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Abstract: Self-dual and complementary dual cyclic/abelian codes over finite fields form important classes of
linear codes that have been extensively studied due to their rich algebraic structures and wide appli-
cations. In this paper, abelian codes over Galois rings are studied in terms of the ideals in the group
ring GR(p", s)[G], where G is a finite abelian group and GR(p", s) is a Galois ring. Characterizations
of self-dual abelian codes have been given together with necessary and sufficient conditions for the
existence of a self-dual abelian code in GR(p", s)[G]. A general formula for the number of such self-
dual codes is established. In the case where ged(|G|,p) = 1, the number of self-dual abelian codes
in GR(p", s)[G] is completely and explicitly determined. Applying known results on cyclic codes of
length p® over GR(p?, s), an explicit formula for the number of self-dual abelian codes in GR(p?, s)[G]
are given, where the Sylow p-subgroup of G is cyclic. Subsequently, the characterization and enumer-
ation of complementary dual abelian codes in GR(p", s)[G] are established. The analogous results for
self-dual and complementary dual cyclic codes over Galois rings are therefore obtained as corollaries.
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1. Introduction

Algebraically structured codes over finite fields with self-duality and complementary duality are
important families of linear codes that have been extensively studied for both theoretical and practical
reasons (see [1], [3], [11], [13], [15], [21], [26], [27], and references therein). Codes over finite rings have
been interesting since it was proven that some binary non-linear codes such as the Kerdock, Preparata,
and Goethal codes are the Gray images of linear codes over Z, [10]. Algebraically structured codes such
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as cyclic, constacyclic, and abelian codes have extensively been studied over Z,-, Galois rings, and finite
chain rings in general (see [7],[18], and references therein).

The characterization and enumeration of Euclidean self-dual cyclic codes over finite fields have been
established in [11] and generalized to Euclidean and Hermitian self-dual abelian codes over finite fields
in [13] and [15], respectively. Over some finite rings, a characterization of self-dual cyclic, constacyclic
and abelian codes has been done (see, for example, [1], [7],[16], [17], [24], and [26]). In [1], [5], [4] and
[23], characterization and enumeration of Euclidean and Hermitian self-dual cyclic codes over finite chain
rings have been discussed. Euclidean complementary dual cyclic codes over finite fields have been studied
in [27]. Recently, they have been generalized to Euclidean and Hermitian complementary dual abelian
codes over finite fields in [3]. The complete characterization and enumeration of complementary dual
abelian codes over finite fields have been established in the said paper.

In this paper, we focus on abelian codes over Galois rings GR(p", s), i.e., ideals in the group ring
GR(p", s)[G] of an abelian group G over a Galios ring GR(p",s). Specifically, we study self-dual and
complementary dual abelian codes in GR(p", s)[G] with respect to both the Euclidean and Hermitian
inner products. We characterize such self-dual abelian codes and determine necessary and sufficient
conditions for the existence of a self-dual abelian code in GR(p", s)[G]. We give a formula for the number
of self-dual abelian codes in GR(p", s)[G]. Under the restriction i) ged(|G|,p) = 1; or i) r = 2 and the
Sylow p-subgroup of G is cyclic, the numbers of self-dual abelian codes in GR(p", s)[G] are explicitly
determined. Subsequently, the characterization and enumeration of complementary dual abelian codes
in GR(p", s)[G] are given. The number of complementary dual abelian codes in GR(p", s)[G] is shown to
be independent of r and the Sylow p-subgroup of G.

We note that the Hermitian duality is meaningful only when s is even. Since we study Euclidean
and Hermitian self-dual codes in parallel, the assumption that s is even is included whenever we refer to
the Hermitian duality.

The paper is organized as follows. In Section 2, we recall and prove some basic results for group
rings, abelian codes, and their duals. In Section 3, we present the characterization and a general set up for
the enumeration of self-dual abelian codes in GR(p", s)[G]. The complete enumeration of Euclidean and
Hermitian self-dual abelian codes in GR(p", s)[G] is given in the special cases where i) ged(p, |G]|) = 1;
and #7) r = 2 and the Sylow p-subgroup of G is cyclic. In Section 4, the characterization and enumeration
of complementary dual abelian codes in GR(p", s)[G] are given.

2. Preliminaries

In this section, we recall some definitions and basic properties of abelian codes and prove some results
on their Euclidean and Hermitian duals.

2.1. Abelian codes

For a finite commutative ring R with identity and a finite abelian group G, written additively, let
R[G] denote the group ring of G over R. The elements in R[G] will be written as }: ., a,Y9, where
ag € R. The addition and the multiplication in R[G] are given as in the usual polynomial rings over R
with the indeterminate Y, where the indices are computed additively in G. By convention, Y? = 1 is the
identity of R, where 0 is the additive identity of G.

An abelian code in R[G] is defined to be an ideal of R[G]. If G = {¢1, 92, ..., gn} is an abelian group of
order n, it is not dificult to see that the map m : R[G] — R™ defined by >\ | oy, Y9 = (g, , gy, - - .5 g,
is an R-module isomorphism. Hence, an abelian code C' in R[G] can be viewed as an R-submodule 7(C')
in R™. Precisely, 7(C) is a linear code of length n over R. If G is cyclic of order n, an abelian code in
R[G] becomes a classical cyclic code of length n over R. In this case, an abelian code will be referred to
as a cyclic code. It is well known that a cyclic code of length n over R can also be regarded as an ideal
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in the quotient polynomial ring R[X]/(X"™ — 1).

From now on, we focus on the case where the ring is a Galois ring GR(p", s), a Galois extension of
degree s of an integer residue ring Z,~. Let { be an element in GR(p", s) that generates a Teichmiiller
set Ty of GR(p", s). In other words, 75 = {0,1,£,&2,...,£7" 2}, Then every element in GR(p", s) has a
unique p-adic expansion of the form

a=agF+op+---+ap1p

where «; € T for all i = 0,1,...,r — 1. In the case where s is even, the map ~: GR(p", s) = GR(p", s)
defined by
s/2 s/2 s/2
a=ap +of ptootayp! (1)

is a ring automorphism on GR(p", s). For more details on Galois rings, we refer the readers to [25].

Let P be the Sylow p-subgroup of G and let A be a complementary subgroup of P in G. Then
G = AxP. Let R:=GR(p", s)[A]. Then the map ® : GR(p", s)[G] — R[P)] given by

DD Y = o (Y)Y,

ac€AbeP beP

where ap(Y) = > c 4 @aypY? € R, is a well-known ring isomorphism (see [19, Section 3.2, Exercise 4]).
Then ® induces a one-to-one correspondence between the ideals in GR(p", s)[G] and the ideals in R[P)].
Since an abelian code is an ideal in a group ring, the above discussion can be interpreted in terms of
abelian codes as follows.

Lemma 2.1. The map ® induces a one-to-one correspondence between the abelian codes in GR(p", s)[G]

and the abelian codes in R[P].

An abelian code C in GR(p", s)[G] is said to be Euclidean self-dual (resp., Euclidean complementary
dual) if C = C*+® (resp., CNC*+® = {0}), where C1* is the dual of C with respect to the form

(u,v)g = Z agfyg,

geG
where u =} s,V and v =3} ,B,Y7.
Define an involution = on R to be the GR(p", s)-module homomorphism that fixes GR(p", s) and
1.
sends Y to Y ¢ for all a € A. An abelian code D in R[P] is said to be “-self-dual if D =D ~, where
L
D  is the dual of D with respect to the form

(.yh =Y @(V)y,(Y),
beP

where z =Y, p @y (Y)Y and y = 3, p 4, (Y)Y,

In addition, if s is even, an abelian code C in GR(p", s)[G] is said to be Hermitian self-dual (resp.,
Hermitian complementary dual) if C = C1# (resp., C N Ct# = {0}), where C1# is the dual of C with
respect to the form

(u,v)g = Z g8y,

geqG

where u =3 qogY9andv =73 ;B,Y".

~
H
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Define an involution ™ on R to be the GR(p", s)-module homomorphism that sends « to @ for all
a € GR(p", s) and sends Y to Y ¢ for all a € A. An abelian code D in R[P] is said to be ~-self-dual if
D = D+~ where D+~ is the dual of D with respect to the form

(@)= > @Yy, (V).
beP

where z =Y, p @y (Y)Y and y = 3, p 4, (Y)Y,

Similarly to the finite field case, the following relations among the above forms can be verified using
arguments similar to those in [13, Proposition 2.4| and [15, Proposition 2.4].

Lemma 2.2. Let r and s be positive integers and let p be a prime number. Let G = A X P be as above
and u,v € GR(p", s)[G]. Then the following statements hold.

i) (Y9u,v)g =0 for all g € G if and only if (Y°®(u),®(v)).. =0 for all b€ P.
ii) If s is even, then (Y9u,v)g = 0 for all g € G if and only if (Y°®(u), ®(v))~ =0 for all b € P.

The next corollary follows immediately.

Corollary 2.3. Let r and s be positive integers and let p be a prime number. Let C be an abelian code
in GR(p", 8)[G]. Then the following statements hold.

1
i) ®(C) ~ = ®(C*t®). In particular, C is Euclidean self-dual if and only if ®(C) is ~-self-dual.
ii) If s is even, then ®(C)*~ = ®(C*%). In particular, C is Hermitian self-dual if and only if ®(C) is
~-self-dual.

Therefore, to study Euclidean and Hermitian self-dual abelian codes in GR(p", s)[G], it is sufficient
to consider ~-self-dual and ~-self-dual abelian codes in R[P], respectively.

2.2. Decomposition and dualities

Recall that p represents a prime number, s is a positive integer, and A is a finite abelian group such
that ged(p, |A|) = 1.

For coprime positive integers i, j, let ord;(j) denote the multiplicative order of j modulo i. Fora €
A, denote by ord(a) the additive order of ain A. For each a € A, a p*-cyclotomic class of A containing a is
defined to be the set

SPS (CL) ::{pSi ta | 1= 07 1a .. } = {pSi ta | 0 <i< Ordord(a)(ps)}v

where p* - aq = Z?Zl ain A. A p*-cyclotomic class Sp:(a) is said to be of type I if a = —a, type I if
Sps(a) = Sps(—a) and a # —a, or type W if Sps(—a) # Sp=(a). If s is even, a p*-cyclotomic class Sp=(a) is
said to be of type I if Sy (a) = Sps (—p*/%-a) or type W if Sp- (—p*/?-a) # S,(a), where —p*/2 - a denotes
p*? - (—a).

Remark 2.4. We have the following facts for the p*-cyclotomic classes of A (see [13, Remark 2.5] and
[15, Remark 2.6]).

1. A p®-cyclotomic class of type I has cardinality one.
2. S,:(0) is a p*-cyclotomic class of both types 1 and IT.

3. If a p°-cyclotomic class of type I exists, then its cardinality is even. Moreover, if Sps(a) is a
p*-cyclotomic class of type I of cardinality 2v, then —a = p*” - a.
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4. A p*-cyclotomic class of A of type I has odd cardinality. Moreover, if Sps(a) is a p*-cyclotomic
class of type I of cardinality v, then —a = p**/? - a and —p*/? - a = p*+tV/2 . ¢,

Assume that A has cardinality m and exponent M. By the Fundamental Theorem of finite abelian
groups, A can be written as a direct product of finite cyclic groups A = Hf\;l Ly, where Z,, =
{0,1,...,m; — 1} denotes the additive cyclic group of order m; > 2 for all 1 < i < N. Then an element
b € A can be written as b = (by,bs,...,by), where b; € Z,,,. For each h € A, let vy, : A — Z be defined
by

N
W(b) =Y bihs(M/my), (2)

i=1
where the sum is a rational sum.

Let p be the order of p® modulo M. Denote by ¢ a primitive Mth root of unity in GR(p", su). For
agiven c =, ¢,V € R:=GR(p",s)[A], its Discrete Fourier Transform (DFT) is ¢ = >, ., &Y™,
where

G = Z ca(”b(“) € GR(p", sp). (3)
a€A

Moreover, if Sps(h) has cardinality v, then it is not difficult to verify that &, is contained in a subring of
GR(p", sp) which is isomorphic to GR(p", sv).

Using this DFT, the decomposition of R := GR(p", s)[4], where ged(p, |A|) = 1, has been given in
[18] in terms of the mix-radix representation of the elements in A. In order to utilize the decomposition
in [18] for characterizing self-dual codes, we need to consider a suitable rearrangement of the terms in
the decomposition.

2.2.1. Euclidean case

For the Euclidean self-duality, we consider the rearrangement based on the p®-cyclotomic classes of
types I — I as follows. Assume that A contains L p®-cyclotomic classes. Without loss of generality, let
{a1,a2,...,ar} be a set of representatives of the p*-cyclotomic classes such that {a; | i = 1,2,...,t1},
{at+5 | J = 1,2,...,ta} and {a¢4g+ks Oty ptnrtmtk = —Qttnt+k | K = 1,2,...,tm} are sets of repre-
sentatives of p°-cyclotomic classes of types I, I, and I, respectively, where L = ¢; + ¢ty + 2ty. From the
definition, |Sps(a;)] =1 for all i = 1,2,...,t;. From Remark 2.4, the order of the p°-cyclotomic classes of
type Il is even order. For j = 1,2,...,tg, let 2e; denote the cardinality of Sps(as4;). For k=1,2,... tm,
Sps (atyttg+k) and Sps(Gy+ig+1m+k) have the same cardinality and denote it by fi.

Rearranging the terms in the decomposition in [18] based on the p®-cyclotomic classes of A of types
I — 10, we have

R = (1—1 GR(pr,s)> X ﬁ GR(p", 2se;) | x (ﬁ (GR(p", sfr) x GR(pr,sfk))> , (E1)

j=1 k=1

where GR(p",2se;) is induced by Sps(ay,+;) for all j = 1,2,...,¢tg and GR(p", sfi) x GR(p",sfx) is
induced by (Sps(at;+tn+k); Sps(—Gytig+k)) for all & = 1,2,...,tm. For more details and the explicit
isomorphism, the readers may refer to [18, Section II].

It follows that

RIP) = (f[ GR(pts)[m) < TTerwr 250171 | = (ﬁ (GRG, sf0)[P] x GR(pT,sfk)[P])) |
i=1 j=1 k=1

(E2)
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Therefore, by Lemma 2.1, every abelian code in GR(p", s)[G] = R[P] can be written in the form

C = (ﬂM) X 1_11[1/} X (ﬁ(Wk X W,é)), (E3)
i=1 j=1

k=1
where U; is an abelian code in GR(p", s)[P], V; is an abelian code in GR(p", 2se;)[P], and Wy, W] are
abelian codes in GR(p", sfx)[P] for all i = 1,2,...,¢1, = 1,2,... ¢y, and k= 1,2,...,tq.
The Euclidean dual of C in (E3) can be viewed to be of the form

o (fioe) < ({10 « (fL (o). o

i=1 7j=1 k=1

The detailed justification for (E4) is provided in Appendix A.1.

2.2.2. Hermitian case

In the case where s is even, we consider the other rearrangement of the decomposition of R in
terms of the p*-cyclotomic classes of A of types I and . Let {b; = 0,b,...,br} denote a set of
representatives of the p°-cyclotomic classes such that {b; | j = 1,2,...,tw} and {byy, 4k, bty +tgy+k =
—ps/2. bey+k | K =1,2,...,tw} represent p*-cyclotomic classes of types I' and 1T, respectively, where
L =ty + 2ty. For j = 1,2,...,ty, let é; denote the cardinality of Sp-(b;). For k = 1,2,..., ¢,

Sps (bey +x) and Sps (byy, ¢, +#) have the same cardinality and denote it by fj.

Rearranging the terms in the decomposition in [18] based on the p*-cyclotomic classes of A of types
I' and I, we have

R | [[GRG"s6)) | (H (GR(pr,sfwxGR(ptsfk))), (H1)

j=1 k=1

where GR(p", sé;) is induced by Sps(b;) for all j =1,2,...,ty and GR(p", sfi) x GR(p", sfy) is induced
by (Sps (th,+k), SPS(—pS/2 . btn,+]€)) for all k = 1, 2, . 7t]]:[/.

Consequently,

RIP = | [T GRG",56,)[P] | * (H (GR(zf,sfk)[P}xGR@dsfk)[P])) (H2)

j=1 k=1

and, by Lemma 2.1, every abelian code in GR(p", s)[G] = R[P] can be viewed as

C HE] x <ﬁ(Fk x F,Q)) : (H3)
j=1

k=1

where E; is an abelian code in GR(p", sé;)[P| and Fj, F}, are abelian codes in GR(p", sfx)[P] for all
j: 1,27...,t]1/ and k = 1,2,...,t]]]/.

Then the Hermitian dual of C in (H3) has the form

otn = ﬁEjH x (ﬁ ((F,;)iE X F,jE)) . (H4)

j=1 k=1

The detailed discussion for (H4) is provided in Appendix A.2.
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3. Self-dual abelian codes in GR(p", s)|G]

In this section, we characterize and enumerate FEuclidean and Hermitian self-dual abelian codes in
GR(p", s)[G]. We determine necessary and sufficient conditions for the existence of self-dual abelian codes
in GR(p", s)[G] in Subsection 3.1 and followed by general results for the enumeration of such self-dual
codes in Subsection 3.2. Some special cases will be discussed in Subsections 3.3 and 3.4.

3.1. The existence of self-dual abelian codes

The characterizations of Euclidean and Hermitian self-dual abelian codes in GR(p", s)[G] are given
as follows.

From (E3) and (E4), the characterization of Euclidean self-dual abelian codes in GR(p", s)[G] is
given in the next proposition.

Proposition 3.1. Let r and s be positive integers and let p be a prime number. An abelian code C in
GR(p", 5)[G] is Euclidean self-dual if and only if, in the decomposition (ES3),

i) U; is Fuclidean self-dual for alli=1,2,... t,
i) V; is Hermitian self-dual for all j =1,2,... ty, and
iii) Wi = Wi for all k =1,2,... ty.
The characterization of Hermitian self-dual abelian codes in GR(p", s)[G] follows immediately from
(H3) and (H4).

Proposition 3.2. Let r and s be positive integers such that s is even and let p be a prime number. Then
an abelian code C in GR(p", s)[G] is Hermitian self-dual if and only if, in the decomposition (H3),

i) E; is Hermitian self-dual for all j =1,2,...,ty, and
ii) Fj, = F® for allk =1,2,... ty.
Necessary and sufficient conditions for the existence of Euclidean and Hermitian self-dual abelian

codes in GR(p", s)[G] are given as follows. The conditions for the Euclidean case have been proven in
[26, Theorem 1.1]. Here, we provide an alternative constructive proof.

Proposition 3.3. Let r and s be positive integers and let p be a prime number. Let G be a finite abelian
group. Then there exists a Euclidean self-dual abelian code in GR(p", s)[G] if and only if one of the
following statements holds,

i) r is even, or

it) p=2 and |G| is even.

In addition, if s is even, then the conditions are equivalent to the existence of a Hermitian self-dual
abelian code in GR(p", s)[G].

Proof. Assume that G is decomposed as G = A ® P, where p { |A| and P is the Sylow p-subgroup of
G of order p®, where a > 0.

From (E3), assume that the code

C%(ﬁUZ)x ﬁVj X(ﬁ(WkXWé)>

k=1
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is Euclidean self-dual in GR(p", s)[G]. Then, by Proposition 3.1, U; is Euclidean self-dual in GR(p", s)[P].
It follows that |Uy| = (p®)"?"/? and rp®/2 is an integer. Hence, r is even, or p = 2 and a > 1.

For the converse, if r is even, then p"/2GR(p", s)[G] is Euclidean self-dual. Assume that 7 is odd,
p =2 and |G| is even. Let r" = [§]. Then |P| =2 with a > 1 and r = 27" — 1. Since the order of P is
even, P contains an element = of order 2. Define

€= <H (2GR, )[P] + 27 T GR(2", 5)[P) (Y + 1)))

i=1

H (2’“ GR(2", 2s¢,)[P] + 27 ~1GR(2", 2s¢,)[P) (Y™ + 1))

(ﬁ A {0}>> .

We prove that C is Euclidean self-dual. By Proposition 3.1, it is sufficient to show that
U :=2"GR(2",s)[P] + 2" ~'GR(2", s)[P](Y" + 1)
is Euclidean self-dual and
V; = 2" GR(2", 2s¢;)[P] 4+ 2" "'GR(2", 2s¢;)[P](Y" + 1)
is Hermitian self-dual for all j =1,2...,ty.
Let u=2"¢e+ 2’"/_16'(3/"‘c +1) and v = o' f 4+ 2”/_1f/(Y$ + 1) be elements in U, where e, €/, f,
and f are in GR(2", s)[P]. Since r = 21’ — 1 and z = —=, we have
(w,v)m = (27 €,2" flu + (2" e, 2" L f (Y +1))i
+ (@7 (YT 1),27 e+ 27T 1), 27T (Y 4 )
=2/ (Y 4+ 1), F(Y"+ 1))
_ 27‘—1 (<€/Yw,f/YI>E + <elym7f/>E + <e/7flyx>E + <e/7.f/>E)
— 27‘—1 (2<e/,fl>E + 2<elym7f/>E>
=0.

It is not difficult to verify that

Ul = 2 ORE P TIGRE@ PV 4 1) @) IR @ e
~2UGR(2, 8)[P]) N (27 IGR27, ) [PI(YT + 1)) (29002 '
Therefore, U is Euclidean self-dual.
Using arguments similar to the above, we can see that Vj is Hermitian self-dual for all j = 1,2...,¢y.

For the Hermitian case, we assume that s is even. The proof of the sufficiency is similar to the
Euclidean case, except that (H3) and Proposition 3.2 are applied instead of (E3) and Proposition 3.1 .

For the converse, if r is even, then p"/2GR(p", s)[G] is Hermitian self-dual. Assume that r is odd,

p =2 and |G| is even. Then P contains an element = of order 2. Let ' = [ 5] and define

C =~ ﬁ <2T/GR(2’",séj)[P] + 27 IGR(2T, 56;)[P)(Y® + 1)) x (ﬁ (GR(2T,sfk)[P} x {0})> .

j=1 k=1

By arguments similar to those in the proof of the Euclidean case, we can verity that 2" GR(2", sé;)[P] +
2" 1GR(2", 5é;)[P)(Y* + 1) is Hermitian self-dual for all j = 1,2,...,tp. Therefore, C is Hermitian
self-dual by Proposition 3.2. O
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3.2. Enumeration of self-dual abelian codes

We aim to characterize and enumerate Euclidean and Hermitian self-dual cyclic and abelian codes
over Galois rings. For convenience, we fix the following notations.

e NC(GR(p",s),n) — the number of cyclic codes of length n over GR(p", s),

e NEC(GR(p",s),n) — the number of Euclidean self-dual cyclic codes of length n over GR(p", s),
e NHC(GR(p",s),n) — the number of Hermitian self-dual cyclic codes of length n over GR(p", s),
o NA(GR(p", s)[G]) - the number of abelian codes in GR(p", s)[G],

e NEA(GR(p", s)[G]) — the number of Euclidean self-dual abelian codes in GR(p", s)[G],

e NHA(GR(p", s)[G]) — the number of Hermitian self-dual abelian codes in GR(p", s)[G],

where s is assumed to be even in cases of NHC(GR(p", s),n) and NHA(GR(p", s)[G]).

To determine the numbers of Euclidean and Hermitian self-dual abelian codes, we need some group-
theoretic and number-theoretic results. For completeness, we recall the following results.

For a finite group A and a positive integer d, let N'4(d) denote the number of elements in A of order
d. The explicit expression of N4(d) is completely determined in [2].

Let ¢ be a prime power and let j be a positive integer. The pair (4, q) is said to be oddly good if j
divides ¢* + 1 for some odd integer ¢t > 1, and evenly good if j divides ¢* + 1 for some even integer ¢t > 2.
It is said to be good if it is oddly good or evenly good, and bad otherwise. The characterization of good
and oddly-good pairs of integers can be found in [12], [11], [13], [15], and [20].

Let x and XA be functions defined on the pair (j,q), where j is a positive integer, as follows.

{O if (4, q) is good,

XU a) = 1  otherwise,

and

. 0 if (4,q) is oddly good,
Ao,q){ ) 18 oddly g (5)

1 otherwise.

The following two lemmas are extended from the case where ¢ is a power of 2 in [13] and [15] and the
proof is omitted. The readers may refer to [13, Lemma 4.5] and [15, Lemma 7] for the idea of the proofs.

Lemma 3.4. Let s be a positive integer and let p be a prime number. Let A be a finite abelian group
such that ged(|A|,p) =1 and let h € A. Then Sy« (h) is of type 1L if and only if (ord(h),p®) is bad.

Lemma 3.5. Let s be an even positive integer and let p be a prime number. Let A be a finite abelian
group such that ged(|A|,p) = 1 and let h € A\{0}. Then S, (h) is of type W if and only if (ord(h),p*/?)
is evenly good or bad.

Utilizing the decomposition in Section 2 and the discussion above, we obtain the following formulas
for the numbers of Euclidean and Hermitian self-dual abelian codes in GR(p", s)[G], where G is an
arbitrary finite abelian group. Without loss of generality, we assume that G = A @ P, where P is a finite
abelian p-group and A is a finite abelian group such that p 1 |A].

Theorem 3.6. Let p be a prime and let s, be integers such that 1 < s and 1 < r. Let A be a finite
abelian group of exponent M such that pt M and let P be a finite abelian p-group. Then
> (I=x(d;p"))Na(d)
NEA(GR(p", s)[A® P]) = (NEA(GR(p", s)[P]))**erta=

ayy _Na(d)

< I (NHAGRG,s - ordg(p))[P]) X
)M
ordg(p®)#1

sy _Na(d)
x J] (NA(GR(p", s - orda(p®))[P]))¥P ) 5o
d|M
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In addition, if s is even, then

S\ Na(d)
NHA(GR(p",s)[A@® P]) = [[ (NHA(GR(p", s - orda(p))[P]) 4PV aion
d|M
T s )\(d’p%)szAi(dL
x [ (NA(GR(p", s - orda(p*))[P])) orda (%) |
d|M

Proof. First, we consider the Euclidean case. From (E3) and Proposition 3.1, it is sufficient to count
the numbers of Euclidean self-dual abelian codes U;’s, the numbers of Hermitian self-dual abelian codes
Vi’s, and the numbers of abelian codes W;’s which correspond to the p*-cyclotomic classes of types I, I,
and I, respectively.

From [14, Remark 2.5], we note that the elements in A of the same order are partitioned into p*-
cyclotomic classes of the same type. For each divisor d of M, a p°-cyclotomic class containing an element
Na(d)
ordq(p®) "

of order d has cardinality ords(p®), and hence, the number of such p®-cyclotomic classes is

For each divisor d of M, we consider the following 3 cases.

Case 1. x(d,p®) = 0 and ordg(p®) = 1. By Lemma 3.4, every p°-cyclotomic class of A containing

. . Na(d)
an element of order d is of type I. Since there are 30"

Euclidean self-dual abelian codes U;’s corresponding to d is

such p°-cyclotomic classes, the number of

Na(d)

(NEA(GR(p", s - orda(p®))[P))) 47 = (NEA(GR(p', 5)[P])) X INa(@)

Case 2. x(d,p®) = 0 and ordg(p®) # 1. By Lemma 3.4, every p°-cyclotomic class of A containing

an element of order d is of type II. Since there are Oﬁ‘;gzz)

Hermitian self-dual abelian codes V;’s corresponding to d is

such p®-cyclotomic classes, the number of

Na(d)

T s NAi(dZ T s (1—x(d,p®)) 5
(NHA(GR(p", s - ordg(p®))[P])) >da®) = (NHA(GR(p", s - orda(p®))[P])) w I ordg e

Case 3. x(d,p®) = 1. By Lemma 3.4, every p*-cyclotomic class of A containing an element of order

d is of type M. Since there are oﬁigi% such p*-cyclotomic classes, the number of abelian codes W;’s

corresponding to d is

Na(d)
ordg (p®)

(NA(GR(, 5 - orda(p*))[P]) 745 (N A(GR(p", 5 - orda(p*))[P]))X ") wrditrer

Since d runs over all divisors of M, we conclude the desired result.

For the Hermitian case, by Proposition 3.2, it suffices to count the numbers of Hermitian self-dual
abelian codes E;’s and the numbers of abelian codes F;’s in (H3) which correspond to the p®-cyclotomic
classes of types I and I, respectively. Considering the cases where \(d,p?) = 1 and where \(d, p3) = 0,
the desired result can be obtained similarly to the Euclidean case, where Lemma 3.5 is applied instead
of Lemma 3.4. O

Note that, if A is a cyclic group, the exponent M is just the cardinality of A and N(d) is just ¢(d),
where ¢ is an Euler’s totient function.

In Theorem 3.6, if P is cyclic of order p®, then the values NA, NEA and NHA may be replaced
by NC,NEC, and NHC, respectively. In general, these values are not known in the literature. Some
special cases where i) ged(p, |G|) = 1; and 4¢) r = 2 and the Sylow p-subgroup of G is cyclic are discussed
in the following subsections.
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3.3. Self-dual abelian codes in GR(p", s)[A], ged(p, |[A]) =1

In this subsection, we complete the enumeration of Euclidean and Hermitian self-dual abelian codes
in GR(p", s)[A], where ged(p, |A|) = 1, or equivalently, GR(p", s)[A] is a principal ideal group ring (see
Proposition 3.7). If A is cyclic, this case is identical with that of simple root cyclic codes.

Proposition 3.7. Let p be a prime number and let r,s be positive integers. Let G be a finite abelian
group. Then one of the following statements holds.

i) If r = 1, then GR(p", 5)[G] = Fp+[G] is a principal ideal ring if and only if the Sylow p-subgroup of
G is cyclic.

it) If r > 2, then GR(p", s)[G] is a principal ideal ring if and only if ged(p, |G|) = 1.

For r = 1, the statement has been proven in [9]. For r > 2, using notion of morphic rings (see the
definition in [6]), it has been shown that Z,-[G] is principal ideal if and only if ged(p, |G]) = 1 (see [8,
Theorem 1.2] and [6, Theorem 3.12 and Corollary 3.13]). The statements can be extended naturally to
the case of GR(p", 5)[G].

The enumerations of Euclidean and Hermitian self-dual abelian codes in a principal ideal group ring
GR(p", s)[A] is given as follows.

Theorem 3.8. Let p be a prime and let s,r be positive integers. Let A be a finite abelian group of
exponent M such that ged(p, |A]) = 1. Then

> x(d,ps)% ‘ ‘
NEA(GR(p", s)[4]) = (14 7)™ if v is even,
0 if v is odd.

In addition, if s is even, then

> )\(d‘ps/z) NA(d)S
P = QT
NHA(GR(p", s)[A]) = r if v is even,
0 if v is odd.

Proof. In GR(p",s), every ideal can be regarded as an abelian code in GR(p", s)[G] with G = {0}, and
we have the following facts.

i) The number of abelian codes in GR(p", s) is r + 1.

i) If r is odd, then there are neither Euclidean self-dual abelian codes nor Hermitian self-dual abelian
codes in GR(p", ).

iii) If  is even, then r"/2GR(p",s) is the only Euclidean self-dual abelian code and it is the only
Hermitian self-dual abelian code if s is even.

The above results hold true for any Galois extension of GR(p", s).

By considering P = {0} in Theorem 3.6, the result follows immediately. O

Note that, if A is cyclic, M and N4 (d) can be replaced by the cardinality of A and ¢(d), respectively,
where ¢ is the Euler’s totient function.

If A is cyclic of order n with ged(n,p) = 1, then the number of Euclidean self-dual cyclic codes of
length n over GR(p", s) obtained in Theorem 3.8 is a special case of [1, Theorem 5.7] by viewing GR(p", s)
as a finite chain ring of depth r.

0]
ot
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3.4. Self-dual abelian codes in GR(p?, s)[A @& Cpa]

In this section, we restrict our study to the case where r = 2 and P = ()., a cyclic group of order
p?. The enumerations of Euclidean and Hermitian self-dual abelian codes in GR(p?, s)[A & Cpa] can be

obtained as an application of Theorem 3.6 and some known results on cyclic codes of length p* over
GR(p?, s).

We recall some results on cyclic codes of length p® over GR(p?, 5). The next lemma follows immedi-
ately from [16, Corollary 3.9] and [16, Theorem 3.6].

Lemma 3.9. The number of cyclic codes of length p® over GR(p?, s) is

Pl ps(min{[4)p° 7 D) 1 st TIHD) _ g
p 2 p
NC(GR =2
(GRO% 99 =2 3 B By

(6)

Proposition 3.10 ([17, Corollary 3.5]). The number of Fuclidean self-dual cyclic codes of length 2* over
GR(2%,s) is
1 ifa=1,
NEC(GR(2%,5),2) = { 1 T2 s ifa=2,
s\(2072 1
1429 42241 ((2 —— ‘1) ifa>3.
If p is an odd prime, then the number of Euclidean self-dual cyclic codes of length p® over GR(p?, s) is

NEC(GR(p?,s),p%) = 2<( )" +1)/2_1>.

P’ =1

Proposition 3.11 ([14, Theorem 3.5]). Let p be a prime and let s,a be positive integers such that s is
even. Then the number of Hermitian self-dual cyclic codes of length p* over GR(p?, s) is

a—1

P s(p® T H1)/2 _
Si1 p
NHO(GR(p?,5),p") = Y _ p™/* = P2 — 1
i1=0

Remark 3.12. For cyclic codes of length p* over GR(p?,s), the numbers NC, NEC, and NHC' have
already been determined in Lemma 3.9, Proposition 3.10, and Proposition 3.11, respectively. Combining
these results and Theorem 3.6, the numbers NEA(GR(p?,s)[A & Cpa]) and NHA(GR(p?, 5)[A & Cpa])
are explicitly determined.

The numbers of Euclidean and Hermitian self-dual cyclic codes of arbitrary length n over GR(p?, s)
can be obtained as a corollary of Remark 3.12. Some parts of the formulas can be simplified as in the
next corollary.

Corollary 3.13. Let p be a prime and let s,n be positive integers. Write n = mp®, where a > 0 and
ptm. Then

NEC(GR(2, 5),n) = (NEC(GR(p?, 5), p))""
_ s b (d)
X H (NHC( (GR(p?, s - orda(p®)), p ))(1 x(d:p*)) sed, o5y

dg{l 2}

sy__o(d)
« T (NCGRG?, s - orda(y)), o)) 57
d|m
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where

2 if m is even.

n(m) = {1 if m is odd,

In addition, if s is even, then

- 5y o
NHC(GR(p*, s),n) = [[ (NHC(GR(p?, s - orda(p®)), p*)) '~ @P* ) adatr
d|m
2 S a )\(d,p%)%
x [T (NC(GR@?, 5 - orda(p)). p)) 4
d|m

Proof. Setting r = 2 and A a cyclic group of order m in Theorem 3.6, the exponent of A is m and
Na(d) is just ¢(d), where ¢ is the Euler’s function.

Note that S,:(0) is the only p*-cyclotomic class of A of type I if m is odd, and Sp-(0) and Sps (%)
are the only p®-cyclotomic classes of A of type I if m is even. Therefore, the values of n(m) follows. O

4. Complementary dual abelian codes in GR(p", s)[G]

In this section, the characterization and enumeration of complementary dual abelian codes in the
group ring GR(p", s)[G] are given based on the decomposition in Section 2 and the theory of local group
rings.

4.1. Characterization and enumeration of complementary dual abelian codes

in GR(p", s)[P]

In this subsection, we focus on complementary dual abelian codes and direct summand ideals in each
component of GR(p", s)[P] in the decompositions (E1) and (H1), where P is a finite abelian p-group.

First, we recall some useful definitions and properties in ring theory. For a finite commutative ring
R with identity, the Jacobson radical of R, denoted by Jac(R), is defined to be the intersection of all
maximal ideals of R. The ring R is said to be local if it has a unique maximal ideal.

A local group ring has been characterized in the following lemma.

Lemma 4.1 ([22, Theorem]). Let R be a commutative ring with identity and let G be a finite abelian
group. Then R[G] is local if and only if R is local, G is a p-group and p € Jac(R).

Proposition 4.2. Let p be a prime number and let r,s be positive integers. Let P be a finite abelian
p-group. Then GR(p", s)[P] is a local group ring.

Proof. Since the ideal (p) is the unique maximal ideal of GR(p", s), the ring GR(p", s) is local. More-
over, p € (p) = Jac(GR(p", s). By Lemma 4.1, GR(p", s)[P] is a local group ring. O

By Proposition 4.2, GR(p", s)[P] is local. Denote by M the maximal ideal of GR(p", s)[P]. The char-
acterizations of the Euclidean and Hermitian complementary dual abelian codes and the direct summands
in a local group ring GR(p", s)[P] are given in the following theorems.

Theorem 4.3. Let p be a prime number and let r, s be positive integers. Let P be a finite abelian p-group.
Then {0} and GR(p", s)[P] are the only Euclidean complementary dual abelian codes in GR(p", s)[P].

o)
~
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Proof. Clearly, {0} and GR(p", s)[P] are Euclidean complementary dual abelian codes in GR(p", s)[P].
Let C be an abelian code in GR(p", s)[P] such that {0} C C C GR(p", s)[P]. Then C C M. It follows that
M+e C ¢t C M which implies M+2 C C C M. Hence, {0} # M+e C CNCte C M. Consequently, C
is not Euclidean complementary dual. Therefore, the ideals {0} and GR(p", s)[P] are the only Euclidean
complementary dual abelian codes in GR(p", s)[P]. O

It is not difficult to see that the proof of Theorem 4.3 is independent of the inner product. Hence,
we have the following corollary.

Corollary 4.4. Let p be a prime number and let r,s be positive integers such that s is even. Let P be
a finite abelian p-group. Then {0} and GR(p", s)[P] are the only Hermitian complementary dual abelian
codes in GR(p", s)[P].

Theorem 4.5. Let p be a prime number and let r, s be positive integers. Let P be a finite abelian p-group.
Then ideals {0} and GR(p", s)[P] are the only direct summands in GR(p", s)[P].

Proof. Clearly, {0} and GR(p", s)[P] are direct summands in GR(p", s)[P]. Let {0} C C C GR(p", s)[P]
be an ideal in GR(p", s)[P]. Suppose that C is a direct summand. Then there exists an ideal C’ in
GR(p", s)[P] such that CNC" = {0} and C +C’" = GR(p",s)[P]. Since M is the maximal ideal in
GR(p",s)[P], we have C C M and ¢’ C M. Hence, C+C C M C GR(p",s)[P], a contradiction.
Therefore, the ideals {0} and GR(p", s)[P] are the only direct summands in GR(p", s)[P]. O

The above results can be summarized as follows.
Corollary 4.6. Let p be a prime number and let r, s be positive integers. Let P be a finite abelian p-group.
Then the following statements hold.
1. The number of Euclidean complementary dual abelian codes in GR(p", s)[P] is 2.
2. If s is even, the number of Hermitian complementary dual abelian codes in GR(p", s)[P] is 2.

3. The number of direct summand ideals in GR(p", s)[P] is 2.

4.2. Characterization and enumeration of complementary dual abelian codes
in GR(p',)[G]

In this subsection, we focus on the characterization and enumeration of complementary dual abelian
codes in GR(p", s)[G], where G is an arbitrary finite abelian group. Using the decompositions in Section
2 and results in the previous subsection, the characterization and enumeration of such complementary
dual codes are given independent of r and the Sylow p-subgroup of G.

Recall that G =2 A x P, where P is the Sylow p-subgroup of G and A is its complement subgroup.
The group ring GR(p", s)[G] is viewed as GR(p", s)[G] = R[P], where R = GR(p", s)[A]. Using the
decomposition of GR(p", s)[G] in (E2), the characterization of a Euclidean complementary dual abelian
code in GR(p", s)[G] can be concluded via (E3) and (E4) as follows.

Proposition 4.7. Let p be a prime number and let v, s be positive integers. Let A be finite abelian group
such that p 1 |A| and let P be a finite abelian p-group. Then an abelian code C in GR(p",s)[A x P)]
decomposed as in (E3) is Euclidean complementary dual if and only if the following statements hold.

1. U; is Euclidean complementary dual for alli=1,2,... rr.
2. V; is Hermitian complementary dual for all j =1,2,...,ry.

3. Wi, N (W))*e = {0} and W, N W ® = {0} for allk =1,2,...,rq.
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The next corollary follows immediately from Theorem 4.3, Proposition 4.7, and Corollary 4.4.

Corollary 4.8. Let p be a prime number and let v, s be positive integers. Let A be finite abelian group
such that p t |A| and let P be a finite abelian p-group. Then an abelian code C' in GR(p",s)[A x P)]
decomposed as in (E3) is Euclidean complementary dual if and only if the following statements hold.

1. U; € {{0}, GR(p", s)[P]} for alli=1,2,... 7.
2. V; € {{0}, GR(p", 2se;)[P]} for all j =1,2,...,ry.
3. (Wi, Wp) € {({0},{0}), (GR(p", s fi)[P], GR(p", sf&)[P])} for all k =1,2,... ry.

From Corollary 4.8, it is not difficult to see that the number of Euclidean complementary dual abelian
codes in GR(p", s)[A x P] is independent of r and the group P and it can be determined in the following
corollary.

Corollary 4.9. Let p be a prime number and let v, s be positive integers. Let A be finite abelian group
such that p t |A| and let P be a finite abelian p-group. If the exponent of A is M and GR(p",s)[A x P] is
decomposed as in (E2), then the number of Fuclidean complementary dual abelian codes in GR(p”, s)[A x
P is

sy Na(d) sy Na(d)
1=x(d:p*)) m s+ T x(dp®) goflds
oritrotrm 2(1%1( X(P)) 5y o dIEM AP 5oy o)

)

where Na(d) denote the number of elements in A of order d.

Proof. The first part follows from Corollary 4.8. The equality can be derived similar to the proof of
Theorem 3.6. O

Using the decomposition of GR(p", s)[G] in (H2), the characterization of a Hermitian complementary
dual abelian code in GR(p", s)[G] can be concluded via (H3) and (H4) in the following proposition.

Proposition 4.10. Let p be a prime number and let v, s be positive integers such that s is even. Let A
be finite abelian group such that pt|A| and let P be a finite abelian p-group. Then an abelian code C in
GR(p", s)[A x P] decomposed as in (H3) is Hermitian complementary dual if and only if the following
statements hold.

1. E; is Hermitian complementary dual for all j =1,2,...,7].

2. F, 0 (F)*™ = {0} and F,NF® = {0} for all j =1,2,...,rm.

The following result follows directly from Proposition 4.10 and Corollary 4.4.

Corollary 4.11. Let p be a prime number and let r,s be positive integers such that s is even. Let A be
finite abelian group such that p 1 |A| and let P be a finite abelian p-group. Then an abelian code C in
GR(p", s)[A x P] decomposed as in (H3) is Hermitian complementary dual if and only if the following
statements hold.

1. E; € {{0},GR(p", s€;)[P]} for all j =1,2,... 1.
2. (Fy, Ff) € {({0},{0}), (GR(p", sf3)[P], GR(p", sf3)[P])} for all k =1,2,....rw.

From Corollary 4.11, the number of Hermitian complementary dual abelian codes in GR(p", s)[A X P]
is independent of r and the group P and it is given in the following corollary.
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Corollary 4.12. Let p be a prime number and let r,s be positive integers such that s is even. Let A be
finite abelian group such that pt|A| and let P be a finite abelian p-group. If the exponent of A is M and
GR(p", s)[A x P] is decomposed as in (H2), then the number of Hermitian complementary dual abelian
codes in GR(p", s)[A x P] is

S N d s N d
S (1=A(dp2) oA+ 5 A(dp?) ot Pes
ory +rw — 9diM d d[M d
?

where Na(d) denote the number of elements in A of order d.

Proof. The first part follows from Corollary 4.11. The equality can be derived similar to the proof of
Theorem 3.6. O

5. Conclusion

Self-dual and complementary dual abelian codes in GR(p", s)[G], a group ring of a finite abelian
group G over a Galois ring GR(p", s), have been studied with respect to the Euclidean and Hermitian
inner products. We have characterized such self-dual codes as well as determined necessary and sufficient
conditions for GR(p", s)[G] to contain a Euclidean (resp, Hermitian) self-dual abelian code. For any
finite abelian group G and Galois ring GR(p", s), the enumerations of such self-dual codes have been
given. In the case where gcd(|G|,p) = 1, the enumeration has been completed by restricting the Sylow
p-subgroup to be {0}. Applying some known results on cyclic codes of length p® over GR(p?, s), we have
determined explicitly the numbers of Euclidean and Hermitian self-dual abelian codes in GR(p?, 5)[G] if
the Sylow p-subgroup of G is cyclic. As corollaries, analogous results on Euclidean and Hermitian self-dual
cyclic codes over GR(p", s) have been concluded. Subsequently, the characterization and enumeration of
complementary dual abelian codes in GR(p", s)[G] have been given. The number of complementary dual
abelian codes in GR(p", s)[G] has been shown to be independent of » and the Sylow p-subgroup of G.

It would be interesting to study the unknown terms in Theorem 3.6 and extend the results to abelian
codes over finite chain rings or the case where the Sylow p-subgroup of the group is not cyclic.

Appendix A

In this appendix, we discuss the Euclidean and Hermitian duals of abelian codes in GR(p", s)[G].
First, we recall that G = A x P, where P is the Sylow p-subgroup of G and A is a complementary subgroup
of Pin G. The group ring R := GR(p", s)[A] is decomposed as in (E1) or (H1), and GR(p", s)[G] = R[P].

A.1. Euclidean duality
Let 1 denote the isomorphism in (E1). For each element & € R, we can write

= Iy brpy Yly e ooy Yrgy <1 17"‘7 T ) 7/'*]]17
D) = (1, - T U1+ s 21 Zhr - 2> 2 (7)

where z; € GR(p", s), y; € GR(p", 2se;), and zy, 2z, € GR(p", sfy) forall i =1,2,...,r1,j=1,2,...,rq,
and k=1,2,...,rq.

We are going to view Z defined in Section 2 in terms of (7). We note that, for ¢ = > _,c.Y* €
GR(p?, s)[A], we have

c= Z Y %= Z c_ Y%

a€A acA
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v

Thenc=3} ., d,Y*®, where

do= 3 cpe,

heA
From (3), we can see that, if S,:(h) is of type I, then

dp, = én, (8)
and if Sps (h) is of type Il with cardinality 2v, then —h = p® - h by Remark 2.4. It follows that

sv

vh _ Z C_QCWL((L) _ Z C@C"/—h(a) _ Z Cac’ypsu.h(a) _ Z Ca (C'Yh(a)>p =0(e), (9)

acA a€A acA a€A
where 0(a) = agw + aszp o4 af:p“l forall o = ag+oap+ -+ ar_1p" L.
Therefore, by the isomorphism 1 (see also [18]), the following properties are obtained.
1. From (8), the involution ~ induces the identity automorphism on GR(p", s).

2. From (9), the involution ™ induces the ring automorphism ~ on GR(p", 2se;) as defined in (1), i.e.,
5= agsej + azljsejp 4t affipr—l

for all « = ap + a1p+ -+ + a,_1p" " in GR(p", 2s€;), where ; € Tase; forall i =0,1,...,r — 1.
3. For each pair (z,2") € GR(p", sfx) x GR(p", sfx), we have

—

PY-1(z,2) =P (<, 2).
From the discussion, we have

~ J— _ / !
Y(Z) = (21, o Ty ULs - o5 Prags 215 215 -+ o5 Zpg s Zrm )
where " is induced as above in an appropriate Galois extension.

Proposition A.1. Let x =Y, p @Y’ and u =, . p wp Y’ be elements in R[P]. Decomposing @y, ws
using (7), we have

11’(3319) = (xb,lv <oy Loy Ybls - -5 Ybyrgs b1 Z;;,lv <oy Rborms ZI/)J“]H>

and

1l)(ub) = (Ub,l, sy Ub iy Ubly v vy Ub,meb,hw;;,lﬂ cee 7wb,T]]17wl/7,r]]1)‘

Then

b({z,u)) =¥ (Z mz@) = ()b (up)

beP beP

= (E Th,1Ub,1y -+ - E Ty, riUb,rys § Yb,1Vb, 15 -+ E Yb,ruVb,ry

beP beP beP beP

/ / / !/
E Zb71wb717 E Zb71wb717 ey E Zb77-mwb’7.m, E Zb’,rmwb77‘m> .

beP beP beP beP

91
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In particular, (x,u)._ =0 if and only if b((x,u).) = 0, or equivalently,

be,jub,j :Ofor allj = 1727"'7r17 Zyz,,jgb\;:()for all] = 172,...7’/"]:[’
beP beP

and

/ ! .
E zpjwp ;= 0= E 2y jWwp 5 for all j=1,2,... rm.
beP beP

Using the orthogonality in Proposition A.1, the Euclidean dual of C in (E3) can be viewed to be of
the form

e (I ) o (T ) o (11 (o)) 10
j=1

i=1 k=1

A.2. Hermitian duality

Let ¢ denote the isomorphism in (H1). Then each element x € R, we can write
w(w> = (.%'17 sy Tty YL y5_7 s 7ytm/ay1/£m,)7 (11)

where z; € GR(p", sé;) and yi, y), € GR(pT,sfk) forall j =1,2,...,ty and k =1,2,...,t.
We note that, for c =3 ., c,Y* € GR(p", s)[A], we have

c= Z Y ¢ = Z Y%,

a€A acA

s/2 s/2 s/2 ~ o
where ap +pag +---+p lay_1 = af  +pad +---+plal ;. Then ¢ = Y aca WY, where

uv)a = ZheA HC’Yu(h)'
From (3), if Sy« (h) is of type I with cardinality v, then —a = p**/? - a by Remark 2.4. Since v is
odd, we have

sv/2

w0y, = Za@h(a) — Zgg%h(a) — Z@@psu/zh(a) _ Z@ (C'Yh,(a)>p =0(&), (12)

acA acA a€A acA

sv/2 sv/2 sv/2
where f(a) = ~ +a) " p+--4al [ prlforalla=agtaip+ -+ ap_pt

By the isomorphism ) (see also [18]), we have the following properties.

1. By (12), the involution ~ induces the ring automorphism ~ on GR(p", sé;) as defined in (1), i.e.,

séi/2 5¢5 5€:/2

— _ p°i p /2 p°ci r—1
a = o + a3 pt+t---+a._1 p

forall @« = ap + aqp+ -+ + ap—1p" ' in GR(p", sé;), where a; € Tse; for alli =0,1,...,r — 1.

2. For each pair (z,2') € GR(p", sfx) x GR(p", sf%), we have

vz, 2) =y 2).
Hence, * defined in Section 2 can be viewed in terms of (11) as
’(/}(i) = (Th .. 7Wmay/11yl7' .. 7y:’]1’ytm/)-

where ~ is induced as above in an appropriate Galois extension.
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Proposition A.2. Letx =Y, p @Y’ and u =3, p upY" be elements in R[P]. Decomposing @y, ws
using (11), we have

P(p) = (20,1, » Lty » Yb,1s yé,p e Yot yz’;,tm,)
and
Y(up) = (b1, Wbty Vb1,V 1y - - - Vbt ”é,tm/)~
Then
(@, u)n) =9 (Z w@) = @)y (w)
beP beP

JR— P / / ! /
= ( E Th,1Ub, 1y« E xb,tn/ U/b,tn/a E yb,lvb,lv E yb,lvb,h ey E Z/b,tm/ Ub,tm/’ E yb,tm/ Ub,tm/> .

beP beP beP bepP beP beP

In particular, (x,u)~ =0 if and only if Y({(z,u)~) = 0, or equivalently,

Zmb,jm =0forallj=1,2,....ty and Zyb,kv{,,k =0= Zyl’)’kvb’k forallk=1,2,...  ty.
beP beP beP

Using the orthogonality in Proposition A.2, the Hermitian dual of C in (H3) can be viewed of the
form

Ty oy
ctn ﬁEJlH X (ﬁ ((F,;)LE x F,CLE)> . (13)
j=1 k=1
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