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Abstract

The aim of this paper is to obtain results of the strong convergence, rate of convergence and data dependence for a new three step iterative
scheme using contraction mappings and to give examples for the rate of convergence and data dependence results. After these numerical
approachs, it can be seen that the new iterative scheme has a better rate of convergence with respect to the other iterative schemes in the
literature. The results obtained in this paper may be interpreted as a refinement and improvement of the previously known results.
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1. Introduction

Fixed point theory is an effective and useful tool for solving problems encountered in various kinds of science from mathematics to economy.
The applicability of this theory to other fields has attracted the attention of many researchers and it has therefore become a new field of study
with a wide range of literature. The fixed point of a mapping is the invariant point under this mapping that is:

Let B be a Banach space, and C be a nonempty, closed, convex subset of B. Let A be a mapping from a set C to itself. An element x in C is
said to be a fixed point of A if Ax = x.

In general terms, the aim of fixed point theory is to determine the appropriate conditions to be put on the mapping or on the set where
the mapping is defined in order to obtain this fixed point. Once these conditions have been determined, a number of fixed point theorems
have been obtained for various types of mappings classes by defining the algorithms called iteration in order to reach the fixed point of the
mappings (see [1]-[8]).

In 2016, Ullah and Arshad [9] introduced the following iterative scheme:

xg € C,
X1 =Tyn (1.1)
yn:T((lfan)Zn*FanTZn) ’
=T (1= Bpn)xn+ BnTxy)

Very recently, Ertiirk et. al [10] introduced a new iterative scheme as follows:

ug € C,
Upy1 =Tvp
v =T (T (wn))
wp =T ((1 = 0) uy + @, Tuy,)

(1.2)

where (;);,—; € [0,1]. They proved that this method has a better convergence rate than Ishikawa [2], Mann [3], Noor [4], CR [6], Picard [7],
Picard-S [11], Thakur et al. [12], Vatan twostep [13], Abbas and Nazir [14], Normal-S [15], Modified-SP [16], S* [17] and (1.1) iterative
schemes.

Now, we have the following problem:

Is it possible to define an iterative scheme whose convergence rate is faster than the iterative scheme (1.2) ?
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We give an affirmative answer for this question by defining the following iterative scheme:

xg €C,
Xn1="Tyn

yn:T(@zﬁ (1—@) Tzn) (1.3)
=T (T())

where (o,),,_; € [0,1]and k€ N.

In this paper, we show that iterative scheme (1.3) can be used approximate fixed point of contraction mappings. Further, we proved that
there is equivalency between iterative scheme (1.3) and iterative scheme (1.2). Moreover, we show that iterative scheme (1.3) has a better
convergence rate than iterative scheme (1.2) and in order to demonstrate the efficiency of iterative scheme (1.3), we give a numerical example.
Finally, we show that a data dependence result can be obtain for contraction mappings using iterative scheme (1.3).

2. Preliminaries and Basic Results

Lemma 2.1 ([18]). Let {a,},—, and {b,},—, be nonnegative real sequences satisfying the following condition:

any1 < (1= o) an + by,

where p, € (0,1) forall n>ngy, ¥ U = o0 and Z—” — 0 asn—> oo. Then limy,_,eoa, = 0.

n=1

Lemma 2.2 ([19]). Let {a},_, be a nonnegative real sequence and there exists ny € N such that for all n > ny satisfying the following
condition:

ant1 < (1= Wn)an + P,

where U, € (0,1) such that 'Y, W, =0 and 1, > 0. Then the following inequality holds:
1

n=
0< rllgecsupan < nlgl;sup?‘[,,.
Definition 2.3 ([9]). Let C be a nonempty subset of a Banach space X. A mapping T : C — C is called contraction if there exists 6 € (0,1)
such that
ITx—Ty|| < &lx—yl (CAY)
forall x,y € C.

Definition 2.4 ([20]). Let {cu},_ and {dn},_q are two iterative schemes converging to the same fixed point p. of a mapping T. We say
that {c, },_ converges faster than {d, },_q to px« if

i o=l _

=0. (2.2)
n=vee ||dy = ps |

Definition 2.5 ([19]). Let T, S: C — C be two operators. We say that S is an approximate operator of T if for all x € C and for a fixed € > 0
if | Tx—Sx|| < e.

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a Banach space X and T : C — C be a contraction mapping. Let {x,},_, be
n
iterative sequence generated by (1.3) with real sequence such that {0, },._, € [0,1] satisfying Y. oy =oo. Then, {x,},_; converges to the
k=1

unique fixed point ps of T.

Proof. Banach-Contraction Principle guarantees the existence and uniqueness of fixed point p, of 7. From (1.3) and (2.1), we have

lzn=pell = |T (Txn) = pull < & Txn — ps||
< 8o —pa| G.1
and
11—« 11—«
Hyn_P*H = "T(%Zn“'(l_%) TZ,,) —Tp«

IN

S H (@zn—k (1 - @) Tzn) — P«

1—a, 1—a,
o822 1y —pul+ 82 (1- 520 iy )

= o[ s (1) g (32)
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and
||xn+1 _P*H <é ”)’n _P*H (3.3)
Substituting (3.1) in (3.2) and (3.2) in (3.3) respectively, we have
1-o, 1—o,
et —pl <0t [0 s (1 Aol g, ()
Since
(1—o0t) (1—ot) (1—ay)(1-9)
4ol -——= )| =61+ ——
[ k + k + ké
we have
l—op)(1—0
L R (T = [P
l—a,)(1-96
< 51+ =M= .
Repeating this proocess n-times, we obtain
l—a, 1)(1-6
ol < 8 (14 0B U= g
-0, 2)(1-08
b —pll < 3 (14 00O
1—op)(1-96
R ) [
Hence
a I1—)(1-96
e =l <8 T (14 C2 20D g . 35)
i=0
Since
(1—o) (1-9) 1 o, (1-190)
l+— )<< [1-——
( TS =3 k
we obtain
n o (1—96
b —pll < SIT(1- %02 o]
i=0
ne —0-9)
< S[Je 7 “llxo—p«l
i=0
1
= SwﬂxO—P*H-
Tl
e i=1
Taking the limit in both sides of the above inequality, it can be seen that x, — p. as n — co. O

Theorem 3.2. Let X,C and T with a fixed point p. be the same as in Theorem 3.1. Let {u,},_, is defined by iterative scheme (1.2) for

n
ug € C and {x,},_, is defined by (1.3) for xo € C with a real sequence {0y, },,_, € [0,1] satisfying Y. oy = oo. Then the following assertions
k=1

are equivalent:

i) The new iterative scheme (1.3) converges to ps.
ii) The iterative scheme (1.2) converges to ps.

Proof. We will show that (i) = (i), that is, if the iterative scheme (1.3) converges, then the iterative scheme(1.2) does too. Now, by using

these two iterative schemes we obtain

1T (T (xn)) = T ((1 — Q) ttn + 0 Tty )|

llzn — wal|

ST (xn) = (1 — 0) tn + 0 Tty ) |
8 (1= ) | Ton — | + 0 8 ||y — 1|

IA A IA

(1 — (1= 8)] bxn — unl[ + 8 (1 = 0) [|xn — T,

(3.6)
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and
[yn—vall < HT ((1 _k“”)zn+ <1 - L;”) Tzn) —T(T(wn))H
< éa;,f” 120 — Twy || + 8 <17 (1;—“)) 20 — Wl (3.7)
< 52|\z,,—wn||+5(1‘k"‘") 2w — Tz
and
[n+1 = sng1 | < 8 yn—vall- (3.8)

Substituting (3.6) in (3.7) and (3.7) in (3.8) respectively, we obtain

1 —tnall < [1 =04 (1 —8)] |20 — |
+54(1 — Oy ||xn — Txn|

1-o,
+62% ll2n — Tzall
Let
b= a(1-8)€(0,1)
an = ||xp—unll,
by = 8*(1—at) %0 — T
1-ao
48202 g, 1y
Furthermore, using T ps. = p and ||x, — p«|| = 0, we have
n = Txall - < llxn = pall + 8 Jloin — pic|
= (1+8) [l —pull.
Then, ||x,;, — Tx,|| — 0. Similarly,
lzn =Tzl < (148)llzn —pull
(1+8)[IT (T (xn)) — p«|
< (148)8|[Txn —p«
< (148)8 | — pll

Because of these results, we obtain b, — 0. By applying Lemma 2.1, we have a, = ||x, — uy|| — 0 as n — oo.
Consequently,

|%741 — tn1]] = 0 as n— oo,
The other part of this equivalency can be prove similar way. Hence we omit it. O

Theorem 3.3. Let X,C and T with a fixed point p be the same as in Theorem 3.1. Let {ay, } be real sequence in [0,1] satisfying (i) o) < oy,
<1 foralin e N. For given u; = x| € C, consider the iterative sequences {x,},_, and {u,},_, defined by (1.3) and (1.2) respectively.
Then {x,},._| converges to ps faster than {uy}, _, does.

Proof. From (3.5) in Theorem 3.1 we have the following inequality

n 1—o 1-6

v = ol < 8 T (14 U202 . 39
i=0

and also

tn 1 = pll < lluo = P [ T[N — 0(1 = 8)]. (3.10)

=

Applying assumption (i) to (3.9) and (3.10) respectively, we obtain

IN

(X1 = Pl

5] (1+ (1 —061k)5(1 —5)) o — p| G
i=0

l1—ay)(1-8)\""!
5"t o=l (14 =)
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and

A

g1 —=pull < ug = pul [TT[1 = 061 (1= )] (3.12)
i=0

luo = ps|[[1 —eu(1-6

IN

)]nJrl
Define,

(1—a1><1—6))"“

an = 8" xo— pu| (1+ !

by = |lutg — ps || [1 — 0 (1= 8)]" 1,

and

§)\ !
ar 8" o —pull (14 D)
bo o= pe [l —ar (=5,

L (14 meisa
=9 (1—&1(1—6)>

5 14 0= ocl)(l &)\ 1!
l—oq(l—ﬁ)

Yn =

Since k €N, § € (0,1) and o) < 1 we have

(I-—oy)(1-9) (I—o0y)(1-9)
1+ =9 o ASEbVAS ./
5 ( e o4 Lm0
< 6+(l—ap)(1-9)
= 1-o4(1-9)
That is y, < 1. Therefore lim,_,o ¥, = 0. From Definition 2.4, we obtain that {x, },_,converges faster than {u, }, ;. O

In order to support the analytical proof of Theorem 3.3 and to demonstrate the efficiency of iterative scheme (1.3), we give a numerical
example:

Example 34. Let X =Rand C=(0,1). Let T : C — C be a mapping defined by T (x) = 5 1 cosx? — %smx2 forallxeC. Ti lS a contraction

with the contractivity factor § € [0.66, 1) . Also unique fixed point of this mapping is p. = 0,40952291290289. Choose &, = ; L and k =100
with the initial value xo = 0.99. The following table shows that the new iterative scheme (1.3) converges faster than iterative scheme (1.2):

Table 1: Comparison rate of convergence between iterative scheme (1.3) and iterative scheme (1.2) with initial value xo = 0.99.

Iteration Steps Iterative Scheme (1.3) Iterative Scheme (1.2)
1 0,99000000000000 0,99000000000000
2 0,40046287233997 0,42600277956979
3 0,40972848713874 0,41004313957591
9 0,40952291290292 0,40952291290339
10 0,40952291290289 0,40952291290291
11 0,40952291290289 0,40952291290289

Table 1 shows that new iterative scheme reaches to the fixed point at the 10 step while iterative scheme (1.2) reaches at the 11" step.
The following figure is graphical presentation of the above result:
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Hterative Scheme (1.3)

— lerative Scheme (1.2)

Iteration Values

0.4095—

| 1 | | |
3 6 9 12 15

Numbers of lteration

Figure 3.1: Graph of Iterative Scheme (1.3) and Iterative Scheme (1.2)

Theorem 3.5. Let S be an approximate operator of T. Let {x,},._, be an iterative sequence generated by (1.3) for T and define an iterative
sequence {u,},._, as follows:

uy € C,
Upy1 = Svy
vp=S (7(171(0‘”)%1 + (1 — 7(171{05")) Swn)

wp = S(S(up))

(3.13)

where {0, }_; be real sequence in (0,1] satisfying % < % foralln € N. If T p. = px and Sx, = x, such that u, — x, as n — o, then we
have

10e

s — x| < -5’

where € > 0 is a fixed number.

Proof. From (1.3) and (3.13), we have

1T (7 (50)) = S (S(an))| (3.14)
I (7 (50)) = T (S| + 1T (S(0n)) = S () |
8 [ty — gl + (5 + e

[|z7 — wnl|

INIA
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and

e« (25855
_S((]_ka")wﬁ(l—@)m)
(8 (-
—T<(1;a”)Wn+(1—L]f”))swn) ‘
+HT<(1_ka")Wn+(l_(1—kan))swn)
()|

(1— o) (1—oy)
1) HTZnJr <1 T ) Tz, (3.15)

(58 (-5

(1—ay)
5 k

+5 (1—(1‘7;"")) T 20— Swal| +€

1—a, 1—a,
e L (R [
+5 (17@)%5

_ 5{“*70‘")+5(1_@)}|m—wn||

+|:5(1—@)+1]8

53 {(1—kan) i (1 B (l—kan)ﬂ 1 — ]
[0 4 (1 0]

+[8 (17@) +1}£ (3.16)

IN

IN

e

IN

llzn — wal|

IN

Substituting (3.14) in (3.15), we obtain

IA

Hyn_"n”

and

||xn+1*“n+1“ = HTyn*SVnH
< 8llyn—vall +e. (3.17)

Substituting (3.16) in (3.17) we obtain
1—oy 1—oy
v =l < 6% (U5 (1 B2
+8%(8+1) {7(1_“") +68 (1 —7(1_0‘"))] e
k k
+8 {5 (p@) +1} e+e
Since 8 € (0,1) k € N and o, € [0,1] for all n € N we have

s —imall < (122022 318
+82(8+1) {@Jré (1— @)} £
435 (1- 0520 i eve
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Also we have

82(8+1) [(l—ka,,) +8(1— (l_ka”)” £ < 2,

and

5[5(1—@>+1:|8§28.

Moreover, from hypothesis, we obtain

a, (1—0
I =il < (1= 2072 45
o, (1-9) o, (1-6) 10e
< 1-— -
= ( v ) el =0
Denote that,
an = |xn—un|,
Oy
mo= 1-8)e),
_ 10e
M = 1-o)
It follows from Lemma 2.2 that,
0 < JEEOSUP||xn_”n‘|
< i 10e
< Jimsey g
_ 10e
- (1-9)

We know from Theorem 3.1 that x,, — p. and using hypotesis, we obtain

10e
[P — x|l < -5

O

Example 3.6. Let C = [0, 1] be endowed with usual metric. Define operator T : C — C by Tx = %. It is easy to check that T satisfies
contraction condition with 8 € [0.17,1) and hence it has a unique fixed point p. = 0.1118. Define operator S : C — C by

1 x—0.005 (x+0.005)> (x+0.8)° (x—0.01)*
_1 _ _ 1
=0T 10 20 60 | 240 (3.19)

By utilizing Wolfram Mathematica 9 software package, we get
r;leaég |T — 8] =0.168919.

Hence, for all x € C and for a fixed € = 0.168919 > 0, we have
|Tx— Sx| <0.168919.

Thus, S is an approximate operator of T in the sense of Definition 2.5. Moreover, from (3.19) u, = 0,09663289814977 is the unique
fixed point for the operator S in C = [0,1]. Hence the distance between two fixed points p. and uy is |p. —u.| = 0.0152. If Su =
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ig~— and we put o, = % and k =200 for all n € N in (3.13), then we obtain

14 u=0.005 (u+0.005)>  (u+0.8)° I (u—0.01)*
10 10 20 60
ug €C,
1, v,=0.005  (»+0.005?%  (v,+0.8)°  (v,—0.01)*
Unpl =10t "0 20 60 240
4 996, 996(w,—0.005)
1000 Wr + 10000 T — 10000
996(1w,+0.005)>  996(w,+0.8)° | 996(w,—0.01)*
v, = L 4 L 77 20000 — 60000+ —apooo— — 0-005
n =10 10
4 996 996(w,—0.005) ?

996(w,+0.005)*  996(w, +0.8)°

1000"n + 10000 T~ 10000

996(w,—0.01)*

+ —aoo00— +0-005

20000 60000
20

996(w, —0.005)

4 996
1000 "2 t Toooo T — 10000

996(w,+0.005)*  996(w,+0.8)° | 996(w,—0.01)*

20000 60000

>a0000— 1+ 0-8

60

996

996(w,+0.005)°  996(w,+0.8

9961, —0.005) 4

4
1000 "7 t To000 T — 10000

996(w,—0.01)*

3
Sy 230000~ —0-01

4
(091 _0.005

(1, +0.8)°

20000 60000
+ 240
14 6,=0005 (1,40.005)>
10 10 0
(1u,+0.8)° n
1 60
Wn=1p + 10
14 w0005 (1,40.005)*
10 10 20

0.01)*

20

—0.005 _ (1,0.005)°

1 Uy
ot

(u,+0.8)°

20

—0.01)*

(ttn
e T
60

—0.005

1 Uy, _
ot ™10

(1,40.005)>
20

(1,40.8)°

(1u,—0.01)*

- + - =001

60
+ 740

The following table shows that the sequence {u,}_, generated by (3.20) converges to the fixed point u, = 0,09663289814977.

Table 2: Convergence test for the iterative scheme (3.20) with initial value uy = 1.

Iteration Steps

Iterative Scheme 3.20

1

1

0,09663260932081

0,09663289814967

2
3
4

0,09663289814977

Then, we can find the following estimate,

10 % (0.168919)

=2.03516.
1-0.17 03516

‘P* *x*‘ <

(3.20)
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4. Conclusion

In this paper, some fixed point theorems are obtained by defining a new iterative scheme. The obtained results show us, under contraction
mappings, the new iterative scheme is faster than the others which are referred to in this paper. Some of these results have been supported by
nontrivial examples with the help of programs such as MATLAB and MATHEMATICA. Consequently, iterative scheme (1.3) is the fastest
one among three step iterative schemes in current literature.

References

(1]
(2]
(3]
(4]
(51
(6]
(71
(8]

(9]
[10]

[11]
[12]

[13]
[14]
[15]
[16]
[17]

[18]
[19]

[20]

R. P. Agarwal, D. O Regan, D. R. Sahu, Iterative construction of fixed points of nearly asymptotically nonexpansive mappings. J. Nonlinear Convex
Anal. Vol:8, No:1 (2007), 61-79.

S. Ishikawa, Fixed Point By a New Iteration Method, Proc. Amer. Math. Soc. Vol:44 (1974), 147-150.

W. R. Mann, Mean Value Methods in Iteration, Proc. Amer. Math. Soc., Vol:4 (1953), 506-510.

M.A Noor, New Approximation Schemes for General Variational Inequalities, J. Math. Anal. Appl. Vol:251, (2000), 217-229.

V. Karakaya, Y. Atalan, K. Dogan, NEH. Bouzara, Some Fixed Point Results for a new three steps iteration process in Banach spaces, Fixed Point
Theory, Vol:18 No:2 (2017) 625-640.

R.Chugh, V. Kumar, S. Kumar, Strong Convergence of a New Three Step Iterative Scheme in Banach Spaces, Amer. J. Comp. Math. Vol:2, No:04
(2012), 345-357.

E. Picard, Memoire sur la theorie des equations aux derivees partielles et la methode des approximations successives, J. Math. Pures Appl, Vol:6 No:4
(1890), 145-210.

K. Dogan, Daha Hizli Mann Sabit Nokta Yinelemesi Uzerine Bir Calisma, Afyon Kocatepe Universitesi Fen ve Miihendislik Bilimleri Dergisi, Vol:18,
No:3 (2018), 852-860.

K. Ullah and M. Arshad, On different results for the new three step iteration process in Banach spaces, SpringerPlus, Vol. 5, No.1 (2016) 1-15.

M. Ertiirk, F. Giirsoy, V. Karakaya, M. Basarir and A. Sahin, Some convergence and data dependence results by a simpler and faster iterative scheme
Appl.Comput. Math. submitted, 2017.

F. Giirsoy, A Picard-S iterative method for approximating fixed point of weak-contraction mappings, Filomat, Vol:30 No:10 (2016), 2829-2845.

D. Thakur, B. S. Thakur and M. Postolache, New iteration schme for numerical reckoning fixed points of nonexpansive mapping, J. Inequal. Appl. Vol.
2014, No. 1 (2014), 5 pages.

V. Karakaya, Y. Atalan, K. Dogan, NEH. Bouzara, Convergence Analysis for a New Faster Iteration Method, Istanbul Commerce University Journal of
Science, Vol:15 No:30 (2016) 35-53.

M. Abbas and T.Nazir, A new faster iteration process applied to constrained minimization and feasibility problems, Math. Vesn. Vol:66, No:2 (2014),
223-234.

D. R. Sahu, Applications of S iteration process to constrained minimization problems and split feasibility problems, Fixed Point Theory, Vol:12, No.1
(2011),187-204.

N. Kadioglu and I. Yildirim, Approximating fixed points of nonexpansive mappings by a faster iteration process, J. Adv. Math. Stud. Vol:8, No. 2
(2015), 257-264.

I. Karahan and M. Ozdemir, A general iterative method for approximation of fixed points and their applications, Adv. Fixed Point Theory, Vol.3, No.3
(2013) 510-526.

X. Weng, Fixed point iteration for local strictly pseudocontractive mapping, Proc. Amer. Math. Soc. Vol:113, No: 3 (1991), 727-731.

S. M. Soltuz, T. Grosan, Data dependence for Ishikawa iteration when dealing with contractive like operators, Fixed Point Theory Appl. Vol:2008, No:1
(2008), 1-7.

W. Pheungrattana and R.Suantai, Comparison of the Rate of Convergence of Various Iterative Methods for the Class of Weak Contractions in Banach
Spaces, Thai J. Math. Vol:11, No:1 (2013), 217-226.



	Introduction
	Preliminaries and Basic Results
	Main results
	Conclusion

