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Abstract

In this paper, we study (k, it )-contact metric manifold under D,-homothetic deformation. It is proved that a D3-homothetic deformed locally
symmetric (1,—4)-contact metric manifold is a Sasakian manifold and the Ricci soliton is shrinking. Further, &*-projectively flat and
h-projectively semisymmetric (k, it )-contact metric manifolds under D,-homothetic deformation are studied and obtained interesting results.
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1. Introduction

In modern mathematics the study of contact manifolds has become a matter of growing interest due to its role in explaining physical
phenomena in the context of mathematical physics. In 1995, Blair[1] presented the thought of contact metric manifolds for which
the characteristic vector field £ belongs to the (k,u)-nullity distribution for some real numbers k and g. Such manifolds are known
as (k, pt)-contact metric manifolds. The class of (k, it)-contact metric manifolds encases both Sasakian and non-Sasakian structures.
A full classification of (k, it)-contact metric manifolds was given by Boeckx [4]. (k,u)-contact metric manifolds are invariant under
D,-homothetic transformation. It is noted that the class of space acquired through D,-homothetic deformation [19] is a contact metric
manifold whose curvature satisfying R(X,Y)& = 0. (k, it)-contact metric manifolds have been studied widely by several authors such as
([15,3,5,6,7,8,9, 13, 14, 16, 17, 21]) and numerous others.

Ricci soliton, introduced by Hamilton [10] are natural generalizations of the Einstein metrics, and is defined on a Riemannian manifold
(M,g). A Ricci soliton (g,V, 1) defined on (M, g) as

(Lvg)(X,Y)+25(X,Y)+2Ag(X,Y) =0, (1.1)

where Ly denotes the Lie-derivative of Riemannian metric g along a vector field V, A is a constant and X, Y are arbitrary vector fields on M.
A Ricci soliton is said to shrinking or steady or expanding to the extent that A is negative, zero or positive respectively. Ricci solitons have
been studied extensively in the context of contact geometry; we may refer to [11, 20]) and references therein.

The paper is organized as follows: after a short audit of (k, i) contact metric manifold in section 2, we study D,-homothetic deformation and
Ricci soliton in a (k, i) contact metric manifolds in section 3.

2. Preliminaries
A (2n+ 1)-dimensional smooth manifold M is said to be contact if it has a global 1-form 7 such that n A (dn)" # 0 on M. Given a contact

1-form 7 there always exists a unique vector field & such that (dn)(&,X) = 0. Polarization of d7 on the contact subbundle D (defined by
D = 0), yields a Riemannian metric g and a (1, 1)-tensor field ¢ such that

¢2XZ_X+TI(X)€7 (Pé:()v g(Xvé):n(X)v 77(‘5):17 710¢:07 2.1

8(9X,9Y) = ¢(X,Y) —n(X)n(Y), (2.2)
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for all vector fields X,Y on M. In a contact metric manifold, we characterize a (1,1) tensor field 2 by h = %,Eg ¢, where £ signifies the Lie
differentiation. At this point / is symmetric and satisifies ¢ = —¢@h. Likewise we have Tr-h = Tr-¢h =0 and h§ = 0.
Moreover, if V signifies the Riemannian connection of g, then the following relation holds:

Vy& = —9X — ohX. 2.4)
For a contact metric manifold M>"T1(¢,& 1, g), the (k, u))-nullity distribution is

N(k,u):p—= Np(k,u)={Z e T,M|R(X,Y)Z = 25)

k[g(Y.Z)X — g(X,Z)Y]+ u[g(Y,Z)hX — g(X,Z)hY]}, '
for any X,Y € T,M and for some real numbers k and i, R is the curvature tensor. Hence if the characteristic vector field & € N(k, it), then
we have

R(X,Y)E = K[n(¥)X — 1 (X)¥] + u[(n(Y)hX — (X)hY )], 2.6)

Thus, a contact metric manifold satisfying relation (2.6) is known as a (k, it)-contact metric manifold [1]. On (k, 1 )-contact metric manifold,
we have k < 1. If k = 1, the structure is Sasakian (h = 0 and g is indeterminant) and if k < 1, the (k,ut)-nullity condition completely
determines the curvature of M2"+! [1]. Actually, for a (k, )-contact manifold the condition of being Sasakian manifold, a K-contact
manifold, k = 1 and & = 0 are all equivalent. In particular, if 4 = 0, then the (k, 1t)-nullity distribution N(k, 1) is reduced to k-nullity
distribution N (k) [18]. If & € N(k) , then we call contact metric manifold M is an N(k)- contact metric manifold [2]. A D,-homothetic
deformation:

1
¢ =9, §*=5§7n*=an,g*=ag+a(afl)n®n7 2.7)

for a positive real constant a, deforms a contact metric structure into another contact metric structure and preserves Sasakian, K-contact and
(k, p)-contact structures. However the form of the (k, 1) nullity condition is preserved under a D,-homothetic deformation with

_ktd’—1 = p+2a—2

k* o ; (2.8)
In a (k, 1t)-contact metric manifold the following relations hold [12] [1];
o= (k=192 k<1, (2.9)
(Vx9)Y = gX+hX,Y)E—n(Y)(X+hX), (2.10)
(Vxh)Y = [(1-K)g(X,9Y) - g(X,$hY)|E
= NE)[(1-k)oX + ¢hX] — un(X)hY, 2.11)
REX)Y = Kg(X.Y)E—n(Y)X]+ulg(hX.Y)E —n(Y)hX], (2.12)
S(X,&) = 2nkn(X), (2.13)
S(XY) = [2(n—1)—nulg(X,¥)+[2(n—1) + plg(hX.Y)
+ R2A-n)+nCk+uw)nX)nY), n>1, (2.14)
r = 2n2n—2+k—npl, (2.15)

where S is the Ricci tensor of type (0,2), Q is the Ricci-operator, i.e., g(0X,Y) = S(X,Y) and r is the scalar curvature of the manifold. From
(2.4), it follows that

(Vxn)Y = g(X +hX,9Y). (2.16)

Lemma 2.1. [/] A (2n+ 1) dimensional contact metric manifold M(¢,&,n,g) with & belonging to (k, lt)-nullity distribution. Then for any
vector fields X ,Y,Z

R(X,Y)hZ—hR(X,Y)Z

= [k{g(hY,Z)n(X) — g(hX,Z)n(Y)}

+uk—1{g(X,Z)n(Y) —g(Y,Z)n(X)}]&

+k[g(Y,0Z)phX — g(X,9Z)OhY +g(Z,phY )9X] — g(Z, 9hX)9Y
+n(Z){nX)hY —n(Y)hX}]

+pl(k=1)n@2){nY)X —n(X)Y}+2g(¢X,Y)phZ].

2.17)
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3. D-homothetic deformation and Ricci solitons in (k, 1) — Contact metric manifolds

Throughout this paper the quantities with = signify the quantities in (M, ¢*,&*,1*, g*) and quantities without x are from (M, ¢,&,1,g). The
connection between the associations V and V* is given by

(1-a)

V¥ =Vx¥ + (1 -a)n(¥)oX +n(X)eY]+ —

g(PhX,Y)E, 3.1

for any vector fields X, ¥ on M. We now calculate the Riemann curvature tensor R* of (M, ¢*,&*,n*, g*) as follows:

R*(X.Y)Z = ViViZ~V§ViZ~Viy y 2. (3.2)

Using (2.4), (2.7), (2.9), (2.10), (2.11) and (3.1) in (3.2), we obtain

R*(X,Y)Z=R(X,Y)Z+ (1 —a)[g(¢Y,Z)0X —g(¢X,Z)9Y
FMOOZIAY - 20(1) 0 (Z)AX + 28(0Y X)07Z
e, 2)E )28+ LD prvgnx 2)g

—2n(X)g(hY,Z2)¢ + (1 -k){n(¥)s(X,2)& —n(X)g(¥,Z)5}
+g(0hX,Z)phY — g(9hY,Z)hX]

+ (@ = )nE¥)NZ)X —n(X)n(2)Y],

(3.3)

for any vector fields X,Y,Z on M.
On contracting (3.3), we get the Ricci tensor S* of D,-homothetically deformed (k, 1) — contact metric manifolds as

S*(Y,Z) = aS(Y,Z) + (a—1)[{a* —2a— k+1}g(Y,Z)

+{2na* 4+ 2na+2a—a* +k—13n(Y)N(Z) +a{2 + u}g(hy, ). GH
First, assume that M is a locally symmetric (k, t)— contact metric manifold under D, -homothetic deformation. Then we have
(V¥R*)(Y,Z)W = 0. (3.5)
On a suitable contraction of (3.5), we have
(VXS NZ,W)=VxS(Z,W)—S*(VxZ,W)—S"(Z,VxW) =0. (3.6)
Taking W = £* in the above equation yields
VxS1(Z,67) = S"(VxZ,§") = 57(Z, V&™) = 0. 3.7
Making use of (2.1), (2.4), (3.1) and (3.4) in (3.7), we obtain
a®>S(Z,0X) +aS(Z,0hX) +Ag(X,0Z) + Bg(9hX,Z) = 0, (3.8)
where
A=2nalk+a*—1}—ala—1){a®> —2a—k+1} —a(a—1)(k—1)2+pu)
Zni “2n{k+a® =1} +(a—1){a> —2a—k+1} —a*(a—1)(2+p).
Replacing X by ¢X in (3.8), we get

—d®S(Z,X)+aS(Z,hX) +Ag(X,Z)

+ {2nka® — AYn(X)n(Z) + Bg(hX,Z) = 0. G2
Taking X = Z = ¢; in (3.9) and summing up with respect to i, 1 <i <2n-+ 1 and using (2.15) we obtain
—2na®(2n—2 —np +k) —2na(k —1)(2n — 2+ ) + 2nka® +2nA = 0. (3.10)
From (3.10), we get

—a azf a— na
o Bt et

At this point for a =3 and k = 1, we get 4 = —4. From (2.8), this demonstrates that k* = 1 and u* = 0.
Thus we state the following:

Theorem 3.1. A D3-homothetic deformed locally symmetric (1,—4)-contact metric manifold is a Sasakian manifold.
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Next, let (M,¢*,E*,n*,g*) be a Dy-homothetic deformed (k, it)-contact metric manifold. A Ricci soliton (g*,V,A) is defined on
(M, ¢7,8",n",g") as

(Lyg")(X,Y) +25%(X,Y) +24g"(X,Y) = 0. (3.12)

Where L}, g* denotes the Lie-derivative of Riemannian metric g* along a vector field V, S* is the Ricci tensor on (M, ¢*,&*,n*, g*).
Further, suppose that the potential vector field V is the Reeb vector field £*, i.e., V = &* on (M, 9*,E*,n*, g*). Then from (3.12) we have

(Lz*g*)(X,Y)+2S*(X,Y)+2&g*(X,Y) =0. (3.13)
From (2.4) and (3.1) we have

(L;.g")(X.Y) = g"(VRE"Y) +8" (X, V§E")

= —2g(9hX,Y). G419
Combining (3.13) and (3.14), we find that
S*(X,Y) = g(@hX,Y) — Aa{g(X,Y) + (a— )n(X)n(Y)}. (3.15)
Replacing X and Y by £* in (3.15) and using (3.4), we get
A:%”{kﬂﬂ—l}. (3.16)
Thus we state the following:
Theorem 3.2. A Ricci soliton on a D4-homothetic deformed (k, |1)-contact metric manifold is shrinking.
For a Sasakian case k = 1, then from (3.16), we get
A = —2na. (3.17)
Corollary 3.3. A Ricci soliton on a D4-homothetic deformed Sasakian manifold is shrinking.
By the covariant differentiation of the Ricci tensor S* with respect to X, we have
(VyS*)(Z,W) = V%S (Z,W) —S*(VXZ,W) —S*(Z,VxW). (3.18)
Replacing W by £* in (3.18), we get
(VES)(Z,E%) = Vi S* (Z,E7) S (VAZ,E") = S*(Z, V4 EY). (3.19)
Now, using (3.15), (3.1), (2.7), (2.4) in (3.19), we get
(ViS)(Z, ") = Aa{g(9X.2) +(9hX.Z) — 1(VxZ)}
—Aa{n(VxZ)+ Qg(tbh&z)} (3.20)
+5%(Z,0X) + éS*(Z,q)hX).
On simplification and using (2.9), (3.15), we get
(Vs (2.6 = s 2) + g 2) - nxom @), EED

On the other hand, taking the covariant differentiation of (3.4) with respect to X and then using (2.4), (2.7), (2.11), (2.13), (2.14) and (3.1),
we obtain

(ViS)(Z,") = ~aS(Z,0X) — (2, 9hX)
~ (= 1)l(@ ~2a—k+ 1){g(9X.2) + Lg(phX,2)} (3.2
(k1)

+a(2+p){g(hz,¢X) + 8(9X,2)}].

Comparing the equations (3.21) and (3.22), then contracting with respect to X and Z, we get

k=1. (3.23)
Thus we state the following:

Theorem 3.4. A D,-homothetic deformed (k, L) contact metric manifold admitting a Ricci soliton (g*,V,A)is a Sasakian manifold.
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The projective curvature tensor [22] P* under D,-homothetic deformation V* is defined by

P*(X,Y)Z=R"(X,Y)Z— %{S*(Y,Z)X —S*(X,2)Y}. (3.24)
By interchanging X and Y in (3.24), we have

P*(Y,X)Z=R*(Y,X)Z — % {$*(X,2)Y —S*(Y,Z)X}. (3.25)
On adding (3.24) and (3.25) and using the fact that R(X,Y)Z+ R(Y,X)Z = 0, we get

P*(X,Y)Z+P*(Y,X)Z=0. (3.26)
From (3.3), (3.24) and first Bianchi identity R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y = 0 with respect to V, we obtain

P*(X,Y)Z+P*(Y,Z) X +P*(Z,X)Y =0. (3.27)

Hence, from (3.26) and (3.27), shows that projective curvature tensor under D,-homothetic deformation in a (k, i) contact metric manifold
is skew-symmetric and cyclic.

Now using (2.7), (3.3) and (3.15) in (3.24), we obtain

P*(X,Y)Z = R(X,Y)Z+ (l fa)[g(q)Y,Z)(])X fg((])X,Z)(])Y
+2n(X)N(Z2)hY —2n(Y)n(Z)hX +28(¢Y.X)9Z
()X 2)E ~ ), 28 + = pn(v)six. 2)¢

—2n(X)g(hY,Z2)¢ + (1-k){n(¥)s(X,2)E —n(X)g(Y,Z)5} 3.28)
+g(0hX,Z)phY — g(9hY,Z)hX] ‘

(@ = DNEZ)X —n(X)N(Z)Y]
— S R(OY, 2)X —g(9hX. Z)Y ~ Aa{g(V.Z)X —g(X.Z)Y)
~ hala— ) {nXN@X -nX)n@)YY.

Replacing X by &* in (3.28); then using (2.1) and (2.6), we get

a? —
PnE =T A X - n0or)

3.29
u+2a-2 (3.29)
a

+1 H{n(¥)hX —n(X)hY }.

If the vector fields X and Y are orthogonal to &, then we have P*(X,Y)E* = 0. That is, M(¢*,E*,n*,g*) is E*-projectively flat. Thus, we

can express the accompanying:

Theorem 3.5. A D,-homothetically deformed (k,)-contact metric manifold is E*-projectively flat, that is, P*(X,Y)E* = 0 if and only if
the vector fields X and Y are orthogonal to &.

Let M(¢*,£* ,n*,g*) be a (2n+ 1) dimensional h-projectively semisymmetric (k, ) contact metric manifold under D,-homothetic defor-
mation. Then we have

P*-h=0. (3.30)
From (3.30), it follows that

P*(X,Y)hZ—hP*(X,Y)Z=0. (3.31)
Making use of (2.6) to (2.12), (2.17), (3.4), (3.15) and (3.28) in (3.31), we have

W}{g(fmzm(}()é —g(hX,Z)n(¥)§

+8(Y,9Z)phX —g(X,9Z)PhY +g(9hY, Z)9X — g(9hX,Z)9Y }

DD )00, 2)8 - nogr. 2))

a

Aa(a—1)

X))y —n(¥)n(Z)hX}
+ k=12 =2a—w){nX)M2)Y -n¥)n(Z)x}

+2(p+2a—2)g(9X,Y)phZ + %{g(w?zwfg(w,zw}

{k+a—1+

+{uk-1)+

+{k+a* -1+
(3.32)

+ %{g(’lKZ)X —g(hX,Z2)Y —g(Y,Z)hX — g(X,Z)hY'}

+ %{g((DhY,Z)hX —g(0hX,Z)hY} =0.
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Replace X by iX in (3.32) and using the fact that A2 = (k — 1)¢2, we obtain

a? —
EE=D 1) r)s(x € - nomn())

+(k—1)g(0Y,2)0X + g(¢hX,Z)phY + +g(ohY,Z)PphX
- 0g(0x.2)07] + (k1) + 2ED ik 21

Aa(a—1)

+{k+a* -1+ Hk=D{n(¥)N@Z)X —nX)n¥)n(2)E}

2n (3.33)

+ (k= 1) (1 +2a—2)n(Y)(Z)hX +2(u +2a — 2)g($hX,Y )hZ

+ %[g(hy,zwx +g(hX, Z)hY + (k—1)g(Y,Z){X —n(X)&}]
(k—1)
2n

(k—1)
2n

+

{g(¢hX,Z)Y —g(9Y,Z)hX}

+ {g(ony, Z)(-X +n(X)§) +g(¢X,Z)hY} = 0.

Replace Y = £* in (3.33) and then taking an inner product with U, we get

(k= 1{e(X,Z)n(U) —nX)n(Z)n(U)}
2(k—1)(a—1)

(k+a>—1)
a

+{uk—1)+ te(hX,Z)n(U)

aZ
+{k+a*~1 +)L27}(k* D{n(2)¢(X,U) —n(X)n(Z)nU)}

(k—1)
2n

+(k—1)(u+2a—-2)n(2)g(hX,U)+ g(ohX,Z)n(U) =0.

Again taking Z = £* in (3.34), we obtain

(3.34)

2
(k— 1)[{k+az*1+%}{8(X7U)*TI(X)TI(U)}+(M+2a*2)g(hX7U)] =0, (3.35)

i.e., k =1 or by considering k = —a? (non-Sasakian case) and A = %, we get 4 = 2 — 2a. Hence by the fact that (from (2.8)) u* =0.
Thus we can state the following:

Theorem 3.6. Let M(9*,E*,n* g*) be a (k, 1) contact metric manifold obtained by D,-homothetic deformation of (k, 1) manifold M. If
M(9*,E*,n*,g%) is h-projectively semisymmetric, then M(¢*,E*,n*,g*) is either Sasakian manifold or N (k)-contact manifold provided

k=—a%and A = 2.
a
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