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Abstract. In this paper, it is tried to suggest an appropriate model for inefficient units when the data are relative using 

DEA-R models. In an organization, taking manager’s decision into account, reducing the number of ratios, setting 

priorities to reduce some of ratios in order to find a suitable model and implementing these ideas on mathematical 

models are of great importance. In this paper, a new model is suggested by using a non-radial model with constant 

returns to scale DEA based on the fractional analysis. At the end, the proposed model is solved and analyzed for 

companies in the stock market.  
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1. INTRODUCTION 

 

Suitable benchmark-finding is a continuous process of evaluation and comparison of trends 

in a business with leading organizations with the purpose of providing more information and as 

a result the development of the organization. [1] A convenient and efficient tool in evaluating the 

performance of organizations is DEA utilized as a nonparametric method to calculate the 

efficiency of decision-making. DEA-R models were proposed by Despic et al. (2007) with 

combining DEA and fractional analysis [2].  The linear models for evaluating the performance of 

DMUs were presented by Wei et al in 2001 [3]. Consideringly, the present article is to look for a 

proper model for DMUs using DEA-R models. Generally, taking the manager’s opinion into 

account in the proposed model and using relative data are the main purposes of this article. In the 

second section an overview of the concept of DEA-R is presented. In the third section, the suitable 

benchmark -finding model in DEA-R model is recommended with the manager’s opinion. And 

in the fourth section a numerical example is presented and finally conclusions are stated. 

 

2. AN OVERVIEW OF THE BASIC CONCEPTS OF DEA-R 

 

Suppose Xj = (x1j, ..., xmj) as m inputs and Yj = (y1j, ..., ysj) as s outputs. With integration 

of DEA and efficiency, Despic et al. (2007) studied arithmetic, geometric and harmonic scale 

efficiencies and Wei et al. (2011) presented a linear model which resolve some problems of DEA 

such as zero weights using weight limits and the pseudo inefficiency. 

The radial envelopment model in DEA-R model is as follows. 

Minθ 

     ∑ 𝜆𝑗 (
𝑥𝑖𝑗

𝑦𝑟𝑗
)𝑛

𝑗=1 ≤ 𝜃 (
𝑥𝑖𝑜

𝑦𝑟𝑜
)        𝑖 = 1, . . 𝑚, 𝑟 = 1, … , 𝑠      
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∑ 𝜆𝑗

𝑛

𝑗=1

= 1                                                                                                                                                      (1) 

𝜆𝑗 ≥ 0   j=1,…,n 

 

Model (1) is a linear programming problem for evaluation of DMU0 with n+1 variables and 

(m.s+1) constraints. 

 

 

3. FINDING PATTERN IN DEA-R  

Four constraints are assumed: 

In the first constraint the manager’s opinion is effective. In the second, third and fourth 

constraints, there are relative data which by considering the purpose it is needed to reduce them, 

remain constant or unchanged and at the end for the fourth constraint it is needed to reduce it, but 

to a lesser extent than the second constraint, respectively.  

Therefore, the following model which is a non-radial model is suggested: 

Min      α1 ∑ ∑ 𝜃𝑖𝑟 + 𝛼2 ∑ ∑ 𝛽𝑖𝑟       α1 > 𝛼2

𝑠

𝑟=1

𝑚

𝑖=1

𝑠

𝑟=1

𝑚

𝑖=1

 

∑ 𝜆𝑗 (
𝑥𝑖𝑗

𝑦𝑟𝑗
)

𝑛

𝑗=1

≤ 𝜃𝑖𝑟 (
𝑥𝑖𝑜

𝑦𝑟𝑜
)                       𝑖 ∈ 𝐼1 , 𝑜 ∈ 𝑂1 

∑ 𝜆𝑗 (
𝑥𝑖𝑗

𝑦𝑟𝑗
)

𝑛

𝑗=1

=   
𝑥𝑖𝑜

𝑦𝑟𝑜
                               𝑖 ∈ 𝐼2 , 𝑜

∈ 𝑂2                                                                                                                                                            (2) 

∑ 𝜆𝑗 (
𝑥𝑖𝑗

𝑦𝑟𝑗
)

𝑛

𝑗=1

≤ 𝛽𝑖𝑟 (
𝑥𝑖𝑜

𝑦𝑟𝑜
)                      𝑖 ∈ 𝐼3 , 𝑜 ∈ 𝑂3 

∑ 𝜆𝑗

𝑛

𝑗=1

= 1                                                          

 

λ_j≥0   j=1,…,n 

In this relation α_1 and α_2 imply the manager’s opinion.  

The pattern of units is as follows: 

(∑ 𝜆𝑗
∗

𝑛

𝑗=1

𝑥𝑖𝑗    𝑖 ∈ 𝐼1 , ∑ 𝜆𝑗
∗

𝑛

𝑗=1

𝑦𝑟𝑗      𝑟 ∈ 𝑂1 ) 

(∑ 𝜆𝑗
∗

𝑛

𝑗=1

𝑥𝑖𝑗    𝑖 ∈ 𝐼2 , ∑ 𝜆𝑗
∗

𝑛

𝑗=1

𝑦𝑟𝑗      𝑟 ∈ 𝑂2 )                                                                                (3) 

(∑ 𝜆𝑗
∗

𝑛

𝑗=1

𝑥𝑖𝑗    𝑖 ∈ 𝐼3 , ∑ 𝜆𝑗
∗

𝑛

𝑗=1

𝑦𝑟𝑗      𝑟 ∈ 𝑂3 ) 
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4. THE NUMERICAL EXAMPLE 

The data of 22 companies in the stock market are presented in Tables 1 and 2 [4]. 

 
Table 1. The input data of 22 companies in the stock market. 

2i 1i 2i 1i 2i 1i  

3 25 12 13 4 5 DMU1 

5 22 18 14 5 6 DMU2 

5 28 19 18 5 4 DMU3 

3 23 35 11 5 8 DMU4 

6 21 98 15 6 5 DMU5 

3 26 23 11 3 8 DMU6 

4.4 27 23 41 4.4 4.4 DMU7 

3 26 41 13 8 2.6 DMU8 

8 24 24 33 8 3.4 DMU9 

5 21 35 65 4.4 3.6 DMU10 

2 23 17 12 7 2 DMU11 

1 24 28 13 7 3 DMU12 

6.8 14 31 23 5.6 3 DMU13 

1 24 16 44 5 2.6 DMU14 

3 17 22 33 4 4 DMU15 

10 11 22 31 3.2 5 DMU16 

4 11 56 77 4 6 DMU17 

7 17 61 14 3.5 4 DMU18 

3 18 54 34 3 7 DMU19 

2.5 19 50 12 2.5 6 DMU20 

2 23 16 25 2 8 DMU21 

2 27 47 17 2 9 DMU22 

 
Table 2. The output data of 22 companies in the stock market. 

O3 O2 O1  

4 3 1 DMU1 

4 8 1 DMU2 

4 9 1 DMU3 

4 7 1 DMU4 

4 4 1 DMU5 

4 3 1 DMU6 

4 2 1 DMU7 

4 9 1 DMU8 

4 11 1 DMU9 

4 10 1 DMU10 

4 8 1 DMU11 

4 7 1 DMU12 

4 3 1 DMU13 

4 8 1 DMU14 

4 5 1 DMU15 

4 7 1 DMU16 

4 8 1 DMU17 

4 4 1 DMU18 

4 3 1 DMU19 

7 2 1 DMU20 

9 7 1 DMU21 

1 4 1 DMU22 
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Table 3. The scale efficiency of 22 companies in the stock market. 

0.906454 DMU1 

561058.0 DMU2 

8655555 DMU3 

56180550 DMU4 

56.29555 DMU5 

5619.281 DMU6 

5610...9 DMU7 

8655555 DMU8 

56.922.0 DMU9 

8655555 DMU10 

8655555 DMU11 

56150080 DMU12 

561159.. DMU13 

865555 DMU14 

56229080 DMU15 

8655555 DMU16 

56188891 DMU17 

8655555 DMU18 

561.550. DMU19 

8655555 DMU20 

8655555 DMU21 

5625.889 DMU22 

 

In Table 3, the scale efficiency of decision making units is shown with respect to Model 2. 

The scale efficiency of companies 3, 8, 10 and 11, 14, 16, 18, 20 and 21 is one and companies are 

then considered efficient. Other units are not efficient. 

 

Also, the radial model based on the covariates is suggested as follows: 

 

𝑀𝑖𝑛 (1 −
1

𝑓
∑ ∑

𝑆𝑖𝑟
𝑥𝑖𝑜

𝑦𝑟𝑜𝑟∈𝑂1𝑗∈𝐼1

) + (1 −
1

𝑘
∑ ∑

𝑡𝑖𝑟
𝑥𝑖𝑜

𝑦𝑟𝑜𝑟∈𝑂3𝑖∈𝐼3

) 

           ∑ 𝜆𝑗

𝑛

𝑗=1

(
𝑥𝑖𝑗

𝑦𝑟𝑗
) + 𝑠𝑖𝑟 =

𝑥𝑖𝑜

𝑦𝑟𝑜
                                            𝑖 ∈ 𝐼1  ,   𝑜 ∈ 𝑂1  

           ∑ 𝜆𝑗

𝑛

𝑗=1

(
𝑥𝑖𝑗

𝑦𝑟𝑗
) =

𝑥𝑖𝑜

𝑦𝑟𝑜
                                                      𝑖 ∈ 𝐼2  ,   𝑜 ∈ 𝑂2                                      (4) 

      ∑ 𝜆𝑗

𝑛

            𝑗=1

(
𝑥𝑖𝑗

𝑦𝑟𝑗
) + 𝑡𝑖𝑟 =

𝑥𝑖𝑜

𝑦𝑟𝑜
                                         𝑖 ∈ 𝐼3  ,   𝑜 ∈ 𝑂3 

     ∑ 𝜆𝑗

𝑛

            𝑗=1

= 1 

          𝑓 = |𝐼1||𝑂1|   

        𝑘 = |𝐼3||𝑂3| 

Based on covariates, model 4 calculates the amount of inefficiency. When the data are relative, 

the first and third constraints increase the covariate, respectively, with regard to the manager’s 

opinion. In general, model 4 with n + 2 (m × s) variables and linear constraints is a linear 
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programming problem proposed to find a Suitable benchmark for decision-making units. 

The results of model 2 and replacing it in model 3 for 22 companies are shown in tables 4 and 5. 

 
Table 4. The input results of model 2. 

𝐼3 𝐼2 𝐼1  

2i 1i 2i 1i 2i 1i  
9.73 11.63 24.76 29.63 3.24 4.92 DMU1 
3.43 25.24 18.36 14.78 6.05 2.94 DMU2 

5 28 19 18 5 4 DMU3 
2.43 23.71 17.29 12.86 6.71 2.29 DMU4 
6.25 17.88 61 17.75 3.69 3.83 DMU5 
2.02 22.84 17.33 24.49 2.02 7.92 DMU6 
4.05 20.44 61 28.75 4.24 3.31 DMU7 

3 26 41 13 8 2.60 DMU8 
1.99 23.1 17.45 12.33 6/98 2.01 DMU9 

5 21 35 65 4.40 3.6 DMU10 
2 23 17 12 7 2 DMU11 

1.91 23.09 20.93 14.86 6.82 2.05 DMU12 
1 24 61 44 5 2.6 DMU13 
1 24 61 44 5 2.6 DMU14 

4.13 21.65 40.67 60.42 4.53 3.38 DMU15 
10 11 22 31 3 5 DMU16 

9.04 12.91 34.42 25.58 3.3 4.68 DMU17 
7 17 61 14 3 4 DMU18 

2.35 20.23 39.52 16.01 2.35 6.62 DMU19 
2 19 50 12 2/5 6 DMU20 
2 23 16 25 2 8 DMU21 
2 23 16 25 2 8 DMU22 

 

For example, in the third company the first and second inputs for I1 category are 4 and 5, for 

I2 category they are 18 and 19 and for I3 category they are 28 and 25, respectively, which are 

presented as a Suitable benchmark. In the fourteenth company, for I1 category the first and second 

inputs are respectively 6.2 and 5, for I2 category the first and second inputs are 44 and 61 and for 

I3 category the first and second inputs are 24 and 1 which are presented as the pattern.  

In the twenty-first company, for I1 category the first and second input are, respectively, 8 and 2, 

for I2 category the first and second input are 25 and 16, and for I3 category the first and second 

input are 23 and 2, which are presented as the pattern. 

Table 5. The output results of model 2. 

O3 O2 O1  

4 6.81 1 DMU1 

4 8.42 1 DMU2 

4 9 1 DMU3 

4 8.14 1 DMU4 

4 4.5 1 DMU5 

8.92 6.8 1 DMU6 

4 5.97 1 DMU7 

4 9 1 DMU8 

4 8 1 DMU9 

4 10 1 DMU10 

4 8 1 DMU11 

4 8 1 DMU12 

4 8 1 DMU13 

4 8 1 DMU14 

4 9.56 1 DMU15 

4 7 1 DMU16 

4 6.04 1 DMU17 

4 4 1 DMU18 

7.62 3.54 1 DMU19 
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7 2 1 DMU20 

9 7 1 DMU21 

9 7 1 DMU22 

As can be seen, DMUs of 8, 10, 11, 14, 16, 18, 20 and 21 are efficient, and they themselves 

are introduced as patterns. 

The outputs of the third company are 1 and 9 and 4, respectively, which is presented as the 

pattern. Because the decision-making unit number 3 is efficient, it is introduced as the pattern. 

The outputs of the fourteen company are 1, 8 and 4, respectively, which are presented as the 

pattern. The outputs of the twenty first company are 1, 7 and 9, respectively, which are introduced 

as the pattern.  

Like the third company, the fourteenth and twenty-first companies are efficient and they 

themselves are introduced as their patterns. 

 

5. CONCLUSION 

 

In DEA, suitable benchmark-finding of inefficient units is of great importance. In this paper, 

when the data are relative a model is presented in which first of all the manger’s opinion is taken 

into account, secondly reduction of inputs and increase of outputs is prioritized and thirdly, when 

the data are relative they are responsive to the pattern of decision-making units. For future 

research determining the returns to scale and using models for density and determining scale 

efficiency are recommended. 
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