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ABSTRACT

In this study, we proposed a new definition to give a different perspec-tive to convex functions.
We have introduced the expansion of Hadamard, midpoint Hadamard, trapezoid Hadamard, Simpson
and Ostrowski inequalities for the newly defined classes of convex functions.
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1. INTRODUCTION

1.1. Theorems. If ¢ is integrable on [u,, us], then the average value of v on [u;, us]

is

1 wm
1) _ ol 2)dz.
(1) HE_ML o(2)

Let p: D C B — R be a convex function and wu;, 1w, € I with u; < us. Then the

following double inequality:

3 iy + Us 1 5 ) A1) + o)
(2}:’ _r: (;) 1"_" —/ 'f:'[:-:,:'(i: i ‘:—'{ 1J ‘3—'{ a2 |

!

2 ta — Ty | 2

is known as Hermite-Hadamard ineguality for convex mappings. For particular
choice of the function ¢ in (2) vields some classical inequalities of means. Both
inequalities in (2) hold in reversed direction if ¢ is concave. The refinement of the
second inequality in (2) is due to Bullen as follows:

3) 1 /“'—' o(z)dz < 1 [»,3' (?!-J + ?I-:z) n wluy) + w(usg) < wluy) + wlusz)
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where = 18 as above. This (3] integral inequality 15 well known in the hterature as
Bullen Inequality |21, Pecané, Proschan and Tong, 1991|. For some recent results
in connection with Hermite-Hadamard inequality and its applications we refer to [[1],
[4]-[9], [11]-[25], [27] | where further references are given.

The following mequality 15 well known 1n the hterature as Simpson’s inequality
|10, Dragomir, Agarwal, and Cerone, 2000];

@ f“q:-{z]dnf—ug;ul W(ﬂﬂ‘;'«?{“&] + 2 (tu-li-uz)]

1

1
< 1ogp 10 o (w2 — w0)*,

where the mapping ¢ : |uj,u3] — R is assumed to be four times continuocusly

differentiable on the interval and ¥ to be bounded on (u;, us) , that is,

""!':'[4}”.:.: =  sup |i,|‘.2'|:4:| I:T]I < DO.
)

e g

Let ¢ : D C [0,00) — R be a differentiable mapping on D° (the interior of )
such that " € L|uj.ua|, where uj,us € D with wy < us. If || < M, then the
following double mequality:

1 u.l' UL
(5) — f olu)d

holds. This result is known in the hiterature as the Ostrowski inequality [26].

- M (z—w)*+ (us —2)°
T ug — g 2

p(z) —

1.2. Definitions. Let h : J — R be a nonnegative function, h Z 0. We say that
w: D — Ris an h-convex function, or that ¢ belongs to the class SX (h, [)),1f p1s
nonnegative and for all z, g € D and r € (0, 1) we have

(6) wlrz+(1-r)p) <h(r)e(z) +h(l —71)ply).

If inequality (6) 1s reversed, then ¢ 18 said to be h-concave, 1.e. € SV (h, D).
Obwviously, if k(r) = r, then all nonnegative convex functions belong to SX (h, D)
and all nonnegative concave functions belong to SV (h, D); if h(r) = 1, then
SX (h,D) 2 P(D); and if h(r) = r*, where s € (0,1), then SX (h,D) > K2,
where K7 is s—convex in the second sense [26, 27).

The function ¢ : [0,v] = R is said to be {a, m) —convex, where (o, m) £ ['EI_,I]EJ
if for every z, u € [0,v] and r € [0,1], we have

wlrz+m(l—r)p) () +m(l —r)pp).



Denote by K2 (v) the set of the (o, m) —convex functions on [0, v| for which (0) <
0. We say that 18 (e, m) —concave 1f — 15 (@, m) —convex. Denote by K2 (v) the
class of all (@, m) —convex functions on [0, v| for which ¢(0) < 0 [24, 25].

1.3, Lemmas.

Lemma 1.1. (14| Let ¢ : D € B — R be a differentiable mapping on D°,
ug, ug € D° with uy < wa. If ' € L |uq, ua, then the following equality holds:

1 w2 ’-U1+‘Ug
| e@i—o(M52)

é 1
= [ug—uﬂj.; rm’{ru1+{l—r}u&]dr+ﬁ (r—1)¢" (rug + (1 — ) ua) dr.

T

Lemma 1.2, [1|Let ¢ : D C B — R be a differentiable mapping on D° where
ug, ug € I with wy < wa. If ' € L{ug, ug, then the following equality holds:

wlu) +wlu) 1 fm;_:-{z]d::

2 us — 1

u]
1 1
_ ug—uy a 1+r 1—7r A1+ 1—r
- 1 U.;'I T]'w"( 3 uy + 5 ﬂz)dr+[u*rrp( 3 us + 51 dr| .

Lemma 1.3. 2|Let ¢ : D € B — R be an absolutely continuous mapping D°
where wy,ug € D with wy < ua. If @ € Llug,ua|, then the following equality holds:

1{ - fuy _ 1 - i
g ot a0 (M52) + o) - [Co (e

1
_— —uﬂfﬂ p(r) ' (rua + (1 = r)us) dr

F(T]={ r_é'- I’E[D,%j

r—z, r€ [2.1].
Lemma 1.4. [3|Let ¢ : D C R — R be a differentiable mapping on D)°, where
ug, ug € I with uy < wa. If @' € L|ug, ug), then the following equality holds:

! [ w (u)du = | —ul][ ' (rug + (1 —7)ug) dr
Uy — Uy
for each r € [0, 1], where

T, [Uﬁ]
p{r]== r—1, TE (ﬂz_m, ]

where

p(z) —



for all z € |ug,us).

The main aim of this paper 15 to establish refinements inequalities of Hadamard’s
type, midpoint-Hadamard type, trapezoid-Hadamard type, Simpson's type and Os-

trowskl's type for e—convex functions.

2. MAIN RESULTS

Firstly, Let us define the following special defimtion on convex functions. Secondly

we establish a few different intelhgent mtegral mmequalities.

Definition 2.1. Let h : J C B — R be ¢ nonnegative function. A function
w:DCR— (0,00) is said to be (a,m, eﬁ} — conver function if

plrz+m(l—r)p) < o (2) + me* T ()

forall z,p € D and r £ [0, 1] with some fired (o, m) € (0, 1]‘I . Let us suggest several
special cases of new definition;

(1) If hi{r) = r* for s € [0,1], then Definition 2.1 reduces to definition of
(o, m, £F) —convexaty.

(2) If hir) = r for s € 10,1], then Definition 2.1 reduces to definition of
(e, m, e”“} —convexity.

(3) If hir) = r= and m — 1. then Dehmtion 2.1 reduces to defimtion of
e—convexity.

(4) If h(r) = r, then Definition 2.1 reduces to defimtion of (o, m, €] —convexity
in the first sense.

(5) If h{r) =1, then Defimtion 2.1 reduces to defimtion of (m, ) —convexity.

(6) fh(r) =r*for s € [0,1] .and a = 1, then Definition 2.1 reduces to defimtion
of (o, m, &) —convexity mn the second sense.

(T) If Rir) = v (1 —r) and & = 1, then Defimtion 2.1 reduces to defimtion of
(e, tgs, €) —convexity.

(8) I h(r) — Y20 and a — 1, then Definition 2.1 reduces to definition of
(e, eper) —convexaty.

Now, we prove the following theorems.

Theorem 2.2. [et p be e—conver function, ug,us € D C R with uy < g,
@ € L|ug,us|. Then the following inequalities hold:

1 fu+u 1 = ) - u )
M e (U52) <o [ ez < = Do) +o(m).

Lo
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Proof. Since  1s e—convex, we have

1y + g - rig+(1—rjus rus+(l—rjuy
o(157) - o[

< etp(ruy+ (1—rjug) + e (rug + (1 - r)wy)

for all r € |0, 1|. By integrating, we get
1

i 1 ! 1
p( 1;1-!«2) = E!L :,:I{m1+{1—r}ug}d?‘+f’f‘£ wlras + (1 —r)u)dr

= e (o [ et 0 [ e da)
- w—uy Jyy Y T, YT

%t [
= o2y dz
m_mL o(2)

For the proof of nght hand side of (T}, we can wnte

1 1 1
: f plz)dz < f E’gﬂ[ﬂ.}dr+f el T (ug) dr
Uz — Uy Sy o 0

r —|1
= plus)elo— p(uz) e 7|

= (e—1){p(u1) + p(ug)).

Thus, the theorem is proven. O 145

Theorem 2.3. [Midpoint Hadamard) Let o - D C B = R be a differentiable
mapping on [, uy,us € D with uy < ug and let 1/ry +1/ra = 1 withry > 1. If
|| is e—conver om [uy, us|, then the following inequalities hold:

1 e _ iy + tig
uz_uif o(2)d: - p(H52)

W (Ve = 1) I ()™ + (e = V&) |¢f (wa)) =

+((e = vE) I (ua)[™ + te—lﬂﬂwﬂ”ﬁ]

{“l'f “'§§.+1 ) (1! () + 1 ()]

o

il
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Proof. From Lemma 1.1 and e—convexity of |¢'|™ function on |uy, us| and by using
Holder’s integral inequality, we obtain

1 - +
uy

i i
f r|w’[ru.+[1—r}m|dr+[ (1= 1) ¢ (rug + (1 — r)ug)| dr

o T

< (ug — uy) (‘/Tfﬂ".-;i‘t;u-)ﬁ(f:I |[,-J"[:r'u1+[1—*.l-]lf_:g]||"“|:.!1r')E
. L
(1—r)"d ) ( " (ruy + (1 — r) ug)|™ dr)
(4 /

S U (€ I (w) |”+E"|5ﬁ"[“3}|ﬂ}d‘i")

(ri 1)
+ ( ) @1 @) + eI w)l”) n!r) E]
= manrE [({e% 1) ¢ ()" + (e — et (1)) S

1
+((e—et) ¢! ()™ + (et - 1) W{uﬂl”)"] .
For the proof of second mmequality, using the fact that

(8) Y mirar<y p+y. @

for (0 < v << 1), uyy, g3, ..., 15 2 0, tgg, w, ..., ug = 0, we get

(-1l @+ (<) o )

3=

+((e—e?) 1 (w)™ + (7 = 1) I (wa)[*) ]
< (e— 1) | (w)| + (e — 1) |4 (ua)]
Thus, the proof is done. O

Theorem 2.4. (Trapezoid-Hadamard) Let o : D C B — R be a differentiable
mapping on 17, uy,ua € D with uy < ws and let 1/ry +1/ra = 1 with ry > 1. If

Journal of Scientific Perspectives, Volume:3, Issue:2, Year:2019



|| is e— conver on

‘lﬁ'[ﬂi]"'hﬂ[ﬂz] 1 f"’ ‘
- ¥ (z)dz

2 g — Ty

n+1ml“ — 2Ve) [ (w)[” + (2vE — 2) |¢ (u)|™) =

+ (2~ 2B ¢ (ua)[ + (2vE - 2) ¢! (w)) ]

(uz —wy) (e — 1)
2(ry + 1)Hm

[

(" (1) + [ (ua)]).-

Proaf. From Lemma 1.2 and e—convexity of |p|™ function and by using Holder's
integral inequality, we obtain

i (uy) + i (uz) 1 f‘"
— w(z)dz
g p— w(z)
- Uz — Ty
- 4
1 = 4 . moy =
m 1 1-
(£ ([l (32 o)’
0 0 &
1 1
1 En) 1 1 1-— T3 =3
(fra) ([ (e 5 o)
0 a
< Uz — 1ty

[(f (4 1 ) + =1 () ar)

+ U (E+|\,.::-"[u3]|”+ET I (uy |"1).:.sr)

o

d=

|

- e [(e ) W+ (-2 )

+ (20— 267) ¢ (ua)| ™ + (267 —2) |/ (u 1}I“)ﬂ |
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By using Inequality (8), we get

((EE - E.E%) i’ ()] + (E-E% - g) ¢ (un) |r:)3

+((2e = 2¢7) I¢! (wn) ™ + (267 —2) |/ ()
< (2e-2)|¢ (w)| + (26— 2)|¢ (u),
which completes the proof.

2=

Theorem 2.5. {Trapezoid-Hadamard) Let o : D C B = R be o differentiable
mapping on I[P, uy, uy € D with uy < uy. If |¢|™ is e—conver on [uy, uz|, 5 = 1,
then the following inegqualities hold:

‘w(uﬂ;ﬂuﬂ - i - fu?“w[z}dz

< ;;_1% [({4.;5— %) | (u1)|™ + (4vE — 6) |' (uz)[?) =
+ ((4vE — 26) [’ ()| + (4v/Z — 6) |’ (un)|*) F]

< gmnre (VE —e=3) (I¢ ()] + |¢ (w)]).

148

Journal of Scientific Perspectives, Volume:3, Issue:2, Year:2019



CAKMAK | Hadamard, Simpson And Ostrowski Type Inequalities for E-Convexity

Proof. From Lemma 1.2 and e—convexity of |¢|™
mequality, we establish

. 7
sa(u:);sf)(uz)_ ! /w(z)d2|

Uz — Uy Sy,

function and by using power mean

Uz — Uy

1

([ ) (ol (o5 o)

2

IA

3

1 N 1 r2 =
1—
+ /rdr /rgo’(1+ruq+ ru; dr i
D 0 2 2
Ug — Uy
= 23—1/1\3 »

[( / (re % 1 )™ + 7% ¢ 1)) d)ﬁ

n z
+ ([ (e 1wl + e 1 ) ar) ]
uz —uy

(- 2o+ () o)
+ (42 —2¢) |¢f (ua)™ + (43 — 6) |¢(u,)|n)#] .
By using Inequality (8). we get
(1t —2¢) 1€ (w)™ + (tF = 6) | () )
+ (1% - 2¢) I (wa)™ + (47— 6) |’ (ul)Im)"’?
< (8et —2e—6) (I ()] + ¢/ (wa))

which completes the proof.

Theorem 2.6. (Simpson,, ,,) Let ¢ : D C R = R be a differentiable mapping
on D°, uy,up; € D with uy < up and let 1/ry + 1/ry = 1 withry > 1. If |¢'|7 is

Journal of Scientific Perspectives, Volume:3, Issue:2, Year:2019
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e—conver on [uy, 4|, then the following ineguality holds;

1 1 2
B l:,.:l{-u.i] + 4y (ui -lz-uz) -|-§5'[:u3]:| — Fra— /: w(z)dz

1 4 Fntl

< (uz—u) (EHH T 1})q [{l:ﬁ.-"'E— 1} |§-J’ l[uz]r'l + I[E — ,,‘.-"'E] |§5,r [uijr'l}%
+ (e = V) I (w)|™ + (Ve — 1) ¢ (w) )7 |

Proof. From Lemma 1.3 and by using Holder's integral inequality, we can write
tig + U2

|§ [w-cu.}ﬂ:p( ! )wtuﬂ]—uzimfwtrwl
= fug —uy) [‘/j
+ﬁ

1
r— E‘ |’ (ruz + (1 — r)uy)| dr

r— %l ' (rua + (1 — r)uy))| rir]
T

< (ug—uy) [(‘/:r dr) (fn! |-;,|:.'-'" (ruz + (1 —r) -11.1]||"g dr)
1 & |71 r_l| 1 %
+ r—2| dr ' (ruz + (1 — r) g )| dr
(LF-3r) (1 o)’
1 Er|+1 % : %
= (2= (E*w-i'_[ri + 1]) {(f: @' (ruz + (1 — r)uy)|” ﬂ’rf‘)

[
: =
+ (-/{, |gﬂ’{m3+{1—r}u|}|“dr) ] .

Since |¢'|™ is e—convex, we get

1
"%

ﬁl@’{mﬁ{l—r}m-}l“fﬁ - f (€7 | (ua)[™ + €' |’ (1)) dr
= (vVe—1) ¢ (u)|™ + (e — V) |’ (m)[™,

1 1
.[ o' (rug + (1 — r)w)["dr = /: ("1 ()™ + "7 |4 (wa)[*) dr
T T
= (e—ve) |y (u2)]™ + (Ve —1) |¢' ()]
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150



Thus, we establish

slewrrae (M52) ro)| - = [(v@a:

Uz — Uy Su,

1+1 = £l
< (m-w) (g ) (V= DI @) + = VoY (w))

+ ((e = Vo) ¢ (wa)]™ + (VE— 1) | (w)[*) %]
The proof 15 done. O

The corresponding version of the midpoint inequality is given in the following
result:

Corollary 2.7. If we take @ (uy) = 4y (252) = @ (uz) in Theorem 2.6, then we

get
u1 + w2 1 f"'!
i — o (2) d=
‘aﬂ'( 2 ) — w(z)

41 # L
< (m-w) (Frery) [(VF- DI @R + = Vol @))

+ (e~ VA I¢ )™+ (VE - 1) I (un) ) 3]

Theorem 2.8. (Simpson,, | Let ¢ : D C R — R be a differentiable mapping on
P, uy,us € D with uy < up and let ro > 1. If |'|™ is e—conver on [uy, ug|, then
the following inegquality holds;

1 1y + tig 1 fuz
il i . _ . d=
5[t +a0 (252 o )| - o [Toe)

i

-1

< (ug—uy) (%) h

: [((W‘ Ve g ) I )+ (20F - v Ze ) 1¢ [u.]r‘*f

+ ((‘E‘E“'rf_s— %\E— gE) " (u2)[™ + (’g,g,fg_ gf—_%) |?’,{Uij|ﬂ)%] |



Proof. From Lemma 1.3 and by using power mean inequality, we can write

1 e
olu) + 40 (M52 + o ()| - —— [T a:

2 U Sy
1
fi
a

o

T g

:

il

(uz — 1uq)

+j1: |(p’{ru;+{1—r}u|}|dr]
(uz — ) [(‘}‘;% :.!r)l_# (f:
(k=8 "L

rg—1

e ()7 [(/
+ (j: r—g |‘r"r{ru3+{1—r]|u|}|”dr)%] _

Since |'|™ is e—convex, we get
"
/
= W) | lr— Merdr+ 107 (uo) / J"
[1] o
7 _ 7 — 4 _ 5 .
= (20F-3vE—5 ) I ()™ + (205 - 3vE—ge ) 1¢ (™,
1
J,
1
= 1 () j;

. (ﬂf?— 2V~ EE) o () + (2&?— N %) e ()"

r— %‘ |’ (rug + (1 — r)wy)|dr

1
r—_

6

[l

1 )
r— E‘ |’ (ruz + (1 — f']-u|}|ﬂdr)

b
r‘_—

G 1"‘g‘lw’truﬁcl—rnmﬂ”d’) ]

1 L
r— El I (ruz + (1 — r)ud)|™ n!r)

=31 (=) ar

e Tdr

1
r__
6

1
r__
&

and
-

r—% I (rug + (1 — ) uyg) [ dr

5
r‘_—

G

r— =& dr

i

1
Sar+ I¢! ()[” [
]

Thus, by combining all the above terms, we obtain the required result. C



Theorem 2.9. (Ostrowski,, .| Let o - D C R — R be a differentiable mapping
on [P, wy,ug € D with wy < ug and let 1/ry + 1/ry = 1 with vy > 1. If |¢'|™ is
£—conver on [uy, U], then the following ineguality holds;

g
O f aﬂ(ﬂ]dﬂ-‘

Ly
— = r"'l — ’ r — r2 .
® _[]— []r1+1]# ((F= 1)1+ (e = 55) 1 o)) ™
:I-_I'
BT (e ) 1 )™ + (55— 1) 19 () r)

(1 — ui}# (ry + 1)

Proof. From Lemma 1.4 and by using the Hélder's integral inequality and since |¢'|™

5 E—CONVEX, We Can write

o) =0 [ elw)du

g — Uy

ug—s 1/r ng-z 1ira
< (uz—m) [U f"'n!r) U ¢ (rus + (1 — ) uz)[™ dr)
o o
1 1y 1 1/rs
+ ([L (1—r)" dr) (f_-:—_ i’ (rug + (1 —r)ug)|™ di“) ]

w3 —ny ug—my

- =
e - 2) T (j; (€7 |y’ (ug)[™ + €' | (u2)|™) d")

1/

I

(w2 —ug )™ (ry + 1)
{'-"—T_I!|:|:I"I-_l

1frn
| (uz — u }' (r +1}| (fJ— (1 ()l + e 1 (ua) ) )
2 — U1 )" (T Tl

b |

r|||

" [1;1]_*zsrrl+ )& (5 1)l + (= 575 g/ ™)
2 — )" (r -

H e Z-uy 1fr2
e (=555 1 ()™ + (575 — 1) | () i)

(z—wm) ™

| (g — 1!-1}'# (r1 +

The proof is completed. O



Corollary 2.10. [f we take r = 2222 in Theorem 2.9, then we get

2
futusy 1 "1.,.
r( 9 ] UE—HI£| v (u) du
< e [((VE— ) ()™ + (e — VE) | (mn)[*) /"

27 (ry + 1)

+ (e~ V@) I () + (VE — 1) |/ (ua)| dr) /"]

Theorem 2.11. [Osfrowski,, ) Let ¢ : D C R — R be a differentiable mapping
on [P, uy,uz € D with uy < uy and let ra > 1. If |@'|7 is e—conver on [uy, ug),
then the following inequality holds;

g
o) -0 [ e

Uy — Uy Sy,

I:'Ll!g - 2]3{1_%]

[
2{ug —uy) ™

_— e _ — Ljra
K((1+h—mﬁ'“_?"Tl)|\‘ﬂ'l[ﬂ|]|ﬂ+([ul EHE+E]EFLI_+E) |'1|:J"II:1.|!3:||H)

Uz — Uy Uz — Uy

e us

9 (g — uy)

o~

1/r
" ((E—“*—wﬂ) I’ ()| + (1 B ”) Iaﬂ'{uﬂl"‘dr) -

Uz — Uy Uy — iy




Proof. From Lemma 1.4 and using the power mean inteerral inequality and since
|e2'|™ is e—convex , we can write

o(z) - — fwamiﬂ]du‘

u‘E_ul g

?uz__T,- 1-1fra _..E:T,- 1/rz
< (up — ) [(j; ’ Irn!r) (ﬁq l.'r'|i,|::-’|:'r'-1|!|+|:1—.’r{‘]t:;"]|"’d;")

1 1=1fry 1 1/r
+([ﬁ{1—r]dr) (fﬁ[l—r}|p"[rul+[l—r}ugﬂ”dr) ]
{ufg—z]z{l_%] C= . - e - o

< S [T e eI () ) ar
[z — ﬂljz{i_# ! 1 _ P 1-1 1 — el !'1 d "
+E[II:3 ) -/:."g_':. (e e T
B (g — 2]3{1—%]
C ug—uy)
(1o ) + (e ) e ]|“’)”ﬂ
Ug — 1y : Uy — Uy :
-|-[2 _ ulf(i_ﬁﬂ
2(up — 1)
r—u 1frz
u—“f_'T’l{Eﬂl — iy — ) ! " EFLT (g — 2) ; -
x((& pra— +f)|tp (1) +(1— p— )llﬁ' (u2)| dr)
The proof 15 completed. [l

Corollary 2.12. [f we take z = “‘;"“ in Theorem 2.11, then we get

Uy + Uz 1 e
. _ 2 () d
v ( 2 ) uz — l[ v [H] "

H;Tjiiﬂ [((1 +%f’5) i (mq)|™ + @v@_w) |¥"{u3]|"1)1m

2

I

o

4 ((e - %u’é) @ ()™ + (1 - %ﬁ) ¢ () dr) ”ﬂ]

< “j;; ((1+e— ve) ¢ ()l + (1 +e+ VE) ¢ (ua)]) -
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