2

, . . . , Lmn−1 ] and V = Lmn
.

Thus we get

dim[Lm1
, Lm2

, . . . , Lmn
] = dim[[Lm1

, Lm2
, . . . , Lmn−1 ] ∩ L(Lmn

), Lmn
]

+(dim[Lm1
, Lm2

, . . . , Lmn−1 ]− dim([Lm1
, Lm2

, . . . , Lmn−1 ] ∩ L(Lmn
)))dimLmn

.

By Lemma 3 (ii), we have [Lm1 , Lm2 , . . . , Lmn−1 ] ∩ L(Lmn) = 0. This gives

dim[Lm1
, Lm2

, . . . , Lmn−1 ] = dim[Lm1
, Lm2

, . . . , Lmn−1 ]dimLmn
.

(ii) By applying Lemma 2 with U = [Lm1 , Lm2 , . . . , Lmn−1 ] and V = Lmn , we get

dim[Lm1
, Lm2

, . . . , Lmn
] = dim[[Ls1mn

, Ls2mn
, . . . , Lsn−1mn

] ∩ L(Lmn
), Lmn

]

+(dim[Lm1
, Lm2

, . . . , Lmn−1 ]− dim([Ls1mn
, Ls2mn

, . . . , Lsn−1mn
] ∩ L(Lmn

)))dimLmn
.

By Lemma 3 (i), we have

[Ls1mn , Ls2mn , . . . , Lsn−1mn ] ∩ L(Lmn) = [Ls1(Lmn), Ls2(Lmn), . . . , Lsn−1(Lmn)].

Hence

dim[Lm1
, Lm2

, . . . , Lmn
] = dim[Ls1(Lmn

), Ls2(Lmn
), . . . , Lsn−1(Lmn

), Lmn
]

+(dim[Lm1
, Lm2

, . . . , Lmn−1 ]− dim[Ls1(Lmn
), Ls2(Lmn

), . . . , Lsn−1(Lmn
)])dimLmn

.

(iii) Clearly, [Lm1 , Lm2 , . . . , Lmn ] = [Lmn , [Lm1 , Lm2 , . . . , Lmn−1 ]]. Then by apply-
ing Lemma 2 with U = Lmn

and V = [Lm1
, Lm2

, . . . , Lmn−1 ], we obtain

dim[Lm1
, Lm2

, . . . , Lmn
] = dim[Lmn

, [Lm1
, Lm2

, . . . , Lmn−1 ]]

= dim[Lmn
∩ L([Lm1

, Lm2
, . . . , Lmn−1 ]), [Lm1

, Lm2
, . . . , Lmn−1 ]]

+(dimLmn
− dim(Lmn

∩ L([Lm1
, Lm2

, . . . , Lmn−1 ])))dim[Lm1
, Lm2

, . . . , Lmn−1 ]. (2)

By our assumption, we have Lmn ∩ L([Lm1 , Lm2 , . . . , Lmn−1 ]) = 0. Therefore, (2)
turns into the formula

dim[Lm1
, Lm2

, . . . , Lmn
] = dimLmn

dim[Lm1
, Lm2

, . . . , Lmn−1 ].
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(iv) We use the same method as in (iii). We apply Lemma 2 with U = Lmn
and

V = [Lm1 , Lm2 , . . . , Lmn−1 ], and since mn = s(m1 +m2 + . . .+mn−1), we have

Lmn ∩ L([Lm1 , Lm2 , . . . , Lmn−1 ]) = Ls([Lm1 , Lm2 , . . . , Lmn−1 ]).

This implies that (2) turns into

dim[Lm1 , Lm2 , . . . , Lmn ] = dim[Ls([Lm1 , Lm2 , . . . , Lmn−1 ]), [Lm1 , Lm2 , . . . , Lmn−1 ]]

+(dimLmn − dimLs([Lm1 , Lm2 , . . . , Lmn−1 ]))dim[Lm1 , Lm2 , . . . , Lmn−1 ].

Since [Ls([Lm1 , Lm2 , . . . , Lmn−1 ]), [Lm1 , Lm2 , . . . , Lmn−1 ]] = Ls+1([Lm1 , Lm2 , . . . , Lmn−1 ]),
we have the required result. �

This main result gives formulae for the dimension of subspaces in the form
[Lm1

, Lm2
, . . . , Lmn

]under certain conditions on m1,m2, . . . ,mn. Unfortunately,
the obstacle are the products in the forms [Ls1(Lmn), Ls2(Lmn), . . . , Lsn−1(Lmn), Lmn ]for
n ≥ 3.
Three immediate consequences of Theorem 4 are following.

Corollary 5 ([5], Theorem 1). Let m1,m2 be positive integers with m1 ≥ m2.
(i) If m1 > m2 and m2 - m1, then

dim[Lm1
, Lm2

] = dimLm1
dimLm2

,

(ii) and if m1 = sm2 with s ≥ 1, then

dim[Lm1
, Lm2

] = (dimLm1
− f(s, dimLm2

))dimLm2
+ f(s+ 1, dimLm2

).

Corollary 6 ([2], Theorem 3.1). Let m1,m2 and m3 be positive integers with m1 ≥
m2.
(i) If m1 +m2 > m3, m3 - m1 or m3 - m2, then

dim[Lm1
, Lm2

, Lm3
] = dim[Lm1

, Lm2
]dimLm3

,

(ii) if m1 +m2 > m3, m1 = sm3 and m2 = tm3 with s, t ≥ 1, then

dim[Lm1
, Lm2

, Lm3
] = dim[Ls(Lm3

), Lt(Lm3
), Lm3

]

+(dim[Lm1
, Lm2

]− dim[Ls(Lm3
), Lt(Lm3

)])dimLm3
,

(iii) if m3 ≥ m1 +m2 and (m1 +m2) - m3, then

dim[Lm1
, Lm2

, Lm3
] = dim[Lm1

, Lm2
]dimLm3

,

(iv) and if m3 ≥ m1 +m2 and m3 = s(m1 +m2) with s ≥ 1, then

dim[Lm1 , Lm2 , Lm3 ] = dimLs+1([Lm1 , Lm2 ])

+(dimLm3 − dimLs([Lm1 , Lm2 ]))dim[Lm1 , Lm2 ].
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