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help of properties of Katugampola fractional calculus and fixed point methods, we derive
existence and uniqueness results. Finally, an example is given to illustrate our theoretical
results.

1. Introduction

Fractional calculus and its potential applications have gained a lot of importance, mainly because fractional calculus has become a powerful
tool with more accurate and successful results in modelling several complex phenomena in numerous seemingly diverse and widespread
fields of science and engineering. Many fields such as physics, fluid mechanics, viscoelasticity, heat conduction in materials with memory,
chemistry and engineering can be described by fractional differential equations, see the basic books [1, 2, 3]. Recently, some basic theory for
fractional differential equations and inclusions was discussed see the papers [4, 5, 6, 7, 8, 9] and the references therein. In recent years,
attention has been paid to establish sufficient conditions for the existence results to differential systems involving Katugampola fractional
derivatives see the papers [10, 11, 12]. In recent years, numerous contributions have been made in the theory and applications of (impulsive)
fractional differential equations. The theory of impulsive differential equations and impulsive differential inclusions has been an object
interest because of its wide applications in physics, biology, engineering, medical fields, industry and technology. The reason for this
applicability arises from the fact that impulsive differential problems are an appropriate model for describing process which at certain
moments change their state rapidly and which cannot be described using the classical differential problems. For some of these applications
we refer to [13, 14, 15, 16, 17]. During the last ten years, impulsive differential inclusions with different condition have intensely studied by
many mathematicians. At present, the foundations of the general theory of impulsive differential equations and inclusions are already laid,
and many of them are investigated in details in the papers of Benchohra et al. [18, 19].

In this paper we are concerned with the existence of the following Katugampola fractional impulsive differential inclusions of the type,

PDQ.u(x) € H(x,u(x)), x€J=[0,T],x#xm,m=1.2,...k1<w<2,
Aut|y—y, = In(u(x,)), m=1,2,... .k,

Aul‘x:xm :I_'"(u(xl;))7 m= 1727'~'7k7

u(0) = ug, u'(0) = uy,

(1.1

where P D? is the Katugampola fractional derivative in Caputo sense, H : J X R — P(R) is a multivalued map, [P(R) is the family of all
nonempty subset of R], I, and I, : R - R, m=1,2,-- -k, and up,u; ER, 0=xp <x1 <+ <x < X1 =T, Autfyey, = u(xh) —u(x;,),
A |y, = 0/ (1) — 1 (x;,), u(x}) = limy o+ u(x, + 1) and u(x;,) = limy_,o- u(x,, + 1) denotes the right and left limits of u(x) at x = x,,,
m=1,2,...k.
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2. Prerequisites

In this section, we introduce notations, definitions, lemmas and theorems that will be used for the main results.
Let €(J,R) be the Banach space of all continuous functions from J into R with the norm

[l ulloe = sup{lu(x) : 0 <x < T},

and let £'(J,R) be the Banach space of functions u : J — R that are Lebesgue integrable with the norm

T
lull = [ ol

The space A& ! (J,R) consists of functions u : J — R, which are absolutely continuous, whose first derivative i’ is absolutely continuous. Let
(¥, ]]])) be a Banach space and let us assume that

0.,(Y)={X € P(Y) : X closed},
0,(Y)={X € P(Y) : X bounded},

Qcp(Y)={X € P(Y) : X compact},
and,
Ocp,c(Y) ={X € P(Y) : X compact and convex}.

A multivalued map F : Y — Q(Y) is convex(closed) valued if F(z) is convex(closed) for all 7 € Y. F is bounded on bounded sets if
F(B) = UsepF (1) is bounded in Y for all B € Q,(Y)(i.e., sup,cp{sup{|u| : u € F(t)}} < eo). F is called upper semi-continuous on Y if
for each 7y € Y, the set F(fo) is a nonempty closed subset of Y, and if for each open set M of Y containing F(fy), there exists an open
neighborhood M of #g such that F(My) C M. F is said to be completely continuous if () is relatively compact for every Z € Qp,(Y). If
the multivalued map F is completely continuous with nonempty compact values, then F is upper semi-continuous if and only if F has a
closed graph (i.e., t, — s, up — Uy, Uy € F(ty) = us € F(t,) ). F has a fixed point if there is t € Y such that ¢ € F(r).

The fixed point set of the multivalued operator F will be denoted by Fix F. A multivalued map F : J — Q. (R) is said to be measurable if
for every u € R, the function

x—=d(u,F(x))=inf{lu—w|:weF(x)},
is measurable. See the books of Aubin and Cellina [5], Deimling [20] and Hu and Papageorgiou [21] for more details.

Definition 2.1. A multivalued map H : J x R — P(R) is said to be Carathéodory if

(i) x> H(x,y) is measurable for eachy € R;
(ii) y— H(x,y) is upper semi-continuous for almost all x € J.

For each u € PE(J,R), define the set of selections of H by
Swu={g€ £ J,R): g(x) € H(x,u(x)) a.e. x € J}.
Let (Y,d) be a metric space induced from the normed space (Y, |-|). Consider G, : P(Y) x P(Y) — Ry U {eo} given by
F;(A,B) = max{supd(a,B)7 supd(A7b)} ,
acA beB

where d(A,b) = inf,cq d(a,b), d(a,B) = infycgd(a,b). Then (Qp(Y),G,) is a metric space and (Q;(Y),Gy) is a generalized metric
space. See the paper [22].

Definition 2.2. A multivalued operator M : Y — Q. (Y) is called
(a) v-Lipschitz if and only if there exists y > O such that
Gy(M(t),M(u)) <vyd(t,u), foreacht,u€?y,
(b) a contraction if and only if it is y-Lipschitz with y < 1.
Lemma 2.3. [23] Let (Y,d) be a complete metric space. If M : Y — Q.(Y) is a contraction, then Fix M # 0.
Definition 2.4. [2, 3] The fractional(arbitrary) order integral of the function
he £'([a,b],R) of order @ € Ry is defined by

19h(x) = ﬁ / "= )0 Un(s)ds,

where T is the gamma function. When a = 0, we write I?h(x) = h(x) * W (x), where Wy (x) = % forx >0, and W (x) =0 for x <0, and
Ve — 6(x) as @ — 0, where 6 is the delta function.
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Definition 2.5. [2, 3] For a function h given on the interval [a,b], the Caputo fractional-order derivative of h, is defined by

1

(CDZD+ h)(x) = m

/'x (x—5)"" "1 (5)ds,

where n = [@] + 1 and [®] denotes the integer part of the real number .
Now, we consider the definitions of the generalized fractional operators introduced in [10, 11, 12].

Definition 2.6. The generalized left-sided fractional integral PI. h of order @ € C(Re(w) > 0) is defined by

PIOR)(x) =22 [¥(xP —sP)O 1P~ 1 h(s)ds, @.1)

for x > a, if the integral exists.

Definition 2.7. The generalized fractional derivative, corresponding to the generalized fractional integral (2.1), is defined for x > a, by

eopnw = (v g) enenw
— paFn+1 1-p d\" p py\n—w—1 _p—1
_ m(x = /a (WP — sPY =01 P~y (5)ds, 2.2)

if the integral exists.

Definition 2.8. The Caputo-type generalized fractional derivative, p Dg’+ is defined via the above generalized fractional derivative (2.2) as
follows

?Dglh(x) = <pDZO+

n=1 p(m)(,
o= )<s—a>'"D ()

where n = [Re(®)].

Sufficient conditions are given in [2] for the fractional differential and integral to exist.

3. The convex case

In this section, we discuss about the existence of solutions for the problem (1.1) when the right hand side has the convex values. For this, we
assume that H is a compact, convex valued and multivalued map. Consider the Banach space,

PEI,R) ={u:J = R:uec &((xmxmp1),R), m=0,1,...k+1
and there exist u(x;, ), u(x}), m=1,2,...k with u(x,,) = u(xn)},

with the norm

[lullyge = sup [u(x)].
3

xe

Set J := [0, T|\{x1,x2,...x¢}

Definition 3.1. A function u € PE(J,R)N Ufnzoi’lﬂil ((Xm,Xma1),R) with its w-derivative exists on ' is said to be a solution of (1.1), if
there exists a function g € £'([0,T],R) such that g(x) € H(x,u(x)) a.e. x € J satisfies the differential equation P DS, u(x) = g(x) on ¥, and
conditions

Au|x:)6m :Im(u(xr;))7 m= 1723' "k7
A s = B (u(x,)), m= 1,2, .k,

u(0) = ug, u'(0) = uy,
are satisfied. Let h : [a,b] — R be a continuous function. We need the following lemmas for the existence of solutions for the problem (1.1).

Lemma 3.2. [9] Let @ > O, then the differential equation

PDE h(x) =0,
has solutions h(x) = bo—l—bl(%p) —O—bz(%p)z +~-~—|—b,,,1(%p)(”*l), bieR i=0,1,2,....n—1,n=[ow]+1.
Lemma 3.3. [9] Let ® > 0, then

P
—)

PO (PO xP xP (n—1)
1§ ( Do+h(x))=h(x)+b0+b1(p +b2(;) — =)

2+~-~+bn_1(p

forsomeb; €R,i=0,1,2,....n—1,n=[w]+1.

From Lemma 3.2, and 3.3, we get the following results which is useful in the following sequel.
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Lemma 3.4. Let 1 < ® <2 and let g € PE(J,R). A function u is a solution of the fractional integral equation

-0
uo-i—ul(%)-i- 1’3((») Jo(xP —sP)O 5Pl (s5)ds, ifx € [0,x1],
sy L0t )+ By Xy [ (6 = 5P)0 715 g(5)ds an
- 2 o 1 _ _ .
+r§?’*) P l—xf )x‘ ](xlp—sp)“’ 26P 1g(s)ds
@ S, (0 = 5)0 715 g (s)ds
+X7 L(u(x) + X0 (e —xi) Gi(u(x;)), ifx € (X, Xpma1), m=1,2,.. .k,
if and only if u is a solution of the fractional initial value problem
PDY. u(x) = g(x), foreachx ey,
A”JX:xm: (U (;:))7 m=1,2,....k, 32)
Al |x=x, =In(u(xy,)), m=12,..k,
u(0) = ug, u'(0) = u.
Proof. Assume that u satisfies (3.2). If x € [0,x1] then P D). u(x) = g(x). From Lemma 3.3, we get
_ xP pliw Yo pro—1.p-1
u(x)fbo—O—bl(F)—O—r(w) ./0 (xP —sP)P7 P g(s)ds.
Hence by = ug, by = u;. Thus
xP pl—w /x 1
= + —)+ P _ PO p—1 d
) =+ )+ B [0 =)0 10 (o)
If x € (x1,x7], then from Lemma 3.3, we arrive to
xP — P p'_“’ X
u(x) =bg+ by L)+ / xP —sP wflspflgsds. 3.3)
) g el )
Aufmy, = u(x) —ulxy)
'xll) pl—w X1
_ _ M _ Pp\o—1 _p—1
by <u0+u1(p)+l“(w)/o (o —sP) 1P g(s)ds
= Ii(u(x))
Hence,
.y P 1 p-1
bo:uo+u1(gl)+m(/0 (o —sPYO P g(s)ds + Iy (u(x)). (3.4)
Al ey, = u'(xf)—u'(xf)
2-w(p-1_ P=1y
- _ p (x 1 )/' P02 p—1
= b <u1+ To—1) A () —sP)O 2P g(s)ds
= Ti(ulxy)),
and
by = uy +ﬂ(xp_1 f)cp_l)/xl (xf —sP)O 2P Lg(s)ds + T (u(x] ). (3.5)
F((l)—]) 1 0 1 1
Then by (3.3)-(3.5), we get
_ xP p'=® pro—1 p—1
u(x) = uo-i—ul(;)-i-m/o (o —sP)O~ 5P g(s)ds
2—m X
P p71_pfl/‘p pyo—2 p—1
+ F(a)fl)(x x ) A () —sP)PTsP T g(s)ds

1-o X
+ L/ (xP —sP)O 1P~ lg(5)ds
X1

+ D) + (e=x)h (uxy).

If x € (%, Xpm+1], then from Lemma 3.3, we get (3.1). Conversely, assume that u satisfies the equation (3.1). If x € [0,x]] then u(0) = uy,
u'(0) = uy and using the concept that P DY, is the left inverse of PI{, we get,

PDE, u(x) = g(x), for each x € [0,x;].
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If X € [Xm, %my1), m = 1,2,...k and using the fact that P DJ. L = 0, where L is a constant, we have
P DG u(x) = g(x), for each x € [xyn, Xyt 1)
Also, we can easily prove that

Au|x:xm :Im(u(x,;)), m= 1727"'7](’

Au'|x:xm :im(”(xr;))» m= 1727"'7k'
O

By using the nonlinear alternative of Leray-Schauder type for multivalued maps [24], we can prove our first result. For this, we assume the
following hypotheses:

(A1) H:J xR — P (R) is a Carathéodory multivalued map.
(A2) There exists g € €(J,R") and @ : [0,00) — (0,0) continuous and nondecreasing such that

[H (x,9)llp = sup{|g| : g € H(x,y)} < q(x)®(]y]), forx € Jand y € R.
(A3) There exist ®*,®* : [0,00) — (0,0) continuous and nondecreasing such that

I (y)] < ®"(|y]), fory € R,
[En ()] < @*(|y]), fory € R.

(A4) There exists a number N > 0 such that

N
+a®(N) + k®*(N) +kTPD*(N)

>1,

luo| + TP |

kTpqu kTpqu prq[)
peL(w+1) ' p® T (w) + per(w+1)"

where ¢ = sup{g(x) : x € J} anda =
(AS5) There exists [ € £!(J,RT) such that

Ga(H(x.y),H(x,5)) <I(x)|y 3| fora.e. x€ 3, y,y €R,

d(0,H(x,0)) <lI(x), a.e.x €.

Theorem 3.5. Under assumptions (Al)-(AS), the initial value problem (1.1) has at least one solution on J.

Proof. We transform the problem (1.1) into a fixed point problem. Consider the multivalued operator

p -0 X
M(M) = {thQ(:},R)h(x):u0+ul(%)+lli(w) O<sz<x/xmil(xfnisp)wflspflg(s)ds
p27co B . Yo o B
plfco "X
= By L6 s

+ Y )+ Y c—xa)la(u(x,)), 8 € Shu}

0<x,,<x 0<x,, <x

Clearly from Lemma 3.4, fixed points of M are solutions to (1.1). We shall prove that M satisfies the assumptions of the nonlinear alternative
of Leray-Schauder type [24]. The proof of the theorem contains five steps.
Step 1: M(u) is convex for each u € PE(J,R). If hy,hy € M(u), then there exist g1,82 € Sy, such that for each x € J, we obtain,

() )R F [ e o
e = u, u— Xm — S S ((s)as
' 0 ! P F(w) 0<x,, <x v Xm-1 " 8
s Y i) [ ) R s
F(w - 1) 0<x,,<x Xm—1

pl=® ¥ 1.p-1

+ Z Im(”(x;))_'_ Z (x_xm)l_m(u(x;)),izl,l

0<x,<x 0<x,<x
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Let 0 < d < 1, then for each x € J, we have

(- d)) = ()10 " (= 5P)0 5P gy (5) 4 (1 - d)ga(s))ds
p F((o) 0<x,, <x ¥/ Xm—1
p2-0 - e .
+ moqmq(xp 10 )/x,n,l(xﬁ“*sp) 200-11g. () 4+ (1 —d)ga(s)lds

-0  ,x
+ by 6P =)0 e 6)+ (1~ d)gal)lds

[(o)
+ OZ Im(u(x;))+02 (= ) I (14 (x,))-

Since Sy, is convex(because H has convex values), we get
dhi+ (1 —d)hy € M(u).

Step 2: M maps bounded sets into bounded sets in PE(J,R). Let Bo- = {u € PE(J,R) : ||ul|, < Q*} be bounded set in PE(J,R) and
u € Bg-. Then for each i € M(u) and x € J, we get (A2)-(A3),

W < k4[4 o+ B [ ) s tslas
B P r((l)) 0<x,, <x v Xm-1
p*® p-1_ =1y [T (P _ pyo-2,p-1
+ = xfff/ X —sPYO72sP T |g(s)|ds
F((D—l) 0<XZW<X( " ) Xm*l( " ) | ()l
plf(i) X
v e /xm(xpfsp)w_lsp_l\g(sﬂds
+ Y )|+ Y e xm) [Ba(u(x,)
0<x,<x 0<x,, <x
u kTP® g0 TPO 40 TPO4° -
< —| TP+ —————P(Q )+ ————P(QF) + ——————P(Q") + kD" (QF) + kD™ (QF).
Thus,
uy kTpcuqO prqo prqo B B
hll., < TP+ —————— Q)+ ————D(Q") + ——————D(QF) + kD™ (QF) + kD™ (Q*) := 7.
I < ol 5 T2+ G 1y @)+ iy )+ Saprg y P RN (Q) +4F (@)

Step 3: M maps bounded sets into equicontinuous sets of PE(J,R). Let 1,15 € J, 11 < 12, Bo+ be a bounded set of PE(F,R) as in Step 2,
let u € Bg+ and h € M(u), then

|h(12) = h(t1)]

IN

wl p p P P pyo—1 p-1
2 -+ L[ R g(s)lds
P 0<x, <ty —t ¥ ¥m=1

£ =)0 = (1 =)0 2 g(s)] s

tf fsp)wfl‘ ‘spfl‘ lg(s)|ds

p>° y p=1_ p=1y [ (b _ pyo-2|p-1
+ @ =) [ =52 lg(o) s
F(w - 1) 0<x<tr—1 Xm—1
p*® p—1_ p=1y [ p  pro-2]p-1
+ (ti—tf)/ (x —s)7‘57’|g(s)|ds
r(w - 1) 0<§<tl 2 ! Xm—1 "
+ Y o )+ Y (2 —xm) [In(u(xy,))]
0<x,<tr—t 0<x,<tr—t
+ Z (tz—t1)|1_m(u(x;l))|.
0<xpm <ty

From the hypotheses (A2) and (A3), we can easily show that the right hand side of the above inequality tends to zero independently of u as
t1 — t. From Step 1 to Step 3 together with the Arzeld-Ascoli theorem, we can conclude that M : PE(J,R) — P(PE(JF,R)) is completely
continuous.

Step 4: M has a closed graph. Let u, — u., h, € M(u,) and h, — h,. we want to prove that h, € M(u,). h, € M(u,) means that there
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exists g, € Sy 4, such that, for each x € J,

W) = s+ 2 ¥ [T - e g, s
p I'(w) 0< Xy, <x 7 Xm—1
p*° p-1_ o=y [ (o _ pyo-2p-1
4+ = xf—xmf/ m—sP)O TP g (s)ds
F(m71)0<§<x( ) xmﬂ( ) 8n(s)
pl=® rx 1 p—1
p_ pyo—1p—
+ () /xm(x sPYOT P gy (5)ds
+ Z I (un (x;,)) + Z (o = xim) I (ttn ()
0<x,<x 0<x, <x

we want to prove that, there exists g, € Sy, such that, for each x € J,

O R T M M L
«(xX) = wupt+u(— Xiy — 8 P g (s)ds
P F(w) 0<x,, <x v Xm-1
p>e 1y [ 2. p-1
p—1_\P- —sPYO-2p= 14 (9)d
e | =)0 g ()
pl—w X
+ r(w) /Xm (xp _Sp)wilspilg*(ky)ds
+ Z I (us(x,,)) + Z (x — X ) I (1 (X)) - (3.6)
0<x, <x 0<x,, <x

Since H (x,-) is upper semi continuous, then for every € > 0, there exist mg (&) > 0 such that for every m > myg, we get
gn(x) € H(x,un(x)) C H(x,u«(x))+€B(0,1), a.e. x € J.
Since H(-,-) has compact values, then there exists a subsequence g, (-) such that

gm,,(') — g*(‘)7 as n — oo,

g«(x) € H(x,ux(x)), a.e. x € 3.

Using the concept that the functions I, and I, m = 1,2,.. .k are continuous, we can easily prove that &, and g, satisfy (3.6).
Step 5: A priori bounds on solutions. Let u € PE(J,R) be such that u € uM(u) for u € (0,1). Then there exists g € Sy, such that, for
eachx e J,

u 1-w Xom 3 B
lu(x)| < |uo\+FlTp+1p~(w) Y /x (v = sP) 1P g (s)D(|u(s) ) ds
0<x,, <x v Am—1
p>® 1 p-1y [ 2 p—1
L M ) A A A OLIODEE
0<x,, <X Y Xm—1
ple ¥ 1 p—1
p_ Y01 p—
+ By L0 = () (uts) s
+ Y @ (usD+ ), (luls))
0<x,<x 0<x,<x
u kTP®Og0 kTPOg0 kTP g0
< Py = 1 - 1 - 1
< Juol+ o T +pwl“(a)+1)®(||u”°°)+pw—lr(a))(b(”u"”)Jrpwr(w+1)¢(”uu°")

+ kD ([lull) + A" ([Jull)-
Thus,

ol .

TP +a®(|Jull..) + k@* (||ull.0) +*kD* (|[u].o)

Jug | +

%1
Then by (A4), there exists N such that ||u||,, # N. Let

U={uecPC(J,R):|ull, <N}
The operator M : U — P(BE(J,R)) is upper semi-continuous and completely continuous. From the choice of U, there is no u € dU such

that u € uM(u) for some p € (0,1). From the concepts of the nonlinear alternative of Leray-Schauder type [24], we conclude that M has a
fixed point # in U which is a solution of the problem (1.1). This completes the proof of the theorem. O
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4. The nonconvex case

In this section, we discuss about the concepts for the existence of solutions for the problem (1.1), when the right hand side has a nonconvex
value. Now, we adopt the concepts from Bressan and Colombo [25], Covitz and Nodler [23], and some existence results for nonconvex
valued differential inclusion in [5, 21]. We consider the following hypotheses for the next theorem:

(A6) H:J xR — Qcp(R) has the property that H(-,y) : J = Ocp(R) is measurable, convex valued and integrable bounded for each y € R.
(A7) There exist constants £*, 7 > 0 such that

[In(y) = Ln(3)| < £*|y—7]|, foreachy,y € Rand m = 1,2,.. .k,

|I_m()7) _I_m()7)| < Z* |y_)7| ’ for eachy,)'f €ERandm= 1727" k.
Theorem 4.1. Assume that (A5)-(A7). If

kiTP® kiTP® iTPo

%k p_*
peT'(w+1) + P2~ 1T (w) + poT(w+1) +k(CF+TPE)| <1, 4.1)

where [ = sup{I(x) : x € 3}, then (1.1) has one solution on 3.

Proof. For each u € PE(J,R), the set Sy 4, is nonempty. From (A6) and (see [26, Theorem II1.6], H has a measurable selection. We shall
prove that M satisfies the assumptions of Lemma 2.3. The proof contains two steps.

Step 1: M(u) € Q. (PE(J,R)) for each u € PE(J,R). Let (un)n>0 € M(u) such that u, — i in PE(J,R). Then, i € PE(J,R) and there
exists g, € Sy 4 such that for each x € J,

xP -0 Xom o
up(x) = uo-i-ul(;)-‘r?(w) /X (xh, —sP)O~ 1Pl g, (5)ds
0<xy, <x v Am—1
p>® 1 —1y [ 2.p-1
' feon Y P - )/x (xfn — 5P )2 25P gy (s)ds
0<x,<x m—1
pliw x P p\o—1 p—1
— )01 Tg, (5)d
"y [, 00T e
+ Y )+ Y = xm) b (u(x,)).
0<x, <x 0<x,<x

From (A5) and H has compact values, we may pass to a subsequence if necessary to get that g, converges weakly to g in £3V (3,R)(the space
endowed with the weak topology). A standard argument shows that g, converges strongly to g € Sy ,,. Then, for each x € J,

1-o Xm
) i) = w5+ T[T oot gl
0<x,, <x ¥/ Xm—1

2—w "X
* o, X A [ eh o) elas
+ 1[11(;)“)’ /X:(xpfsp)“”'sp"g(s)ds
Y )t Y sl

0<x,<x 0<x, <x

So, ii € M(u).
Step 2: There exists Y < 1 such that Gg(M(u),M(iz)) < y||u— i, for each u,i € PE(J,R). Let u,i € PE(J,R) and h; € M(u). Then
there exists g (x) € H(x,u(x)) such that for each x € J,

X opt® mop pyo—1p-1
h(x) = u0+u1(g)+r(w) Z /x (xm — )97 5P gy (5)ds
0<x, <x ¥ Am—1

+ e Y (xp_lfxf[l)/xm (= sP)2 2P gy (5)ds
F(w - 1) 0<x,, <x Xm—1
pl—w X

+ Z In(u(xy,)) + Z (x—xm)l_m(u(x,;)).
0<x,, <x 0<x,,<x

From (A5), we get

Ga (H (x,u(x)), H (x,(x))) < 1(x) [u(x) —a(x)].

Therefore, there exists z € H(x, i(x)) such that

[g1(x) = 2| < 1) [u(x) —#(x)[, x € 3.
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Consider U : J — P(R) given by

Ux) ={z€R:[g1(x) =z <I(x) |u(x) —a(x)[}.

Since the multivalued operator V (x) = U (x) N H (x,ii(x)) is measurable (See [He, Proposition II1.4]), there exists a function g, (x) which is a
measurable selection for V. So, g»(x) € H(x,(x)), and for each x € J,

lg1(x) = g2(0)[ < 1(x) |u(x) — ()]

Now, we define for eachx € J ,

hhx) = uo+u1(£)+p17w /Xm (xh = sP)2 1P L gy (5)ds
- m
P F(w) 0<x,, <xVXm-1
T [ h=) 20 gals)ds
F(a)_l) 0<x,, <x " Xm—1 "
b P [ (s
F((D) Xm
+ Z I (u(x)) + Z (X*xm)im(”(x;))-
0<x,,<x 0<x,, <x
Then, for each x € J,
p'=® m 1p-1
-k < 25 ¥ [T @) o) - (o) s
((JJ) 0<x,, <x v Xm—1
p*® p—1_ p—1y [ PP o-2p-1 _
+ = ) Xm ) (om —sP)O77sP 7 g1 (s) — g2(s)[ ds
F((D - 1) 0<x,, <x Xm—1
plfa) X
+ By L= ) (o)
+ Y i) = In(@,) |+ Y (o—xm) [T (1)) = T (@(x5,))]
0<x,, <x 0<x,<x
< Py [ )0 ) )
T o) 2 "
Ip>® —1_ p-1y [ 2 p-1
+ xP— -« / xh —sP)O=25P =11y (5) — ia(s)|ds
Fo 17, L 0 =) [ (hs) 20 ) )
+ ol /X(xp—sp)wflspfl|u(s)—ﬁ(s)|ds
I(w) Jx,
k ko
+ Y ul) — )|+ Y F () |u(x,) — ()|,
m=1 m=1
< T g AT )
—— |[|[U—U — < ||{u—u
- plT(o+1) = po (o) ©
irer® _ . _ e _
m”“—””w*‘w |t —itl| o + kTP O ||u— ., -
Thus,
kiTP® kITP® irro _
- < TP — 0] -
Iy el < | Sty + i) * parte T HAE 78 lu-al.

By an similar relation obtained by interchanging the roles of u and i, we get

KITP® N KITP® N TP
peT(w+1) p@T(w) peT(w+1)

Gy(M(u),M (7)) < [ +k(€*+T”l7*)} l|lu— it -

From (4.1), M is a contraction and by Lemma 2.3, M has a fixed point «# which is a solution to (1.1). Hence the proof is complete. O

Now, we prove a result for problem (1.1) by using the concept of the nonlinear alternative of Leray-Schauder type [24] for single-valued
maps with a selection theorem due to Bressan-Colombo for lower semi-continuous multivalued maps with decomposable values, also see
[27] for multivalued maps with decomposable values and their properties.

Let E be a subset of [0,7] x R. E is £® % measurable if E belongs to the 0- algebra generated by all sets of the form J x D, where J is
Lebesgue measurable in [0,7] and D is Borel measurable in R. A subset E of £!([0,7],R) is decomposable if for all y,z € E and J C [0, T]
measurable, yx; +zX[o,r]—s € E, where x stands for the characteristic function.

Let F : Y — P(Y) be a multivalued operator with nonempty closed values. F is lower semi-continuous, if the set {t €Y : F(t)NB # 0} is
open for any open set Bin Y.
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Definition 4.2. Let X be a separable metric space and let M : X — P(£1([0,T],R)) be a multivalued operator; then M has Bressan-Colombo
property if

(1) M is lower semi-continuous;
(2) M has nonempty closed and decomposable values.

Let H:[0,T] xR — P(R) be a multivalued map with a nonempty compact values. Consider to H the multivalued operator $) :3€([0,T],R) —
P(£Y([0,T],R)) by letting

H(u) = {z € £1([0,T),R) : z(x) € H(x,u(x)) fora.e.x € [0,T]}.
The operator $ is called the Niemytzki operator associated with H.

Definition 4.3. Let H : [0,T] x R — P(R) be a multivalued function with nonempty compact values. We say H is of lower semi-continuous
type if its associated Niemytzki operator $) is lower semi-continuous and has nonempty closed and decomposable values.

Now we present a selection theorem due to Bressan and Colombo [25].

Theorem 4.4. [25] Let X be a separable metric space and let the operator M : X — P(£'([0,T],R)) be a multivalued satisfying property
Bressan and Colombo. Then M has a continuous selection, that is there exists a continuous function(single-valued) f : X — £l ([0,1],R)
such that f(u) € M(u) for every u € X.

Next we introduce the following hypotheses:

(A8) H:[0,T] xR — P(R) is a nonempty compact valued multivalued map such that:
(@) (x,u) — H(x,u) is £® % measurable;
(b) u+> H(x,u) is lower semi-continuous for a.e. x € [0,T].

(A9) For each p > 0, there exists a function i, € £!([0,7],R") such that

|H(x,u)||p < hp(x) fora.e xe[0,T],

and for u € R with |u| < p.
The following lemma plays important role in our main result.

Lemma 4.5. [28] Let H : [0,T] x R — P(R) be a multivalued map with nonempty, compact values. Assume that (A8), (A9) hold, then H is
of lower semi-continuous.

Theorem 4.6. Suppose that hypotheses (A2)-(A4), (A8), and (A9) are satisfied. Then the problem (1.1) has at least one solution.

Proof. From hypotheses (A8), (A9) and Lemma 4.5, F is of lower semi-continuous type. Then from Theorem 4.4, there exists a continuous
function / € PE([0,T],R) — £1([0,T],R) such that h(u) € $(u) for all u € PE([0,T],R). Consider the problem

PDQ.u(x) € h(u)(x), forae.xeJ=[0,T],x#x,m=12,...k,1<®<2,
AM|X:)¢m :Im(u(xr;))> m:1727'“7k7

AMIL\-:X’” :I_Wl(u(x;l))? m= 1727"'7k7

u(0) = ug, u'(0) = uy.

4.2)

If u is a solution of (4.2), then u is a solution of (1.1). Problem (4.2) can be reformulated as a fixed point problem for the operator
M BeE(]0,T],R) — PE([0,T],R) defined by

MW = wrnCo) 2 T [ e s
P F(w) 0<x,, <x v Xm-1

+ e (xpflfx&“)/x"’ (x5, — sP)O 2P () (5)ds
F(CO - 1) 0<x,, <x Xm—1
Pliw x P p\o—1 p—1

+ ) /Xm(x —sP)OT P h(u) (s)ds

+ Z I (u(x)) + Z (X_xm)l_m(”(x;))-
0<x, <x 0<x,<x

Using (A2)-(A4) and from similar argument as in Theorem 3.5, we can prove that the operator M satisfies all conditions in the Leray-Schauder
alternative. O

5. Topological structure of the solution set

In this section, we present a theorem on the topological structure of the set of solutions to (1.1).
Theorem 5.1. Assume that (A1), (AS) and the following hypotheses hold:

(AIO0) There exists q1 € €(J,R") such that |H (x,y)||p < q1(x) forx € Jandy € R.
(All) There exists dy,dr > 0 such that

[In(y)| < di, fory €R,
In(y)| < da, fory €R.
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Then the solution set of (1.1) is not empty and is compact in PE(J,R).
Proof. Let
S={uePE(J,R) :uisasolutionof (1.1)}.

From Theorem 3.5, S # 0. Now, we want to prove that S is compact. Let (uy),en € S, then there exists g, € SH 4, and x € J such that

W = ot Bl [T e (o
= up+u(— -
" p F(w) 0<x,, <x Xm—1 " "
bR T ) [ ) o
F(O) - 1) 0<x,, <x Km—1
p' =@ ¥ 1 p—1
+ ) /xm(xp—sp)“F P g, (s)ds
+ Z In(un (x;,)) + Z (= xim) I (1 (3, )-
0<x,,<x 0<x,, <x

From hypotheses (A1), (A10) and (A11), we can show that there exists an N > 0 such that ||u,]||.. < N; for every n > 1. As in Step 3 in
Theorem 3.5, we can prove that the set {u, : n > 1} is equicontinuous in BE(J,R). By Arzeld-Ascoli theorem, we can say that, there exists
a subsequence(denoted again by {u, }) of {u,} such that u, converges to u in PE(J,R). We shall prove that there exist g(-) € F(-,u(-)) and
x € J such that

1-w
ulx) = u0+u1(%)+ lfi(a)) N X:il(xeﬂfsp)w_lsp_]g(s)ds
Y w0l [ ) s
INw-1) 0<r<x Jx 1
+ Ili](wc;) /):(xp—sp)wflspflg(s)ds
+ Z L (u(x;,)) + Z (x—xm)l_m(u(x,;)).
0<x, <x 0<x,<x

Since H (x,-) is upper semi-continuous, for every € > 0, there exists ng (&) > 0 such that for every n > ng, we get
gn(x) € H(x,un(x)) C H(x,u(x))+€B(0,1), a.e. x € J.
Since H(-,-) has compact values, there exists subsequence g, (-) such that

8 (1) = 8(-) asm — oo,

g(x) € H(x,u(x)), a.e. x €.
Therefore,
lgn, (V)| < q1(x), a.e. x € 3.

By Lebesgue’s dominated convergence theorem, we say that g € £!(J,R) which implies that g € S .- Thus, for x € J, we get

ux) = u0+u1(£)+pliw " (xp — sP )2 P g (s)ds
P () 0<oxyy <x ¥/ Xm=1
T e [ =)o 20 gs)as
l—‘(a)_1)0<)cm<x ! S
p' =@ rx 1 p—1
p_ pyo—1p—
+ () /xm(x sPYOT P g(s)ds
+ Y (b)) + Y v xm) D (ulx,))-
0<x,, <x 0<x,,<x

Then,

S € Pop(PE(I,R)).
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6. An example
Example 6.1. We consider the Katugampola fractional impulsive differential inclusions of the type,

PDJ.u(x) € H(x,u(x)), a. e x€J=[0,T], x# % l<w<2,

Au|x,1 ! —,
T3 6+u(i)
N | L 6.1)
Ad| 1 = —
8+[u(4 )
u(0) = ug, u'(0) =0.

Let us assume the values T =1, k=1,x] = %, p =1,and xyg =x; =0. Set

H(x,u) ={g €R: fi(x,u) <g < falx,u)},
where the functions fi, f> : J x R — R are given.

1 - 1

I (u(xy)) = ﬁv I (u(xy)) = m
ul3 ulz

Then the eqaution (6.1) takes the form (1.1). We consider for each x € J, the function fj (x,-) is lower semi-continuous(i.e.,the set {u € R :
fi(x,u) > A} is open for each A € R), and assume that for each x € J, f2(x, ) is upper semi-continuous(i.e.,the set {u € R: fo(x,u) < A} is
open for each A € R). Assume that there are g € €(J,R™) and @ : [0,e0) — (0,0) continuous and non decreasing such that

max(|fi (x,u)], [f2(x,u)]) < g(x)®P(Ju]), x € Jand u € R.

Assume that there exists a constant NV > 0 such that
N

24° q° 7
(e + rlay) @)+ 5
From this, H is compact and convex valued and it is upper semi-continuous [20]. Since all the conditions of Theorem 3.5 are satisfied, the
problem (6.1) has at least one solution u on .

> 1.

7. Conclusion

In this article, Leray-Schauder type, Bressan and Colombo, Covitz and Nodler concepts are used to prove the the Katugampola fractional type
impulsive differential equations with inclusions. The obtained conditions ensure that the existence of at least one solution to the proposed
problem. Further, an example is investigated for the problem.
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