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1. Introduction

One of the main convergence types in a Riesz space ! is order convergence. Recall that a net

(Za)aca in a Riesz space E is said to be order convergent to x € E (briefly; z, 2z or Ta o-converges
to ) if there exists another net (yg)sep in E such that

i) yg | 0, that is, (yg)gep is decreasing to 0 and ;

ii) For each 8 € B there exists ag € A such that |z, — x| < yg for each o > a.

Unbounded order convergence in a Riesz space was defined and studied in [1,2]. Recently, many
authors have started to work on this topic in [3-5]. Namely, a net (x,) 2 in a Riesz space E is said to
be unbounded order convergent if the net (|z, — x| Au) is order convergent to zero for each u € ET
(briefly; z4 2% 2 or x, uo-converges to x). In general, every order convergent net is unbounded order
convergent but the converse is not true (For example, consider ¢y as a Riesz space under pointwise
order, the standard unit vectors (e, ) are uo-convergent but not o-convergent). It is obvious that order
convergence and unbounded order convergence coincide for order bounded nets. Although in general,
unbounded order convergence is not topological (see [3]), but in an atomic Riesz space, it is topological
(see Theorem 2 in [6]).

Let E be a normed Riesz space. A net (z,) in E is said to be unbounded norm convergent to
z € F if the net (Jzo — | A u) is norm convergent to zero for each u € ET (briefly; z, —% = or 4
un-converges to z). The notion of unbounded norm convergence was defined in [7] and many results
were obtained in [8,9]. These notions were extended to the locally solid Riesz spaces (see [10]). In [9],
it is noticed that unbounded norm convergence defines a topology, that is, there exists a new topology
on the normed Riesz space E so that the unbounded norm convergence and topological convergence
agree. This new topology is called un-topology. See [9] for more details on this topic. In the paper,
it is also proved that in Banach lattices, the norm topology and unbounded norm topology coincide if
and only if the space has a strong order unit (Theorem 2.3).
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2. An observation
Let (E,||.||) be a normed Riesz space. For each u € ET, define P, : E — R by
By(x) = [[[z] Aull.

We will show that for each uw € ET, P, is a Riesz pseudonorm. Recall that a real-valued map p on E
is called a Riesz pseudonorm if the following conditions are satisfied:

—_

. p(x) > 0Ve € X;

2. If z =0, then p(z) = 0;

3. p(z +y) <plx) +py) Yo,y € X;

4. If lim, 00 Ay = 0 in R, then p(Apx); — 0 in R Vz € X;

ot

-1 [z] < |y|, then p(z) < p(y).

Theorem 2.1. Let (E,||.||) be a normed Riesz space. For each u € ET, the map P, : E — RT
defined by P,(z) = |||z| A ul|, is a Riesz pseudonorm. Moreover, the un-topology and the topology
generated by the family (P,),cp+ coincide.

PROOF. Let u € ET be given. Obviously, the conditions (1),(2) and (5) hold. For condition (3): Let
z,y € E be given. Since |z +y| < |z|+ |y|, we have |z +y|Au < (|z] + |y|) Au < |z| Au+ |y| Au and
since ||.|| is a lattice norm, we get the inequality P,(z +y) < P,(z) + P.(y) by monotonicity and the
triangle inequality property of lattice norm. For condition(4): Let {\,} C R be a sequence such that
limy, 00 A, = 0 and = € F, the inequality

Pu(An) = [[[Anz| Aul| < [[Anz]] = | An]l]2]]

implies that lim,_,~ P,(A\,z) = 0. Hence P, is a Riesz pseudonorm.

Let (z4) be a net converging to x in un-topology, that is, || |[xe — x| Au || — 0 for each u € E™.
By definition, P,(x, — x) converges to zero for each u € ET, so it converges to x in the topology
generated by the family (P,),cp+. Converse direction is also true. This completes the proof. O

Note that in a Riesz space, we have the following.
Theorem 2.2. Let E be a Riesz space and p : E — R be a map. The followings are equivalent:
i. pis a Riesz pseudonorm:;

ii. p(x) = p(|z|) for all x € E and for each v € ET, the map p, : E — R, defined by p,(z) =
p(Jz| Au), is a Riesz pseudonorm.

ProoF. If (i) holds, following the proof of Theorem 2.1, we can get (7). Suppose that (i7) holds.
Since p(z) = p(|z|) = pjz)(z) > 0, it is obvious that p(x) = p(|z|) = p|y(z) = 0 whenever x = 0. Let
x,y € E be given. Then
p(x +y) =p(jz +y| A (2] + [y])

=Paf+1y (12 + yl)

<Pjaf+ly/(1Z]) + Ppaj+1y ([9])

=p(|z| A (2] + 1) + p(z[ A (2] + |y[)

=p(z]) + p(lyl)

so that p satisfies the triangle inequality. Let x € E be given. Then
limy 00 P(An) = limy, o0 p(|Anz|) = limy oo ppy (| Anl]z]) = 0.
If |z| < |y| then
p(x) = p(|]) = p(lz[ Alyl) = pyy (J2]) = ppyi(2) < piy (v) = p(lyl) = p(y)-
This completes the proof. O
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3. Some notations and terminolgy

Let E be a Riesz space. A subset A C E is called solid if y € A whenever |y| < |z| in E for some
x € A. A linear topology 7 on F is called locally solid if it has a neighborhood system at zero
consisting of solid sets. One can easily show that a given set P of Riesz pseudonorms has a solid
topology with a subbase of zero as the set {p~'(—e¢,¢) : p € P,e > 0}. This topology is denoted by
< P >, and it is called locally solid topology generated by P. Conversely, Fremlins Theorem says
that every locally solid topology is generated by a family of Riesz pseudonorms. That is, a linear
topology 7 is locally solid if and only if 7 =< P > for some set P of Riesz pseudonorms.(see [11]) .

Let p be a Riesz pseudonorm on E. For each u € E, the map p, : £ — R is also a Riesz
pseudonorm defined by py,(z) = p(|z| A u). Let (E,7) be a locally solid Riesz space. So there exists
a family of Riesz pseudonorms (p;);er such that 7 =< (p;)ier >. For any A C E., there exists a
different family of Riesz pseudonorms (p; q)icr,aca Where p; o(x) = p(Jz| Aa) for each i € I and a € A.
This related family defines a locally solid topology. This fact coincides with the Mitchell A. Taylor’s
definition of ”unbounded 7—convergence with respect to A” in [12]. Here is the Mitchell A. Taylor’s
definition.

Definition 3.1. Let X be a vector lattice, A C X be an ideal and 7 be a locally solid topology on A.
Let (z4) be a net in X and = € X. We say that (z,) unbounded 7-converges to = with respect to A
if |(x0) — x| Ala| = for alla € Ay.

In [12], the convergence in the above definition is denoted by us7

Observation:

Let E be a Riesz space, and p : E — R be a Riesz pseudonorm. For a given nonempty set A C E,
consider the map ps : £ — R defined by

pa(x) = supgeq p(|z] A a)

It is obvious that the map p4 satisfies the conditions (1) — (3) and (5), we must check condition (4):
Let {\,} C R be any sequence converging to zero. Then

pA(Anx) = sup p(|Anx| A a) = sup p(|\n|z| A a)
acA acA
< sup p(|Anl|z()
acA
= p([Anllz]) —0

so that p4 is a Riesz pseudonorm.

Let P = (p;)ics be a family of Riesz pseudonorms and &/ C & (E,) that does not contain the
empty set. This family generates a topology, say 7. The locally solid topology generated by the family
{pia i€l Ac o} will be denoted by v < 7,4 >. Actually, if &/ contains the empty set, then
u < 71,9 > is discrete topology.

Some remarks:

Let (E,7) be a locally solid Riesz space, (p;)ic; be the family of Riesz pseudonorms, and 7 =<
(pi)ier >. Then

(1) For any & C Z(E), u < 7,4 >C 7 holds.
Proof: z, & = <= pi(zqa — ) = 0 <= pi(|za — 2|) — 0, and for each a € E, we have
pi(’xa - x’ N a) < pi(’xa - x!), hence

sUpgea Pi(|za — x| Aa) < pi(lxq — x|) for each A € &

U<t >
Sox, ———x

(2) If o ={{E+}}, thenu < 7,{{E}+}} >=1.
Proof: It is clear that sup,cp, pi(|z| A a) = pi(|z|) = pi(z).
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3)

Ifo CABthenu<t,o >Cu<t,B>forall & C BC P(EL).

B
Proof: zq =127 4= suppep Pi(|ta — x| Na) B € A

= SUP,e 4 Pi(|za — x| Aa) for each A € &7 C A.

u< T, >
Hence, xt, —— > =«

For each & C Z(Ey) u<1,U« >Cu < 1,4 > holds.

Proof: Let x, USTIZ . Sofor afixed i € [ and A € A, pia(xa — ) = 0 <= sup,eq pi(|Ta —

x| Aa) — 0, and it is obvious that
Pi(|xa — | A a) < sup,eq pi(|za — x| A a) for each a € A.

Hence, pi,{a}(xoz - JI) = pi,{a}(‘xa - .73|) = SUPge{a} pi(|517a - ‘T| N a) = pi(|$o¢ - LL’| A a) — 0.

For each & C Z(Ey) u <7, >=u < 7,I(|J«) > holds where I(|J /) is the ideal gener-
ated by |J <.

Proof: Since & C I(J&), we have u < 7,Jo& >C u < 7,I(U<«) > from (3). Let

T USTI> e and b€ I(J «)+ be given, there exists ay,...,a, € |J& and k > 0 such that

0<b<k(as+..4+ayp). Then

n
]ma—x\/\bg]xa—x]/\k(al—i—...—i-an)SZ\xa—x\/\kai

i=1
“ 1
:k2k|xa—x|/\ai
1=

n
< k:m2|xa —xz| Aa;
i=1

where m is the smallest positive integer greater than % Then by the monotonicity of p;,
pi(|lza — 2| Ab) < pi(km > 7| |xa — x| Aa;) — 0.
Hence, pi(|zo — x| Ab) = supyegpy pi(|za — 2| AD). This completes the proof.

For each &/ C Z(E;) u< 1,|Jo >=u < 1,|J« > holds.

Proof: Suppose that z, USTTZ oy oand b € U« be given. Choose a net (bg) € |J«&/ with

bs M7 p. Let i € I be fixed and € > 0 be given. Choose 3y such that p;(bg, —b) < §. Then

|zo — x| ANb=|zq — x| A (b—bg, + bs,)
<l|zq — x| A (’b_bﬁo‘ + ‘bng’)
< |re — 2| A ‘b_bﬁo‘ + |za — 2| A ’bﬁo|

Applying p; to this inequality, one can show the existence of ag such that p; (xo — ) < €
This completes the proof.

If0<a<b, thenu<r,{a} >u<7,{b} >
Proof: It is clear that; sup,cq) Pi(|Ta — [ A a) = pi(|za — 2| A a)

< pi(’$a - ."E‘ A b)

= Suppepy Pi([Ta — 2| A D).

If e € E is a strong order unit, then v < 7, {{e}} >= u < 7,|J E4+ >. But the converse of this
statement is not true in general. For example, consider ¢y as a Banach lattice with supremum
norm, with norm topology 7 and e = (1). Then u < 7, {{e}} >=u < 7,|JE; >, but e is not
an order unit.
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(9) If e is a quasi-interior point, then u < 7, {{e}} >=u < 7,|J E4 > from (5) and (6).
(10) For any & C Z(Ey), u <7, >=u<u<T,9 >, o > holds.

(11) For any {A} € Z(E}), u < 7,{A} ># wuar, but u < 7,|JA >= wuar holds. Moreover,
uaT Cu < 7,{A} >.

4. Unbounded locally solid Riesz space

From the motiviation of the above observation, we give the following definition.

Definition 4.1. A real valued map g on a Riesz space F is said to be unbounded Riesz pseudonorm
if there exists a Riesz pseudonorm p on E and A C E7 satisfying q(z) = supyec p(|z] A a). In this
case, we say that g is generated by p and the subset A.

It is obvious that every unbounded Riesz pseudonorm is a Riesz pseudonorm. So the topology
generated by unbounded Riesz pseudonorm is a locally solid topology. If unbounded Riesz pseudonorm
q is generated by Riesz pseudonorm p and A C ET, then the topology generated by ¢ is weaker than
the topology generated by p. Remind that every family of Riesz pseudonorms defines a locally solid
topology. Conversely, every locally solid topology is determined by a family of Riesz pseudonorms.

Definition 4.2. Let (F,7) be a locally solid Riesz space generated by the family (p;);c; of Riesz
pseudonorms . The locally solid Riesz space on E generated by the family of unbounded Riesz
pseudonorm on FE is called unbounded locally solid Riesz space generated by 7, and denoted by
-

Proposition 4.3. Let (E,7) be a locally solid Riesz space. If 7 is a Hausdorff locally solid topology,
then the unbounded locally solid topology is also Hausdorff.

PROOF. Let x # 0 be given, then there exists some iy € I such that p;,(z) > 0 where 7 =<
(pi)ier >.Then

Gio {|=|} = pio(‘x’ A ’JJD = pio(‘xb = pio(x) > 0.
It is obvious that g;; (||} is an unbounded Riesz pseudonorm, so 7 is a Hausdorff topology. O

Definition 4.4. A net (z,) in a locally solid Riesz space (E, 1) is unbounded topological conver-
gent if it is convergent in unbounded locally solid Riesz space (E, Tl).

Theorem 4.5. Let (E,7) be a Hausdorff locally solid Riesz space and (z,) be an increasing net.
Then the followings are equivalent:
1. (va) = xin (E,7);

2. (zo) = x in (E, 7).

PROOF. Since 7 C 7, it is easy to see that (1) implies (2). Now suppose (2) holds. Since 7 is a
Hausdorff locally solid Riesz space by the Proposition 4.3, we have x,, T 2. Thus |z| is an upper bound
for the net (z,) and 2|z| is an upper bound for the net (|z, — z|). Now suppose that (p;)ics is the
family of Riesz pseudonorms such that 7 =< (p;);er >. Let i € I be arbitrary. Then

pi(Ta — @) = pi(|lza — #|) = pi(|lza — x[ A 202]) = g; (22} (Ta — ) = 0.
This completes the proof. ]

Theorem 4.6. Let (E,7) be a Hausdorff locally solid Riesz space, and 7" be the unbounded locally
solid topology generated by 7. Then 7 has Lebesgue property if and only if 7 has Lebesgue property.

PROOF. One side of the implication is clear. Let us assume that z, | 0 implies 2o — 0. Then , it is
easy to see that z, — 0 by using the Theorem 4.5. This completes the proof. 0
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4.1. Product of unbounded locally solid Riesz spaces

Theorem 4.7. Let (F;,7;)ier be a family of locally solid Riesz spaces. Then the product space
[I;c; i is unbounded locally solid Riesz space if and only if for each 4, E; is an unbounded locally
solid Riesz space.

PROOF. Suppose that for each ¢ € I, (E;,7;) is an unbounded locally solid Riesz space, and 7; is
generated by a family @); of the Riesz pseudonorms on E;. So for each ¢ € @Q);, there exists a Riesz
pseudonorm p on E; and A C Ef , depending on ¢, such that

q(x) = supyea p(|z] A a) for all z € E;.

Let j € I and g € Q; be given. Choose p and A as above. Let P; be the projection from E =[], E;
into E; and f; be vector space embedding of E; into E, that is, f; sends « € E; to (x;) where z; =«
and z; = 0 for all ¢« # j. One can show that for each Riesz pseudonorm on Ej, p o P; is a Riesz
pseudonorm on E. We note that for each ¢ € @},

qo Pj((zi)) = q(Pj(z:)) = q(xj) = supyea p(|z;| A a) = supaea p o Pi([(z:)| A fi(a)).
Thus, g o P; is an unbounded Riesz pseudonorm on E. And the the topology of [ [, E; is the topology
generated by {go P; : j € I,q € Q;}. Hence, the locally solid Riesz space [[; E; is an unbounded
locally solid Riesz space.

Now suppose that E =[], E; is an unbounded locally solid Riesz space, and i is given. Suppose
that the topology of F is generated by the family ) of unbounded Riesz pseudonorm on E. Let g € Q)
be given. Choose A = (4;) € E and Riesz pseudonorm p on E such that ¢(z) = sup,c4 p(|z| A a) for
all x € E. It is obvious that for each iy, p o f;, is a Riesz pseudonorm on Ej;, and

qo fio(x) = SupaeAio po flo(’x‘ A a)'
Hence g;, is an unbounded Riesz pseudonorm on E;,. Now one can show that the topology of E;, is

generated by {qo fi, : ¢ € Q}. Hence, E;, is an unbounded locally solid Riesz space. This completes
the proof. O

Let X be a product space of topological spaces (X;)icr. A net (x,) converges to x in X if and
only if x!, — z; in X; for each i € I, where z, = (2,)icr and = (z;). By using this fact, the proof
of the following theorem is easy.

Theorem 4.8. Let (E;, 7;)ics be a family of locally solid Riesz spaces. For each o C & (E:r ), we
have

u<ILim [ >=1Lu <7, >.

4.2. Unbounded absolute weakly locally solid Riesz space

The concept of unbounded absolute weak convergence (briefly uaw-convergence) was considered and
studied in [13]. Let E and F' be vector spaces. If there exists a bilenear map 7' : E x F' — R satisfying

T(z,F)=0= 2 =0,

T(E,y) = 0=z = 0, then the pair (E, F') is called a dual pair. In this case, E can be considered
as a vector supspace of RY by embedding 2 — z*, z*(y) = T(z,y). We can consider R as a
topological space with product topology Hye R and restriction of this topology on E is the topology
generated by the family (py)yer) of seminorms, where p, : E — R defined by p,(z) = |T'(z,y)|. This
topology is independent of T and is denoted by o(FE, F'). Similarly, o(F, FE) can be defined. One of
the main results is that the topological dual of E with respect to o(E, F') is a vector space which is
isomorphic to F, this is denoted by (E,o(E, F)) = F.

Definition 4.9. If (E, F) is a dual pair of Riesz spaces with respect to a positive linear map 7T :
E x F — R, then we call that as a positive dual pair (with respect to T').

We note that if (E, F') is a positive dual pair with bilinear map 7', then one can show that the
embedding x — z*, 2*(y) = T'(x,y) is bipositive.

The order dual of a Riesz space F is the vector space of order bounded functionals from E into
R and denoted by E~, which is a Dedekind complete Riesz space. Throughout the paper we suppose
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that E separates its order dual, that is, for each nonzero x € F, there exists f € E~ with f(z) # 0.
So, (E, E™) is a positive dual pair via the map (z, f) — f(x). If 7 is a Hausdorff locally solid topology
on E, then the topological dual E is an ideal of E™~. Let A C E™ be given. For each f € A, the map
pif - £ — R pyg(x) = [f[(]z]) is a Riesz seminorm. The locally convex-solid topology generated by
(p|f|) feE~ is called absolute weak topology and denoted by |o|(E, A).

Now we are going to define an unbounded absolute locally solid topology. For this, first we need
the following Lemma.

Lemma 4.10. Let (E, F') be a positive dual pair with respect to 7. For each a € E and y € F, the
map p : E — R defined by

p(z) = T(|lz[ Alal, [y])
is a Riesz pseudonorm on FE.

PrOOF. Without loss of the generality, we can suppose that a and y are positive. Obviously the
conditions (1), (2) and (5) are satisfied . For the condition (3): for a given pair z,y € E,

plx+y) =T(z+ylNa,y)

< T(|z| + |yl A a,y) by positivity

<T(|z| Aa,y) + T(Jy| A a,y) by bilinearity and positivity
p(@) + p(y),

hence, the condition (3) holds. For the condition (4), let {\,} C R be a sequence such that
lim,, oo A, =0 and z € F, we have

P(Anz) = T(Anz| A a,y) = T(|Anllz| Aa,y)

= T(Aal(f2] A Mln|a>,y>

1
= [An|T(|z| A m@ﬂ;)
< Al T(Jx], y)-

So, T'(|z|,y)is a real number,|\,|T'(|x|,y) — 0,thus the condition (4)also holds. O

By using the same motivation, for a given A C E;,eg € E and fp € F, the map sup,c4 T'(|x| A
a A leol,|fol) is also a Riesz pseudonorm, and it will be denoted by pa ¢, f,

Definition 4.11. Let (E, F) be a positive dual pair. Let Ey C E,Fy C F and & C P (E4) be
nonempty sets. Then the topology generated by (pa,e,,fo) Aces cocEo, focF, 15 called unbounded locally
solid Riesz space on the positive pair (E, F') with respect to Fy, Fy and o/. This topology is denoted
by u]a](E, F), Eo, F(), d)

By using some routine arguments, the proof of the above theorem can be given.

Theorem 4.12. Let (E, F') be a positive dual pair. Let Let Ey C E,Fy C F and &/ C Z(FE;) be
nonempty sets. Then

ulo|(E, F), Eo, Fo, o) = u|o|(E, F),I1(Ey), I(Fy), ).
Remark 4.13. These observations and results can be extended into locally solid lattice-ordered groups

studied in [14].
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