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VE-DEGREES IN SOME GRAPH PRODUCTS

Stleyman Ediz, Binyamin Sahin

ABSTRACT

Let G be a graph and v be a vertex of G. The ve-degree of the vertex v
defined as the number of different edges incident to the vertices of the open
neighborhood of v. In this study we investigate the ve-degrees in Cartesian,
direct and strong products of two graphs.

1. INTRODUCTION

We consider only connected and simple graphs throughout this paper. Let
G be a graph with the vertex set V(G), the edge set E(G) and v € V(G). The
degree of a vertex v € V(G), deg(v), equals the number of edges incident to v that
is the cardinality of the set N(v) = {u|luv € E(G)}. This set is named as ”the open
neighborhood of v”. For the vertex v, n, denotes the number of triangles which
contain the vertex v. Let A and B be two non-empty sets. Then the Cartesian
product of these sets is the set AJB = {(a,b)la € Aandb € B}. The Cartesian,
direct and strong products of two graphs G and H have the vertex set V/(G)OV (H).
The edge set of the Cartesian product of G and H is E(GOH)= {(a,b)(c,d)|a = ¢
and bd € E(H) or b =d and ac € E(G)}. The edge set of the direct product
of G and H is E(G x H) = {(a,b)(¢c,d)|ac € E(G)andbd € E(H)}. And the
edge set of the strong product of G and H is E(GH)= {(a,b)(¢c,d)|a = ¢ and
bd € E(H) or b=d and ac € E(G) or ac € E(G) and bd € E(H)}. Note that
E(GH) = E(GOH)U E(G x H) and E(GUH) N E(G x H) = . The following
Lemma 1 gives the degrees in above mentioned graph products.

2010 Mathematics Subject Classification: 05C07, 05C76.
Keywords and Phrases: ev-degrees, ve-degrees, graph products.
Received: 05.06.2018 Revised: 18.05.2019 Accepted: 19.05.2019

58



ve-degrees in some graph products 59

Lemma 1. Let G and H be two graphs. Then;
(a) degaom(a,b) = deg(a) + deg(d),

(b) degcxm(a,b) = deg(a)deg(d),

(¢) deggu(a,b) =deg(a)+ deg(b) + deg(a)deg(b).

Very recently Chellali et al have published very seminal study about the novel
two degree concepts: ve-degrees and ev-degrees in graph theory [1]. The authors
defined these novel degree concepts in relation to the vertex-edge domination and
the edge-vertex domination parameters|2, 3, 4]. And also, the authors defined the
ve-regularity, the ev-regularity and investigated basic mathematical properties of
ev and ve regularities of graphs [1]. The ev-degree and ve-degree topological indices
have been defined and their basic mathematical properties have been investigated
in [5, 6]. In this paper we investigate the ve-degrees in Cartesian, direct and strong
product of two graphs.

2. THE VE-DEGREES IN GRAPH PRODUCTS

We firstly give some basic facts related to ve-degrees.

Definition 2. [1] Let G be a connected graph and v € V(G). The ve-degree of the
vertex v, degy.(v), equals the number of different edges that incident to any vertex
from the closed (or open) neighborhood of v.

Definition 3. [1] Let G be a connected graph and e = uv € E(G). The ev-degree
of the edge e, dege,(€), equals the number of vertices of the union of the closed (or
open) neighborhoods of u and v.

Lemma 4. 5/ Let G be a connected graph and v € V(G), then;

degye(v) = Z deg(u) — n,

u€N (v)
where n,, denotes the number of triangles contain the vertex v.

And now, we begin to compute the ve-degrees in Cartesian product of two
graphs.

Lemma 5. Let G and H be two graphs. Then both G and H contain no triangle
if and only if GOH contains no triangle

Proof. Let accept that G and H be two triangle-free graphs and GOH contains a
triangle, say (a,u)(b, u)(c,u). Then absolutely abc must be a triangle in G. This is
a contradiction. The same argument holds for the supposition that (v,a)(v,b)(v, ¢)
a triangle in GOH. The other part of the proof comes from the fact that if GOH
contains a triangle then either G or H must be contain a triangle. O
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Lemma 6. Let G and H be two connected graphs and (a,b) € GOH. Then;
N(a,b) = Na + M

Proof. Let auv be one of the triangle which contains the vertex a in G. Then
(a,b)(u,b)(v,b) must be a triangle in GOH from the definition of Cartesian product
of graphs. Similarly let brt be one of the triangle which contains the vertex bin H.
Then (a,b)(a,r)(a,t) must be a triangle in GOH. The same argument holds for the
all triangles which contain the vertex a and the vertex b in G and H, respectively.
From the Lemma 5 the desired result acquired. O

Proposition 7. Let (a,b) € V(GOH). Then;

Z deg(c,d) = 2deg(a)deg(b) + degyea + degyeb + ng + .
(e,d)eN((a,b))

Proof. Let N(a) = {v1,va,...,v0,} and N(b) = {uq,ua, ..., Un, }. From the definition
of the Cartesian product of graphs, we can write that;

Z deg(c,d) = Z deg(a,d) + Z deg(c,b)

(¢,d)eN((a,b)) (a=c),deN(b) (b=d),ceN(a)

= deg(a,u1) +deg(a,uz) + ... + deg(a, un, ) + deg(b, v1) + deg(b, v2) + ... + deg(b, vy,)
= deg(a)deg(b) + ZdeN(b) deg(d) + deg(b)deg(a) + ZceN(a) deg(c).

From the Lemma 4 we know that }_, oy, deg(u) = degye(v) +ny. Therefore, from
the last equality we get that;

= 2deg(a)deg(b) + degyea + degyeb + ng + np. O

Corollary 8. Let (a,b) € V(GOH). Then;
degye(a,b) = degyea + degueb + 2deg(a)deg(b).
Proof. The proof comes from the Lemma 4, Lemma 6 and Proposition 7. O

And now we can investigate the ve-degrees in direct(tensor, kronocker) prod-
uct of two arbitrary graphs. We know that the direct product of two graphs is
connected as far as at least one of the two graphs contains an odd cycle. But here,
we focus degree not connectivity.

Lemma 9. Let G and H be two connected simple graphs. If both G and H contain
triangles then G x H contains triangles.

Proof. Clearly if both G and H contain no triangle then G x H must not contain
no triangle. Let accept that G contain a triangle and H contain no triangle. Then
we can said from the definition of the direct product of graphs that G x H contains
no triangle. Let accept that both G and H contain exactly one triangle, say uvw
and brt respectively. Then (ub)(vr)(wt) and (ub)(vt)(wr) are the corresponding
triangles in G x H. O
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Lemma 10. Let G and H be two connected graphs and (a,b) € G x H. Then;
N(a,b) = 2N M

Proof. Let ng, = k and n, = [ for the positive natural numbers k,I > 0. And let
UTVIWT , UgU2Wsa, ..., URUpWE be the triangles in G and byr1tq, barata, ..., byrit; be the
triangles in H. Then the pairs of triangles (u1b1)(vir1)(wit1) and (u1by)(v1ty)(wiry),
(ulbg)(l}lrg)(wltz) and (ulbg)(’ultg)(wl’f‘g),..., (ulbl)(vlrl)(wltl) and (ulbl)(vltl)(wlrl)
are corresponding triangles of the triangle uivyw;. That is exactly there are 21 tri-
angles in G x H for the the triangle ujviw,. The same argument holds for the
other triangles of G. Therefore, there are exactly 2kl triangles in G x H. O

Proposition 11. Let (a,b) € V(G x H). Then;

Z deg(c,d) = (degpea + ng)(degyeb + np)
(e,d)eN((a,b))

Proof. Let N(a) = {v1,va,...,v0,} and N(b) = {uq,ua, ..., Us, . From the definition
of the direct product of graphs, we can write that;

Z deg(c,d) = Z deg(c)deg(d)

(¢,d)eN((a,b)) (¢,d)eN((a,b))

= (deg(v1) + deg(v2) + ... + deg(vy,))(deg(uy) + deg(us) + ... + deg(uny,))

From the Lemma 4 we know that >, ¢ v, deg(u) = degve(v) +ny. Therefore, from
the last equality we get that;

= (degye(a) + ng)(degyeb + np). O

Corollary 12. Let (a,b) € V(G x H). Then;
degye(a,b) = (degyea + ng)(degyeb + np) — 2nanp
Proof. The proof comes from the Lemma 4, Lemma 10 and Proposition 11. O

We begin to investigate ve-degrees in strong product of two graphs.

Lemma 13. Let G and H be two connected graphs and (a,b) € GH. Then;
Nap) = Na(1+ |E(H)|) +np(1 + |E(GQ)]) + 2nany + 2deg(a)deg(b)

Proof. The triangles belong to GLOH and G x H are in the GH. There are new two
kind of triangles in GH. The first group consists of two Cartesian (product) edges
and one direct (product) edge. And the second group consists of one Cartesian
(product) edge and two direct (product) edges.

(a) 2 Cartesian 1 direct triangles: Let (a,b) € GH, N(a) = {v1,v2,...,v,} and
N(b) = {u1,ug, ..., un }. There are m four cycles such as; ab, auy,v1b, viuy, ab, aug
,v1b, v1Ug,..., ab, atyy,, v1b, v1u, for the Cartesian product of the edges av; and bu;
for the 1 < ¢ < m. And the same argument holds for Cartesian product of all the
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edges av; and buj. Therefore, there are nm = deg(a)deg(b) four cycles in GOH
including the vertex (a, b). Note that every four cycle consists of only the Cartesian
product edges in GH has two triangles with two cartesian edges and one direct
edges. For example there are two triangles, namely ab,viui,v1b and ab, auq,v1b
in the four cycle ab, auy,v1b,v1u; in GH. Thus, there are 2deg(a)deg(b) = 2nm
triangles with two Cartesian edges and one direct edge in GH including the vertex
(a,b).

(b) 1 Cartesian 2 direct triangles: Let (a,b) € GH. If n, = ny = 0 then there is
no any triangle with two direct edge and one Cartesian edge in GH. Let accept
that n, = 1, avive be triangle in G and bu; be an edge of H. Note that the
triangle ab, viuq,vouq is the only triangle, which consists of two direct edge and
one Cartesian edge in GH, contains the vertex (a,b). Therefore, there are |E(H)|
triangle, which consists of two direct edge and one Cartesian edge in GH, contains
the vertex (a,b). Clearly if n, = k > 1 then there are k|E(H)| triangle, which
consists of two direct edge and one Cartesian edge in GH, contain the vertex (a, ).
The same argument of the vertex a holds for the vertex b. Thus, the proof is
completed from these facts and Lemma 6 and Lemma 10. O

Proposition 14. Let (a,b) € V(GH). Then;
2 (e.d)eN((ap)) deg(c, d) = 2deg(a)deg(b) + degyea+ degueb + (deguea +na ) (degueb+
np) + g + 1y

Proof. We know that E(GH) = E(GOH)U E(G x H). From this and Propositions
7 and 11, we get the desired result. O

Corollary 15. Let (a,b) € V(GH). Then;
degye(a,b) = degpea + degyeb + (degyea + ng)(degyeb + np) — 2ngnpy — no|E(H)| —
np| E(G)|

Proof. The proof comes from the Lemma 4, Lemma 13 and Proposition 14. O

3. CONCLUSION

There are many open problems related to ve-degrees for further studies. It
can be interesting to compute the exact values of ve-degrees in some other graph
operations.
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