Available online: April 16, 2019

Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat.
Volume 68, Number 2, Pages 1774-[[779] (2019)

DOI: 10.31801/cfsuasmas.457500

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS
http://communications.science.ankara.edu.tr/index.php?series=A1 SERIES A1

THE DIMENSION OF PRODUCTS OF n HOMOGENEOUS
COMPONENTS IN FREE LIE ALGEBRAS

NIL MANSUROGLU

ABSTRACT. Let L be a free Lie algebra of finite rank r» > 2 over a field F' and
we let Ly, denote the degree m; homogeneous component of L. Ralph Stohr
and Micheal Vaughan-Lee derived formulae for the dimension of the subspaces
[Lmy, Lms] for all mq and mo. Then, the author and R. Stohr obtained formu-
lae for the dimension of the products [Lm1 y Limg, ng} under certain conditions
on mi,ma, m3. In this paper, we study on products of n homogeneous com-
ponents in free Lie algebra and we derive formulae for the dimension of such
products.

1. INTRODUCTION

Let L be a free Lie algebra of finite rank r over a field F' and let L,,, denote the
degree m; homogeneous component of L. The algebra L has a natural graded as

L=L,®Ly®...®Lm, ®....

Throughout of this paper, we use the left normed convention for Lie brackets,
that is, for aj,...,as € L we write [a1,a2,...,as] = [[a1,0a2,...,as-1],as]. For
calculating the dimension of L,,,, we use Witt’s formula

1 m
dimLy,, = f(m;,r) = — w(d)yra
)= 2 3
where p is the Mobius function (see [6l[7], [I, Theorem 5.11]). Moreover, in this note,
since [Lyn, y Lin,| = [Limys Lim, ] for all m; and ma, we focus on the case my > mao.
Take a subset Y of L, let L(Y) be the Lie subalgebra generated by Y in L
and we denote the degree m; homogeneous component of L(Y) by L,,,(Y). We
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say that a set Y of homogeneous elements in L is a reduced set if none of its ele-
ments is contained in the subalgebra of L generated by the remaining elements of Y.

The following lemma is referred to as Shirshov’s Lemma which is played an
important role in the proof of the Shirshov-Witt Theorem (see [3] []).

Lemma 1 ([3], Proof of Theorem 2). If L is a free Lie algebra and Y is a reduced set
of homogeneous elements in L, then Y is a set of free generators for the subalgebra
L(Y).

Given any homogeneous subspace U in L,,,. The Lie subalgebra L(U) is free
of rank dim U and any F-basis of U is a free generating set for the Lie subalgebra
L(U). In [2], the author and R. Stohr investigated the dimension of product of two
homogeneous subspaces and they proved the following lemma which will be the key
step in the proof of our main results.

Lemma 2 ([2], Lemma 2.2). Let U and V be subspaces of L such thatU C L,,,,V C
Ly, with my > mg > 1. Then

dim[U, V] = dim[U N L(V), V] + (dimU — dim(U N L(V)))dimV. (1)
2. PRODUCTS OF n HOMOGENEOUS COMPONENTS

In this paper, our aim is to investigate the dimension of the subspaces in the

forms [Lyn, s Limg,y - - -y Lim,, |- Firstly, we give a technical lemma for the proof of main
result.
Lemma 3. Let myi,mo,...,m, be positive integers with my > mao.
(i) If mq1 = s1my, ma = SaMy,..., Mp_1 = Sp—1My, for some positive integers
§1,89,...,8,_1, then

[L”Ll? Lm27 ctt Lmn—l] m L(Lmn) = [LSI (L"Ln)’ LSQ (L"ln)? ct Lsn—l (Lmn)}
(i) If at least one of mi,ma, ..., m,_1 is not divided by m,,, then

[Linys Limgy - -y Ly, | NV L(Ln,,) = 0.
Proof. (i) Clearly, we have
[le (Lmn)’ LSz (Lmn)5 R Lsn—l (Lmn )] g [Lmume e 7Lmn—1] N L(Lmn)

It remains to show that

(Lonss L+ o Ly, ] 0V (L) € [Lisy (L )y sy (Liny ) - Lis, o (Lo, )]+

Firstly, we take the subalgebra L™» = L,, ® Ly, +1 ® Ly, 42 ® ..., this is the
my,-th term of the lower central series of L. This subalgebra has a homogeneous
free generating set of the form § = S, USp,,+1 U Sm, 42 U ..., where S; C L;
(i =myu,m, +1,...). It is easy to obtain a free generating set for L™~. First, we
consider an F-basis of L,,, for S, , then we proceed inductively by taking a basis
of a vector space complement of L; N L(S,,, U...US,;_1) as the set S; for ¢ > m,,.
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By Lemmal[T] it is clear to verify that the set is a generating set for L™ and also
it is a free generating set. Hence, Ly, = (Sm,) and Sy, is a free generating set
for L(Ly,,).

We now consider a projection map m : L™ — L(L™») defined by m(z) =
x for x € S, and 7(z) = 0 for & € S\Sp,. This map is also a Lie algebra

homomorphism. Arbitrary chosen an element B in [L.,,, Ly, .-y Lim,_,] can be
expressed as a linear combination of the Lie products [ulj,qu,...,u(n_l)j] for
U1 € Limy,u2; € Lipy, - - s U(n-1); € Ly,, ., namely,

B = Zaj[uljau2j7 e 7u(n—1)j]
J

for some scalars a; € F'. Here, m(u1;) € L, (L, ), m(u2;) € Lsy(Lim, ), - - - ,ﬂ'(u(n,l)j) €
Ly, (L, ). Suppose that B € L(Ly,, ). Since 7 is a Lie algebra homomorphism,
we have

B=n(B)=m()_ ajluj,uzj .. upn-1;])
J

= Z%[W(uu)ﬂf(uw), o T (Un—1) )] € [Lsy (L, )s Loy (Lm,, )5 -+ Ls, 3 (L, )]-

Therefore, we proved the inverse inclusion

[Lml ) Lmza R ] L"Ln,J m L(Lmn) g [le (L’mn)v L82 (Lmn)a st 7Lsn,1 (Lmn)]

(ii) Here in order to prove this part of lemma, we use the projection 7 as in (i)
and we choose arbitrary element in L(Lp,, ), say B = >, aj[uij, uzj, .. -, u(n_l)j}
with ui; € Ly, ug; € Lm2,~~~,u(n—1)j € Ly, ,. Since any element in L(L,, )
is written as a linear combination of elements of degree Am,, with A =1,2,...; all
homogeneous components L with s > m,, and m,, { s are in the kernel of 7. As m,, 1
M1 OT My, { Mg OF ... OF My, { My_1, at least one of m(ui,), w(uz;), .. .,’/T(U(n_l)j)
is zero. Thus,

m([urg, uggo - um-r);l) = [r(ug) wugg), . T (Um-1),)]

= 0

J

for all j. Therefore, we conclude that
[Linys Lingy -+« s L, ]V L(Lp,,) =0
as required. O
We are now ready to give main theorem.

Theorem 4. Let my,ms,...,m, be positive integers with my > ma.
(i) If my +ma+ ... + mp_1 > m, and at least one of my,ma,...,Mmy_1 is not
divided by m.,,, then

ALy, Ling, - - - L, | = dim[Lm, , Ly, - - - L, JdimLy, .,
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(ii) if mi+mo+...4+muy_1 > my, and my = $1My, Mo = SoMp,. .., M1 = Sp_1My
for some positive integers s1,S2,...,8,_1, then
dim[Lm, s Lings - -« y Lim, ] = dim[Ls, (Lim,, ), Lsy(Lim,, ), - - s Ls, (L, )s Lim,,]
+(dim[Limy, Lings -« -y Lim,,_,] — dim[Ls, (L, )y Lsy (Lin,, )y -+ s Ls,, _y (L, )])dém Ly,
(iii) if mp > my +ma+ ...+ my_1 and (M1 +mo + ...+ my_1) 1 my,, then
dim[Lomy, Ly - - - Ln, ] = dim[Lumy, Ling s - - - L, |dim Lo, ,

(iv) and if my, > my+ma+ ... +myu_1 and my, = s(my +ma + ...+ my_1) with
s> 1, then

dim[Ly, y Ly, -« Lin, ] = dimLsy1([Limy s Lings - -+ s Lin,, 1)
+(dimLy,, — dimLs([Lmy s Lings - -y L, 1))dim[ Loy s Ling s « -« s L, 4 ]-

Proof. (i) We apply Lemma [2| with U = [Ly,, Lingy s Lim,_,] and V. = L, .
Thus we get

dim[Ly, , Lingy -y Lin, | = dim[[ Ly s Lings -+« Lin,_, ] NV (L., ), Lim,, ]
+(dim[Lun,, Linys -y Lon. 1] — dim([Lony s Lng s+« s Lo, ] OV L(Lun.)))dim Lo, .
By Lemma [3 (ii), we have [Ly,, Ly, -« -y Lim,, ;] N L(Ly,, ) = 0. This gives

dim[Lyyy Lings -« oy Lin, | = dim[Lp,, Lyngy -y L, |dimL,, .

(ii) By applying Lemma with U = [Lyn,, Lingy - o« y Lim,,_,] and V = L,,, | we get

dim[Ly,, Lingy -+ s Lim, | = dim[[Ls,m., s Lsym, s« s Ls, _ym. | NV L(Lm,, ), Lm,,]
A (dim[Lun,, Loy -+ Lyny ] — dim(ILs,m s Loy s« -+ Ls, 1] 0 L(Lyn, )))dim Lo, -
By Lemma [3] (i), we have

(Lo s Loy L oo 0V E(Ly, ) = [Lsy (Lin ) Ly (Lo Vs -« s Ly (Lo, ))-

Hence

dim[Ly, s Linyy -« oy Lim, | = dim[Ls, (L, ), Lsy (Lim,, )y -y Ls,,_y (L., )y Lim,, |
+(dim[Lpy, Lingy -y Lim,, ] — dim[Lg, (L), Lsy (L, )s -y Ls,,_y (L, )])dimL,,, .
(iil) Clearly, [Limy s Limys -+ L, ] = [Lm,s [Lmys Limgs - -+ Lm,,_,|]. Then by apply-
ing Lemma | with U = L,,, and V = [Ly,, Ling, - - - L, _,], we obtain
dim[Ly, s Lingy -« oy Lin, | = dim[ L,y [Liny s Ling s - -« s Lim,, 4 ]]
=dim[Lpm, NV L([Lmys Lingy -y Lin, 1 1)y [Lmy s Loy - -« s L, 4 1]
+(d7’mLmn - dlm(Lmn N L([Lm1 ) Lm27 s 7Lmn—1])))dim[Lm1 ’ me cer Lmn,—l]' (2)
By our assumption, we have L, N L([Lm;, Lmys-- - Lm,_,]) = 0. Therefore,

turns into the formula

dim[Ly, s Linyy -y Lin, | = dim Ly, dim[Lyy,  Lingy -« oy Lin, |-
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(iv) We use the same method as in (iii). We apply Lemma [2| with U = L, and
V =[Lm,, Ly, Lm,_,], and since m,, = s(my +mz + ...+ m,_1), we have
L, N L([LanmQa ) Lmnfl}) = LS([Lmlemzv ceey Lmn—lD'
This implies that turns into
dim[L7”/17L'm27 MR Lmn] = dim[LS([LmlﬂLm27 AR 7L7ﬂn—1])’ [Lm17L77L27 AR 7L77Ln,1]]
+(dimLu,, — dimLy([Lin,, Ly, - -+ Ly 1)) Ly s Ling - - s Lo, ]
Since [Ls([Lmy s Limys -+ -5 Ly 1)) [Lmy s Lngs s Limgy 1] = Lot ([Lmy s Ling s - -+ Liny, 4 1),

we have the required result. ([

This main result gives formulae for the dimension of subspaces in the form
[Linys Limgy - -« Lim, Junder certain conditions on mjy, ma,...,m,. Unfortunately,
the obstacle are the products in the forms [Ls, (L, ), Lsy (L, ), - - - Ls, 1 (Lm,, ), Lm,, [for
n > 3.

Three immediate consequences of Theorem [4] are following.

Corollary 5 ([5], Theorem 1). Let mq,mo be positive integers with my > ma.
(i) If m1 > ma and ma { my, then

dim[Ly, , Lin,] = dimLy,, dimL,,,,
(ii) and if m; = smqy with s > 1, then
dim[ Ly, y Lin,| = (dimLy,, — f(s,dimLy,))dimLpy,, + f(s+ 1,dimLy,,).

Corollary 6 ([2], Theorem 3.1). Let my,ms and ms be positive integers with my >
mao.
(i) If m1 4+ mg > mg, mg { my or mg { ma, then

dim[Luy, s Ly, Limg | = dim[Ly,, , L, |dim Ly,

(ii) if m1 + ma > mg, my = smg and me = tmg with s,t > 1, then

dim[Lml s ng , ng} = dzm[La (ng)a L (ng)7 ng}
(dim[Lon, s Loy | — dim|L(Lomy ), L (Lo )])dim Lo,

(iii) if mg > my + mgo and (mq + ma) 1 ms, then

i Ly » Ling» Lima) = dim[ Lo, , Ly |dim L, ,

(iv) and if mz > mq1 + mo and mgz = s(my + ma) with s > 1, then

dim[meLmzaLms] - dimLS-l-l([meLWmD
+(dimLy, — dimLs([Lp, y Lin,)))dim[Lu,y Li,]-
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