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ABSTRACT

We introduce (C, k) summability method of sequences of fuzzy numbers and compare (C, k) summability method with Abel
summability method, Holder summability method and with higher order Cesaro method of sequences of fuzzy numbers. Some

Tauberian conditions under which (€, k) summability of sequences of fuzzy numbers imply convergence in fuzzy number
space are also obtained as corollaries.
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1. INTRODUCTION

Events and problems occuring in real world generally include noncategorical objects and incomplete
information. Human cognitive processes such as approximate reasoning, decision making play essential
role in coping with these event and problems involving such vagueness. Motivated by this issue,
Zadeh[1] put forward the concept of fuzzy sets as a formal mathematical system to model human
reasoning and decision making processes in uncertain environments. Zadeh’s invention attracted many
researchers in different fields of science and found numerous applications ranging from control theory
to artificial intelligence. In mathematics, sequences and series of fuzzy numbers are defined and related
convergence properties are investigated[2-6]. Besides, various summability methods are defined to
handle sequences of fuzzy numbers which fail to converge in fuzzy number space and Tauberian
conditions are given to achieve the convergence[7-9]. In this study we introduce Cesaro summability
method of orderk, or (C, k) method, of sequences of fuzzy numbers and prove inclusion theorems
between (C, k) method and Abel, Holder summability methods of sequences of fuzzy numbers. We also
prove that (C, k) summability method becomes more effective in summing up divergent sequences of
fuzzy numbers as the order k increases.As corollaries, some Tauberian conditions under which
convergence of sequences of fuzzy numbers follows from (C, k) summability are obtained. Before to
continue with main results we give some preliminaries concerning the concept of fuzzy sets.

A fuzzy number is a fuzzy set on the real axis, i.e. u is normal, fuzzy convex, upper semi-continuous and

suppu = {t € R:u(t) > 0} is compact [1]. E* denotes the space of fuzzy numbers. a-level set[u], is
defined by

o {teRiu®)=a}l , if 0<a<sl,
[u“'_{{teR:u(t)>a} . if a=0.

r € R may be seen as a fuzzy number 7 defined by

(1, if t=m,
r(t)'_{O , if t#r.
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Letu,v € E' and k € R. The addition and scalar multiplication are defined by
[u+vle = [ulg + [V]g = [ug + v;,u; + 17;] , [kule = klu]q
where [u], = [ug,ut], forall @ € [0,1].

Fuzzy number O is identity element in (E',+) and none of u # 7 has inverse in (E1,+). For any
ki, k, € R with k k, = 0, distribution property (k; + k;)u = kqu + k,u holds but for general
ki, k, € R it fails to hold. On the other hand properties k(u + v) = ku + kv and k, (k,u) = (k1k,)u
holds for any k, kq,k, € R[10]. It should be noted that E! with addition and scalar multiplication
defined above is not a linear space over R.

The metric D on E1 is defined as

D(u,v):= sup max{|ugy — vz |, |ut — vy}
a€l0,1]

and it has the following properties [10]
D(ku, kv) = |k|D(w,v), D(u+v,w+2z)<D(uw)+D(v,2z)
where u, v,w, z € E* and k € R. By w(F), we denote the set of all sequences of fuzzy numbers.

Definition 1. [11] Let (u;,) be a sequence of fuzzy numbers. Denote s,, = Y-, u, foralln € N, if the
sequence (s,) converges to a fuzzy number u then we say that the series Y u;, of fuzzy numbers
converges to u and write ). u; = uwhich implies that

n n

Z uy (@) >u (a) and 2 uf (a) » ut(a) (n —> o0)

k=0 k=0

uniformly in @ € [0,1]. Conversely, for the sequence (u;) of fuzzy numbers if Y.y, ux (@) = f(a) and
Yreo Uk (@) = y(a) converge uniformly in a, then {(B(a),y(«)): @ € [0,1]} defines a fuzzy number u
represented by [u], = [f(@),y(@)]and Y u, = u.

Remark 2. [12] Let (u,) be a sequence of fuzzy numbers. If (x,) is a sequence of non-negative real
numbers, then

Theorem 3. [13] Let Y:7—, u,, be a convergent series of fuzzy numbers. If Y.7°_, x,, is a convergent series
with non-negative real terms, then

(Sa)(Su) -5 S

n=0 n=0 n=0k=0
Theorem 4. [14] If ¥ D (uy,0) < oo, then series Y. uy is convergent.
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Definition 5. [15] Let (u,,) be a sequence of fuzzy numbers. Holder means of (u,,) of order k is defined

by
k—1
n+1zH

where H? = u,, . We say that sequence (u,) is (H,k) summable to fuzzy number u if limHF =
n—-oo

Theorem 6. [16] If sequence (u,,) of fuzzy numbers is (H, k) summable to fuzzy number u and (u,,) is
slowly decreasing then (u,,) converges to u.

k
n

Theorem 7. [16] If sequence (u,,) of fuzzy numbers is (H, k) summable to fuzzy number pand if there
exists an H > 0 such that nu,, > nu,_, — H then (u,) converges to p.

2. MAIN RESULTS

Definition 8. A sequence (u,,) of fuzzy numbers is said to be (C, k)summable to fuzzy number p if

lim —

m-———_—=

o (n ¥ k) —H
n

where ud = u, and uk = ¥1_ uk-1,

We note that if sequence (u,,) of fuzzy numbers is (C, k) summable then D(uX,0) = 0(n*) and hence
Y&, uk x™ exists for x € (0,1) by Theorem 4. So we get

Zunx" =(1 —x)z:u}lx" =(1 —x)ZZurzlx" = =(1 —x)kZuflx" (1)
n=0 n=0 n=0 n=0

by Theorem 3 and followingly we obtain
{(1 — x)k}{z Un xn} Z n 1" )
n=0 n=0

Then again from Theorem 3 we have

T x)k}{i t xn} - {i ") x”}{i t x”}

n=0

()

Il
[M1s
——

So by (2) and (3) we get

which yields the following alternative definition for (C, k) summability of sequences of fuzzy numbers.
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Definition 9. Let (u,,) be a sequence of fuzzy numbers. Cesaro means of (u,,) of order k is defined by
n
1 — —
k _ n—-v+k-—1
Cn = n+k Z( n—v )uv'
( n )v=0
We say that sequence (u,,) is (C, k) summable to fuzzy number y if lim C¥ =
n—-oo

Theorem 10. If sequence (u,,) of fuzzy numbers converges to u € E1, then (uy,) is (C, k) summable to
U.

Proof. Letu, — u. Forany e > Othere exists n, = ny(¢) such that D (u,, u) < &/2 whenever n > n,,

and for n < n, there exists M > 0 such that D (u,, u) < M. So we get
n

o) = o{ G (1 e (T

n v=0
1 < +k—1
n—v —
> DD,

IA

(n;l;k)vzo
1N 1N k-1
T n+k (n_ZtI;_l)D(u”'M)-l_ n+k Z (n_ztv_ )D(uwﬂ)
( n )”=0 ( n )v=n0+1
Mo
M — _
(n+k)2(n Ztﬁ 1)"’;
v=
There also exists n, Z n,(€) such that
1 <
— k_ E
(n+k);(n Ztv 1)<W
n =

whenever n > n,. Then we conclude that D(C¥, 1) < e whenever n > max{n,, n,}, which completes
the proof.

Theorem 11. Let A¥™ = (a*™) be a matrix mapping from w(F) to w(F) such that
n—v+m-N\w+k\,m+k+m
= 0TI e
0 v>n
where k,m > 0 and (u,) be a (C, k) summable sequence of fuzzy numbers. Then, A¥™- transform of
the sequence C¥ is the sequence CX*™.

Proof. Let (u,) be a (C, k) summable sequence of fuzzy numbers. In view of (1) we have

iufﬁmx” = (1—x)_miu§xn = {i (n+r1111— l)xn}{i u,’ﬁx”}

n=0 n=0 n=0

_ Z{Z —v+11r]l—1)u11§}xn

n—1rfl-|;1;1 1)

which implies uf*t™ = yn_, ( uk. Then we get
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n

k+m 1 _ _
Cllﬁm - (nr7;c+m):(n+k+m)vzo(n 1771";73 1)“'1§
n n B

_v+m_1)(v+k)61’,‘,

n
(n+k+m _

v 0

which completes the proof.

Theorem 12. Let (u,,) be a sequence of fuzzy numbers and k' > k. If sequence (u,,) is (C, k) summable
to a fuzzy number p then it is (C, k") summable to p.

Proof. Let sequence (u,,) of fuzzy numbers be (C, k) summable to fuzzy number u. Then sequence C¥
converges to u. Since CX' = AR*'~k(ck), sequence C" also converges to u in view of the regularity
of A%k ~k_transform which satisfies Theorem 4.6 in [14]. This completes the proof.

For k' > k, (C,k") summability of a sequence of fuzzy numbers does not imply (C, k) summability
which can be seen by the following example.

Example 13. Let (u,,) be a sequence of fuzzy numbers such that

t—ay, a, <t<a,+1
un(t):{Z—t+an, apt+l1<st<a,+?2
0, (otherwise)
where a, = Y1_,(—1)Y (v + k) for every k € N. Sequence (u,,) is (C, 2k + 1) summable to
( 1 1 1
J t— 2k+1’ 2k+1 sts= 2k+1 +1
u) = 1
LZ —U+ 2k+1’ 2k+1 tlsts 2k+1 +2
0, (otherwise),

but not summable (C, k) to any fuzzy number since 11m (”” 0 _

= 1/2k! # 0 (see Theorem 14).

Theorem 14. If sequence (u,) of fuzzy numbers is (C, k) summable, then D(u,,, 0) = o(n*) and this
estimate is best possible.

Proof. Let sequence (u,) of fuzzy numbers be (C, k) summable to a fuzzy number u. Then Cesaro
means CX of (u,,) converges to u. Since

D(uk=1,0) = D(ukuk_,)
("1 ¥)en (kS e
p({(" R+ e (M T N ek)

("R bk ek + (1) p(e,0)

IA

we get

P Tk Yotect )+ (1 P oces )
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n+k

k —
; ) ~ % and by the convergence of sequence C we obtain D(uk™%,0) = o(n*).

By the fact that (
Furthermore, since

D(uf=2,0) = D(uf~*,upZ1) < D(uk™%,0) + D(ur=1,0)

we get D(uk=2,0) = o(n*). Applying same procedure successively we conclude D (uy,,0) = o(n*).
This bound is best possible which can be seen by Theorem 3.1 in[13] even in the case (C, 1).

Theorem 15. If sequence (u,,) of fuzzy numbers is (C, k) summable to a fuzzy number u, then it is Abel
summable to u.

Proof. Let sequence (u,) of fuzzy numbers be (C, k)summable to . Then lim C¥ = u. We want to
n—oo

show that sequence (u,) is Abel summable to u. It is sufficient to show that };—ou, x™ exists for
x € (0,1) and lir?_(l —X) Yo U X™ = L.
X—

From Theorem 14 there exists M > 0 such that D (u,,, 0) < Mn* and hence we get

ZD (u,x",0) = ZD(un,ﬁ)x" < Manx” < oo
n=0 n=0 n=0

which implies Y.;°_ o u, x™ exists for x € (0,1) by Theorem 4. On the other hand from the expression
(1) we have

(1-x) z U, x* = (1—x)k*t Z ukx™ = (1 — x)k+? Z (n :L_ k) Ckxm,
n=0 n=0 n=0

Now for every k € N using the regularity of the power series method (/, p)[17] where p,, = (" :z_ k),
we conclude

lim (1 —x) E Uy x™ = p.
x—-1"
n=0

Abel summability of a sequence of fuzzy numbers does not imply its (C, k) summability which can be
seen by the following example:

t — b}, bl <t<bhi+1
u,(t) =32—t+bk, bi+1<t<bi+2
0, (otherwise).

where (b,,) is a sequence of real numbers such that ¥.2_, b,, x™ = e/1**_ Then sequence (u,,) is Abel
summable to

t—ell? el2<t<el/241
pe)=42—t+e'?, e24+1<t<el/2+2
0, (otherwise),

but not summable (C, k) to any fuzzy number.
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Lemma 16. Let (u,,) be a sequence of fuzzy numbers and p > 1. Then

u,zl+2(v+p)u,, =m+p+ Dul.

v=0

Proof. Let (u,) be a sequence of fuzzy numbers and p = 1. Then by Remark 2 we conclude

u,zl+zn:(v+p)uv = ZZuv+Z(v+p)uv—Z(n—v+1)uv+2(v+p)u,,
= r=ov= =
= 1Zz(:)(n+p+1)uv=(n+p+1)un.

Theorem 17. Let (u,,) be a sequence of fuzzy numbers and

uo +u1 +"'+un
n+1
Then limits C¥(u) — p and ¥~ (h) - u are equivalent.

h, =

Proof. Let (u,) be a sequence of fuzzy numbers and (h,,) be the sequence arithmetical means of (u,).
Since u2 = ¥"_oul =¥ (v + 1) h,, we have h2 + u2 = (n + 2)h} by Lemma 16. Applying the
operation Y."_, to both sides and using Lemma 16 again we get 2h3 + u3 = (n + 3)hZ. By successive
application of this procedure we obtain

(k — DhE +uk = (n+ k)hE™L. 4)

So we conclude
(k = DCK(R) + Cx () = kCy(h). )

This shows that C¥~1(h) - u implies C}(u) — u in view of Theorem 12.

Now making substitution h% = hX=1 + hX_, in the expression (4) we get
(k — 1)hE_, +uk = (n + 1)hk-1
and hence we have (n + k)hE_, + uk = (n + 1)K This implies that

nCk_,(h) + CF(w) = (n + 1)CE(h).

Then we get
ckw = k)
Ch(m) +C@) = 2CKh)
20K +CEw) = 3CER)
nCE L)+ CE@ = (n+ DCER)

and summing all rows we get CX(u) + CF(u) + -+ + CF(w) = (n + 1)Ck(h). So we conclude

n
1
k _ k
ch(h) = —=> ¢k .
v=0
Hence C¥(u) — p implies CX¥~1(h) — u by use of equality above and equality (5), respectively.
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Theorem 18. If sequence (u,,) of fuzzy numbers is (C, k) summable to a fuzzy number u, then it is
(H, k) summable to u, and conversely. That is (C, k) and (H, k) methods are equivalent.

Proof. Let (u,,) be a sequence of fuzzy numbers and consider the Cesaro means C¥ and Holder means
HE of (u,). By Theorem 17, the limits

Ck—>p CKUHY) - p, CF2(HY) - p, CR(HY) >, HE - p
are equivalent and this completes the proof.
By Theorem 10 and by Example 13, one can conclude that convergence of sequences of fuzzy numbers
implies (C, k) summability but (C, k) summability of sequences of fuzzy numbers does not imply
convergence in general. In view of Theorem 6, Theorem 7 and Theorem 18, we give the following
Tauberian conditions sufficient for (C,k) summability of sequences of fuzzy numbers to imply
convergence in fuzzy number space.

Theorem 19. If sequence (u,) of fuzzy numbers is (C, k) summable to fuzzy number u and (u,) is
slowly decreasing then (u,,) converges to p.

Theorem 20. If sequence (u,,) of fuzzy numbers is (C, k) summable to fuzzy number pand if there exists
an H > 0 such that nu,, > nu,,_, — H then (u,,) converges to u.

We give also the following comparison theorem between (H, k) summability method and Abel
summablity method of sequences of fuzzy numbers in view of Theorem 15 and Theorem 18.

Theorem 21. If sequence (u,,) of fuzzy numbers is (H, k) summable to fuzzy number y, then (u,) is
Abel summable to .
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