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Abstract

Let us recall that an operator T : E — F, between two Banach lattices, is said to be weak™
Dunford-Pettis (resp. weak almost limited) if f, (T'z,) — 0 whenever (x,) converges
weakly to 0 in E and (f,,) converges weak* to 0 in F’ (resp. fy, (Tx,) — 0 for all weakly
null sequences (z,) C E and all weak™ null sequences (f,) C F’ with pairwise disjoint
terms). In this note, we state some sufficient conditions for an operator R : G — E(resp.
S : F — G), between Banach lattices, under which the product TR (resp. ST) is weak™*
Dunford-Pettis whenever T': E — F' is an order bounded weak almost limited operator.
As a consequence, we establish the coincidence of the above two classes of operators on
order bounded operators, under a suitable lattice operations’ sequential continuity of the
spaces (resp. their duals) between which the operators are defined. We also look at
the order structure of the vector space of weak almost limited operators between Banach
lattices.
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Introduction

This note is a sequel to the recent works [9,17] where the authors introduced and char-
acterized the class of weak almost limited operators, and investigated their relationship
with almost limited (resp. almost Dunford-Pettis, weak™ Dunford-Pettis) operators. Here,
we extend some results to order bounded operators between Banach lattices using some
new lattice approximations established for weak almost limited operators (Sec. 3). These
lattice approximations allowed us to investigate the product of weak almost limited op-
erators by some order type operators recenlty introduced (Sec. 4). Consequently, the
w¥-conterpart of a result noted by W. Wnuk in [21, Proposition 6] is obtained in the last
of the paper. The last section is devoted to some notes on the order structure of the vector
space of weak almost limited operators between Banach lattices and some further results.
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1. Terminology

A Banach lattice is a Banach space (E, ||-||) such that E is a vector lattice and for each
z,y € E, |z| < |y| implies ||z|| < |ly||. The positive cone of E will be denoted by E*
and for a subset A of a Banach lattice, the solid hull of A will be denoted by sol(A) and
AT := ANET. A norm |[-|| of a Banach lattice E is order continuous if for each net (z,)
such that z, | 0 in E, (z,) converges to 0 for the norm ||-|| where the notation z, | 0
means that (z,) is decreasing and inf (z,) = 0. A subset A C E of a Banach lattice is order
bounded if it is contained in some order interval. An operator T : £ — F between two
Banach lattices is an order bounded operator, if it maps order bounded subsets of E into
an order bounded ones of F'. Tt is positive if T(ET) C F*. The positive operators between
two Banach lattices generate the vector space of all regular operators, i.e., operators that
are written as a difference of two positive operators. The vector space of all continuous
(resp. order bounded, resp. regular) operators from E to F will be denoted L(E,F)
(resp. Lyp(E,F), resp. L,(E,F)). Note that £,(FE,F) C Lp(EF,F) and this inclusion
may be proper (see example of H. P. Lotz [2, Example 1.16]). The lattice operations in a
Banach lattice E (resp. E') are said to be sequentially weakly (resp. weak®) continuous if
for every weakly null sequence (z,,) in E (resp. weak™ null sequence (f,,) in E'), |z,| = 0
for o(E, E') (resp. |fn| — 0 for o(E’, E)). We will use the notation z,, L 2, to mean
that the sequence (z,) in a Banach lattice is disjoint, that is, |zp| A |2y = 0, n # m.
Throughout this paper, X, Y will denote real Banach spaces, E, F' will denote real Banach
lattices, and we mean by operator between Banach spaces, a bounded linear mapping.

Let us recall that a subset A of a Banach space X is called limited [5], if every weak*
null sequence (f,) in X’ converges uniformly to zero on A. In his paper [15], T. Leavelle
considered the notion of (L)-set as a dual counterpart of limited sets; a subset B of a
dual Banach space X' is called (L)-set, if every weakly null sequence (z,,) in X converges
uniformly to zero on B, that is, supsep[f (#n)] — 0. If the sequences (z,,) are taken
disjoint in the latter defintion, then B is said to be almost (L)-set (see [3] for more details).

A Banach lattice E has the (positive) Schur property if (disjoint, or positive) weakly
null sequences in F are norm null. The authors of [4] introduced the so-called dual positive
Schur property. A Banach lattice E has the dual positive Schur property (abb. DPS) if
any positive weak® null sequence in E’ is norm null, equivalently, any positive weak* null
sequence in E’ consisting of pairwise disjoint terms is norm null [23, Proposition 2.3].
A Banach lattice E is said to have the (weak) Dunford-Pettis* (abb. (w)DP*) property,
whenever f, (x,) — 0 for every weakly null sequence (x,,) C F and every (disjoint) weak*
null sequence (f,) C E’. The WDP* property is weaker than both the Dunford-Pettis*
property and the positive Schur property of a Banach lattice, and stronger than the weak
Dunford-Pettis property (that is, sequences of functionals in the preceding definition are
taken disjoint weakly null).

Let us recall that an operator 7' : X — Y is called Dunford-Pettis if ||Tz,| — 0 for
every weakly null sequence (z,,) C X. It is called limited if || T f,|| — 0 for every weak*
null sequence (f,,) C Y’. As weak versions of limited operators, several types of operators
were recently introduced and studied. An operator T : ' — F' is

- weak® Dunford-Pettis (w*DP) [11], if f, (Tx,) — 0 whenever (x,) converges
weakly to 0 in E and (f,) converges weak™ to 0 in F”.

- almost limited [18], if || T" f,,|| — 0 for every disjoint weak* null sequence (f,,) C F'.

- weak almost limited (wa-limited) [9], if f,, (Txy,) — 0 for all weakly null sequences
(x,) C E and all weak* null sequences (f,,) C F’ with pairwise disjoint terms.

The class of wa-limited operators extends both the notions of w*DP operator, almost
limited operator, and the WDP* property of a Banach lattice, since every w*DP (resp.
almost limited) operator T : E — F' is wa-limited, and a Banach lattice E' has the WDP*
property iff the identity operator on F is wa-limited. Also, clearly, a Banach lattice E has
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the DP* (resp. (positive) Schur) property if, and only if, the identity operator on E is a
w*DP (resp. (almost) DP) operator. Furthermore, a o-Dedekind complete Banach lattice
E has the DPS property iff the identity operator on E is almost limited [18, Theorem
3.3]. Note that the class of wa-limited operators contains strictly that of w*DP operators
as well as that of almost limited operators, that is, every w*DP (resp. almost limited)
operator is wa-limited. But a wa-limited operator is not necessarily w*DP (resp. almost
limited). For instance, the identity operator I : ' — ¢! is weak almost limited as ¢! has
the Schur (WDP*) property. But, as £! does not have the dual positive Schur property
[23, Proposition 2.5], I : ¢ — ¢! is not almost limited. On the other hand, the identity
operator I : L1 [0,1] — L'[0, 1] is weak almost limited as L' [0, 1] has the positive Schur
(WDP*) property. But, as L' [0, 1] does not have the DP* property I : L' [0,1] — L'[0,1]
is not w*DP.

Finally, we refer the reader to [2,19] for unexplained terminologies on Banach lattice
theory and positive operators.

2. Characterization and lattice approximation of wa-limited operators

Our following main result shows that the sequences’ disjointness condition in the defini-
tion of wa-limited operators can be reversed, extending the result obtained in [17, Theorem
2.7(5)] for positive operators.

Theorem 2.1. Let T : E — F be an order bounded operator between two Banach lattices
such that F' is o-Dedekind complete. Then, the following assertions are equivalent:

(1) T is a wa-limited operator.

(2) T' carries the solid hull of each weak* null sequence (f,) of F' to an almost (L)-set
in E'.

(3) fn(Txy) — 0 for every disjoint weakly null sequence (x,) C E and every weak*
null sequence (f,) C F'.

Proof. (1) = (2) Let (f,) C F' and (z,,) C E be respectively a weak* null sequence and
a disjoint weakly null sequence. Put B = sol ({f, : n € N}). We proceed in two steps:

Step 1: We claim that |Tx,| = 0 in F. Let f € F}. Since T’ : F' — E' is order
bounded [2, Theorem 1.73], there exists some g € E', such that 7" [~ f, f] C [—g, g]. For
each n pick |f,| < f with f (|Txn|) = fn (Txy) (see [2, Theorem 1.23]). Thus, for each n
we have

FUT (zn)]) = fr (Tzn) < ‘T/ (fn)} (|zn]) < g (|zn]) = 0,
since |x,| = 0 (see [2, Theorem 4.34]). This shows that |Tz,| = 0 holds in F.

Step 2: We show that g, (Tx,) — 0 for every disjoint sequence (g,) C B*. For
such sequence, we have g, w0 (see [13, Lemma 3.1]). As T is wa-limited we see that
gn (Txy) — 0 as desired. Now, by the lattice embedding F < F” we have by Step 1
Tz, % 0in F”. Then, since (Tx,) (fn) = fn(Tx,) — 0 for every disjoint sequence
(fn) C BT, by a particular case of [8, Theorem 2.4] we see that sup f (|Tz,|) — 0. Now,

feB

from
sup g (zn)| = sup [f (Tzy)| < sup f(|T (zn)])
g€T’(B) feB feB
we get  sup |g(z,)| — 0, i.e,, T' (B) is an almost (L)-set.
g€T’(B)

(2) = (3) Let (z,,) C E, (fn) C F’ be respectively a disjoint weakly null sequence
and a weak* null sequence. Since the set {T”'f,:n € N} is an almost (L)-set, thus
sup | fn (Tzr)| — 0 as n — oo, and from the inequality sup |f, (Txk)| > |frn (Tx,)| we

k k

see that f,, (T'z,) — 0.
(3) = (1) Follows from [9, Theorem 2.4(3)]. O
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Clearly, by definition of a wa-limited operator the composition from the right of each
wa-limited operator by an arbitrary operator is still wa-limited. For the composition from
the left, the characterization (3) of the above theorem enable us to derive similar fact for
order bounded operators.

Corollary 2.2. Let E, F and G be a Banach lattices such that F' and G are o-Dedekind
complete and let T € Ly(E,F). If T is wa-limited, then so is S o T for every operator
S : F — G. In particular, in Ly(F') the order bounded wa-limited operators form a two-
sided ideal.

Corollary 2.3. Let E and F' be two Banach lattices such that F' is o-Dedekind complete.
If E' has order continuous norm and sequentially weak* continuous lattice operations, then
an order bounded operator T : E — F' is wa-limited if and only if it is limited.

Proof. Let (f,) C F' be a weak* null sequence. Since |T"f,| “% 0 holds in E' , to show
that |77 fn]] — 0, it suffices by [8, Corollary 2.7] to show that f, (Tz,) — 0 for each
bounded and disjoint sequence (z,) C ET. For such sequence, since the norm of E’ is
order continuous, it follows by [19, Theorem 2.4.14] that z,, = 0. Now, applying Theorem
2.1(3) we see by hypothesis that f, (T'z,) — 0 as desired. O

Next, we show in our following result that order bounded wa-limited operators satisfy
some lattice approximations, extending [17, Theorem 2.5] which is stated for positive
operators.

Theorem 2.4. Let T : E — F be an order bounded wa-limited operator between two
Banach lattices such that F' is o-Dedekind complete. Then, the following assertions hold:

(1) For each relatively weakly compact subset A C E and each weak™® null sequence
(fn) C F', given € > 0, there exists some u € E1 satisfying

(Tl —0))| <<

for all x €sol(A) and all f € B, where B = sol ({f, : n € N}).
(2) For each relatively weakly compact subset A C E and each weak* null sequence
(fn) C F', given e > 0, there exists some g € (F')" satisfying

(1f1 = 9)* (T2)| <&
for all x €sol(A) and all f € B.

Proof. Note that the proof is similar for the two assertions, so we present only that of
the first one. Assume by way of contradiction that there exist a relatively weakly compact
subsets A C F , a weak* null sequence (f,) C F’, and some ¢ > 0 such that for each

u € ET we have
‘f(T(|x]—u)+)‘ > e

for at least z €s0l(A) and f € B. In particular, an easy inductive argument shows that
there exist a sequences (x,,) C sol(A) , (fn) C B such that

n +
fn (T <$n+1! —4m )" |9Cz'|> )
=1

n +
holds for each n. Put y = Y02, 27" |x,| , yn = (|xn+1|—4” > |:c,> and z, =

=1

>¢€ (2.1)

n +
<|mn+1\ — 4" 3 || — 2_"y> . From Lemma 4.35 of [2] the sequence (zy) is disjoint.
i=1

Also, since 0 < z, < |z, + 1| holds, we see that (z,) Csol(A) and therefore z, — 0 (see

[2, Theorem 4.34]). Now, it follows from Theorem 2.1 that supsep |f (T2,)| — 0. In
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particular, f,, (T'z,) — 0. On the other hand, we have 0 < y,, — 2z, < 27"y from which we
get ||yn — 2znl| < 27" ||ly||. In particular, we infer that f,, (T (yn — 2,)) — 0. Therefore, we
see that

| fo (Tyn)| < | fo (T (yn — 20))| + [fr (T20)| — 0,
which contradicts (2.1). This completes the proof. O

3. The product of wa-limited operators by some order type operators

Recently, some order type operators were introduced and studied. An operator T :
E — X is said to be order limited [12], if T" carries each order bounded subset of E to
a limited one in X. The dual counterpart of an order limited operator is defined in [10]
as follows: an operator T : X — F is called order (L)-Dunford-Pettis, if the adjoint 7"
carries each order bounded subset of E’ to an (L)-set in X’. The following two sequential
characterizations were established for the two latter types of operators (see [12, Theorem
3.3] and [10, Theorem 2.5]).

(a) T: E — X is order limited iff |T" f,,| “% 0 for every weak* null sequence (f,) C X'.
(b) T : X — Eis order (L)-Dunford-Pettis iff | Tz, | = 0 for every weakly null sequence
(zn) C X.

It follows for a Banach lattice E that the lattice operations in E (resp. E’) are sequen-
tially weakly (resp. weak™) continuous iff the identity operator on E is order (L)-Dunford-
Pettis (resp. order limited).

We are now in position to state our following main result.

Theorem 3.1. Let E, F' and G be a Banach lattices such that F' is o-Dedekind complete.
Then, for a wa-limited operator T € Ly(E, F) the following statements hold:

(1) the product TR is a w*DP operator for every R € Ly(G, E) such that R is order
limited (resp. order (L)-Dunford-Pettis).

(2) the product ST is a w*DP operator for every S € Ly(F,G) such that S is order
(L )-Dunford-Pettis.

Proof. (1) Let (z,) C G and (fn) C F' be respectively a weakly null sequence and
a weak™® null sequence. We shall see that f, (TR (x,)) — 0. It suffices to show
that f,, (TRy,) — 0 where (y,) € {(z;});(z;,)}. To this end, let € > 0. As T is
a wa-limited operator then, T'R is so (Corollary 2.2). Therefore, by Theorem 2.4,
pick some u € E* such that

‘fn (TR (yn — u)+)‘ <e
holds for all n. Now, for every n we have

TRyl < [fn (TR (g —0)*)| + | fo (TR (g A 0))]
< 5+|T/(fn)(R(yn/\u))|'

Since T" (fy) “S 0 we see from (R (yn Au)), C R([0,u]) and the order limit-
edness of R that 7" (f,) (R (yn Au)) — 0. Therefore, as € > 0 is arbitrary, we
conclude that f, (T Ry,) — 0 as desired.

Assume now that R is an order (L)-Dunford-Pettis operator. we shall show that
gn (T'Rxzy) — 0 where (g,,) € {(f;7);(f;)}. To this end, let ¢ > 0. By Theorem
2.4, pick some g € F’_ such that

(90— 9)" (TRaa)| <&



764 N. Machrafi et al.

holds for all n, and for every n we have

g TRza| < |(gn = 9)" (TR2p)| + (90 A g) (TRz,)|

e+ T (g0 A g) (Ray)|
e+ |T" (gn A g)| (|R2n]) .

Since T" is order bounded, there exists some h € E', with |T" (g, A g)| < h for all

n. Therefore, as R is order (L)-Dunford-Pettis it follows that |T" (g, A g)| (|Rzy|) <

h(|Rzxy|) — 0. As € > 0 is arbitrary, we conclude that g, (T'Rx,) — 0 as desired.

(2) Using the second lattice approximation of Theorem 2.4, the proof is obtained by
similar arguments as in (1) for the case R is order limited.

IAIA

0

As consequense we have the following generalisation of [17, Corollary 2.11].

Corollary 3.2. Let E and F' be two Banach lattices such that F is o-Dedekind complete.
Then, an order bounded operator T : E — F is wa-limited if and only if it is w*DP,
whenever one of the following holds:

(1) E has sequentially weakly continuous lattice operations.
(it) E' has sequentially weak™* continuous lattice operations.
(tit) F has sequentially weakly continuous lattice operations.

Remark 3.3. In the above corollary:

(1) The conditions (4i) and (ii7) present a reversed conditions compared to those of
[17, Corollary 2.11].

(2) The condition (ii7) is a generalisation of the assumption " F’ has sequentially
weak*® continuous lattice operations " that is in [17, Corollary 2.11]. Indeed, since
F' is o-Dedekind complete, the latter assumption is equivalent by [22, Theorem
6.6] to F is discrete with order continuous norm, and hence by [19, Proposition
2.5.23] F has sequentially weakly continuous lattice operations.

In case F is o-Dedekind complete and F’ has sequentially weak* continuous lattice
operations, the conclusion of Corollary 3.2 is sharpened as follows.

Proposition 3.4. Let E and F' be two Banach lattices such that F' is o-Dedekind complete
and F' has sequentially weak* continuous lattice operations. Then, an order bounded
operator T : E — F' is wa-limited if and only if it is Dunford-Pettis.

Proof. Let (x,) C E be a weakly null sequence. It follows by Remark 3.3(2) that [Tz, | =
0 holds in F. To show that ||Tz,| — 0, it suffices by [8, Corollary 2.6] to show that
fn (T'zy,) — 0 for each norm bounded and disjoint sequence (f,,) C F'.. For such sequence,
since the norm of F is order continuous (Remark 3.3(2)), it follows by [19, Corollary 2.4.3]

that f, w0 Now, as T' is wa-limited we see that f,, (T'z,,) — 0 as desired. O

In particular, we obtain the w*-conterpart of a result noted by W. Wnuk in [21, Propo-
sition 6.

Corollary 3.5. For a discrete Banach lattice E with order continuous norm the following
statements are equivalent:

(1) E has the WDP* property.

(2) E has the DP* property.

(3) E has the positive Schur property.
(4) E has the Schur property.
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4. Order structure of wa-limited operators and further results

Let F and F' be two Banach lattices. The vector space of all wa-limited operators from F
into F' is denoted by L (E, F'). The space Lyq;(E, F') is norm closed in £(FE, F'). Indeed,

Let (T},) C Lya(E, F) such that T;, L7 for some T € L(E,F), and let x, EE) i B
and f, ") 0 i FY with fn L fm. It M =sup||fn]l X sup ||z,||, by the inequality

[fu(T(@n )l = |fa(T = Tin) (2n) + fu(Trn ()]

IfallIT = Tl lznll + | fr (T (20)]

M| T = Tl + [ fr(Tin ()],

we see that limsup |f,(T'(zn))] < M ||T — T,|| for every m, since |fn(Tm(zn)] — 0 as

n — oo. Letting m — oo, we get lim f,,(T'(zy,)) = 0, that is T' € Lyq(E, F), as claimed.
But in general L, (F, F) does not form a vector lattice (and hence is not an ideal

in Ly(E, F)), even if the range space F' is Dedekind complete, as shown in the following
example due to G. Ya. Lozanovsky [16].

VANVAN

Example 4.1. Let T : Ly [0, 1] — ¢o be the operator defined by

1 1
T(f) = (/ f(x) sin:zdx,/f(x) sin 2zdzx, ) for each f € Ly[0,1].
0 0

Since Lo [0, 1] is reflexive the operator, T' is a weakly compact operator, and hence the
operator S, restriction of T" to C'[0, 1], is also weakly compact. By Theorems 5.82 and 5.85
in [2] S is a Dunford pettis operator, and hence it is wa-limited. But, S is not an order
bounded operator. Indeed, for each n € N let f,, € C'[0,1] be defined by f,(x) = sinnz
for each z in [0, 1], and consider in C [0, 1] the order bounded set A = {f,, : n € N} . Since
the nth term of the sequence (S (fy,)) is given by

1

2

%7
27

sin 2n
2n

/ sin nx sin nxdx
0

it follows that the set S (A) does not have any upper bound in ¢p, and thus the modulus
of S does not exist.

Although the modulus of an operator T € L, (E, F) exists, this modulus need not be
wa-limited, as shown in the following example based on the example of U. Krengel [14]
(see also for details [24, Exercise 125.9]).

Example 4.2. Consider the real vector space L, = R?" with its pointwise ordering and
Euclidean norm. For each n, let T, : L, — L, be the operator whose matrix is 27" A,,,
where the matrices A, are given by

A, A,
AO = (1) and An+1 = <_An An) .
Note that for each n we have
| Tpz|| =27% ||| forallz € L, and |||Ty]] = 1. (*)

Since the space ¢? can be written as a direct sum ¢? = Lo @® L1 @ ..., under the norm

0o , 3
[(zo, z1,...)[| = <Z (7 ) , Tk € Ly,
=0

define the operators S,,, T : ¢ — (% by
Sn(x(), x1, ) = (Toxo, ceey Tnxn, O, 0, )
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and
T(zo,z1,...) = (Toxo, Th 21, ...).

From the first equality of (x) it can be easly shown that ||.S,, — T'|| — 0 as n — oo. Thus
T is compact and hence wa-limited. Also, an easy computation shows that the modulus
of T is given by

|T| (170, 1, ) = (|T0| o, |T1| T, )

However, since |||T,]||| = 1, for each n fix z,, € L,, with ||z,| = 1 and |||T,,|(zy)] = 1.
Let z,, denote the element of ¢2 whose nth component is x,, and having zero elsewhere. It
follows that H@QH =1 in ¢?, and for n > m we have

171 (@) = 1T] @) = 10, 1,0, = [Ton] (@), 0, ., 0, [T (), 0,0,...)|| = V2.

This shows that |T'| is not compact. Now, since ¢? is reflexive then it is a Glefand-
Phillips space (i.e. limited sets are relatively compact). It follows that |T| is not a limited
operator. Now, by Corollary 2.3 |T'| is not a wa-limited operator as required.

In [1] the idea of a generalized sublattice was introduced. There it is said that (E, <)
is a partially ordered vector spaces and F' is a subspace of F , then F' is a generalized
sublattice of E if (F, <) is a lattice and the supremum of x and y calculated in F' is also
their supremum in F for each z,y € F'.

L7 (B, F) denotes the linear span of the positive wa-limited operators from E into
F. The vector space L7 ,(F, F) forms a vector lattice as shown in the following theorem

whose proof is routine.

Theorem 4.3. Let E and F be two Banach lattices such that F' is Dedekind complete.
Then, LT (E,F) is an ideal in Ly(E, F).

wal

Furthermore, the vector space L] ,(E, F) is not order closed in Ly(E, F') in general:

Example 4.4. Consider the operators T}, : cg — ¢o , n € N defined by
T, ((an)) = (a1, a2, ..., an,0,0,0...).
It is clear that (7)) C L7 (co) and 0 < T, 1 Id,, is satisfied in Ly(cp), where Id,, is

wal

the identity operator on cg. But Id., ¢ Lyai(co).

Now, we are in position to look at the relationship between the vector spaces Lq,q1(E, F),
Ly(E,F) and L(E, F).

Theorem 4.5. Let E and F' be two Banach lattices. Then, the following assertions hold:

(1) L(E,F) = Lyu(E,F) if F is an AL-space.

(2) Ly(E,F) C Lya(E,F) if one of the following assertions is valid:

(a) E is an AL space.

(b) F is o-Dedekind complete and either E or F is an AM space with unit.
Proof. (1) Let x,, o(BE) 0in F and f, () Oin F', f,, L fm. By uniform boundedness
principle and the fact that F’ is an AM-space with unit, the set {f, : n € N} is order
bounded in F’. On the other hand {T'(z,) : n € N} is relatively weakly compact in F. It
follows by [19, Theorem 2.5.3] that the order bounded disjoint sequence (f,) converges
uniformly to zero on the set {T'(zy)}. In particular lim f,,(T(z,)) = 0, which completes
the proof.

(2.a) Let T : E — F be an order bounded operator and let x, U(E—’>E Oin B, z, L

) 0 in . Tt suffices by Theorem 2.1(3) to show that lim f,,(T(z,)) = 0.
o(E',E)
) =

)

Tm and f, 7

Since 7" : F! — E'is o(F', F) —o(E', E)-continuous T"( f, 0, then by the uniform
boundedness principle and the fact that E’ is an AM-space with unit, it follows that the
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sequence (T'(fy)) is order bounded in E’. So, there exists a positive element g in E’ such
that |T"(fn)| < g. Hence, it follows by [2, Theorem 4.34] that

| fu(T ()| = |(T" fn) (zn)] < g(Jzn]) — 0.

Therefore lim f,, (T (z,)) = 0 as desired.
o(E,E") F'F)

(2.b) Let E be an AM-space with unit and let =z, — " 0 in E and f, 0 in
F', fn L fm. Since (x,) is norm bounded in E then it is order bounded, and by the
order boundedness of T': E — F it follows that (T'(x,)) is order bounded in F. So there
exists a positive element y in F' such that |T(x,)| < y, and hence from the inequality
|fo(T( zp))| < |fn] (y) and [13, Lemma 3.1] we see that lim f,,(T(z,)) = 0 as desired.

The proof for the case F'is an AM-space with unit is obtained by similar arguments. [

Now, for two Banach lattices ' and F, the regular norm of an operator T' : £ — F
having a modulus is defined by

1Ml = T

Also, Recall that a Banach lattice is said to have a Levi norm if every norm bounded
upward directed set of positive elements has a supremum.

From the above theorem we get the following results dealing with the lattice structure
of the vector space Lyqi(E, F).

Corollary 4.6. Let E and F be two Banach lattices such that E is a discrete AL-space.
Then Lya(E, F) is a vector lattice.

Proof. 1t follows from Theorem 4.5 and Theorem 2.4 [20] that L(E,F) = L,(E,F) =
Ly(E,F) = Lya(E, F) is a vector lattice. O

Corollary 4.7. Let E and F be two Banach lattices such that F' is Dedekind complete.
Then, Lya(E, F) is a Banach lattice under the reqular norm whenever one of the following
holds:

(i) E is a discrete AL-space.
(1i) F is an AM-space with unit.
(ii1) E is an AL-space and F has a Levi norm.

Proof. (i) Follows from Theorem 4.74 in [2] by similar arguments of the proof of Corollary
4.6.

(17) and (4i7) In this case L(E, F) = Ly(E, F') (see for the case (iii) [20, Theorem 2.8]),
and by Theorem 4.5 we obtain L,q(E, F) = Ly(E,F) = L(E, F). Now the result follows
again from Theorem 4.74 in [2]. O

Let us recall that a Banach lattice E is said to have the Grothendieck property (or F
is called a Grothendieck space), whenever

fu TP

From [23], E is said to have the positive Grothendieck (PG) property, if sequences in the
latter definition are restricted to those with positive terms. Clearly, the Grothendieck
property implies the PG property. Every o-Dedekind complete Banach lattice that is an
AM-space with unit (resp. has the PG property) is a Grothendieck space (Corollary 2.5.17
and Theorem 5.3.13 [19]).

We introduce another weak version of Grothendieck property as follows:

0 in E' implies f, U(E—’>E ) 0in £

Definition 4.8. A Banach lattice E is said to have the weak Grothendieck (WG) property,

O’(E_,>E ) (E;E) 0

if for every sequence (f,) C E’ with disjoint terms, f, 0 in E' whenever f, 7

in E'.
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Note that a similar property was considered by W. Wnuk [23, p 6]. Clearly, the
Grothendieck property implies the WG property. Every Al-space E satisfy the WG
property, since in this case disjoint weak* null sequences (f,,) C E’ are order bounded,
and hence weakly null [2, p 192]. Therefore, ¢! is an example of Banach lattice having
the WG property without the (positive) Grothendieck property (see [23, p 6]). On the
other hand, consider the Banach lattice ¢ (of convergent sequences). If 0 < (\,) U(iﬂc) 0
in ¢ = ¢! then from the equality

n)lly

SR

where e = (1,1, 1,...), we see that ¢ has the PG property. However, ¢ does not have the WG
property. In fact, let f, € ¢ = ¢! be defined as follows f,, = (0,--- ,0, Lanys —L(2n+1), 05+ -+ )-
Then, clearly (f,) is a disjoint weak*null sequence in ¢’. If (f,,) were weakly null in ¢ then
it would be norm null in the Schur space ¢ = ¢!. This contradicts the fact that || f,|| = 2
(cf. [6, Example 2.1(2)]).

Note that if E is a Banach lattice such that E is o-Dedekind complete (see [23, Proposi-
tion 1.4]) or the lattice operations of E are weak* sequentially continuous then E satisfies
the following property:

G(E’ E) a(E' E)

fn
However, the Banach lattice £°°/cg has the property (d) but it is not o-Dedekind com-
plete [23, Remark 1.5]. Also, the Dedekind complete Banach lattice £°° has the property
(d) but the lattice operations of (£>°)" are not weak* sequentially continuous.
We have the following easy proposition dealing with the relationship between WG prop-
erty and PG property.

0in E', f, L fi implies ]fn| 0. (d)

Proposition 4.9. For a Banach lattice E, the following statements hold:
(1) If E has the property (d) and the PG property then E has the WG property.
(2) If E has the WG property and E' has order continuous norm then E has the PG
property.

Proof. (1) Let (f,) C E’ be a disjoint weak* null sequence. Since E has the property

(d) then |fy] ¥ 0. Therefore, |fn] = 0 by the PG property of E. Now, as (f,) C
sol {|fn| : n € N} it follows from [2, Theorem 4.34] that f,, = 0 as well.
(2) Is a consequence of [19, Theorem 5.3.13 (iii)= (i7)]. O

Banach lattices whose duals are separable and contain no isomorphic copy of ¢! are
examples of such Banach lattices with the WG property. The details follow.

Proposition 4.10. If the dual of a Banach lattice E is separable and contains no iso-
morphic copy of ¢*, then E has both the weak and the positive Grothendieck properties.

Proof. Assume by way of contradiction that there is some disjoint weak* null sequence

(fn) € E' which does not converge weakly to zero. Thus, by passing to a subsequence,

we may suppose that | (f,)| > € for each n and for some ¢ € E” and £ > 0. Note
A

that the sequence fn> is norm bounded and disjoint in E” (where 2 is the image of x

under the canonical mapping from the Banach lattice into its bidual). Now, we know by
Odell-Rosenthal Theorem [7, Theorem 10 p 236] that the closed unit ball Bgw is weak™

N A E" B
sequentially compact, and hence there exists a subsequence ( fnk> with fp, ol — ) ¢ in

E". Since E” is Dedekind complete, Proposition 1.4 of [23] ensures that ¢ = 0. But, the
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latter is impossible by the inequality

fﬁk«a)‘ o () > e

and we are done.
For the rest of the proof, note that since E’ is Dedekind complete then its norm is order
continuous and hence the result follows from Proposition 4.9(2). O

We conclude this note by examining the following question: is an operator T': £ — F' a
wa-limited operator when its second adjoint 7" : E” — F” is one? The answer is negative
in general, as the identity operator Ide, & Luar(co) even if (Ide,)” = Idge € Loy (€%°). The
following theorem gives us a sufficient condition under which the answer of the preceding
question is positive.

Theorem 4.11. Let E and F' be two Banach lattices such that F' has the weak Grothendieck
property. Then, each operator T : E — F is a weak almost limited operator whenever its
second adjoint T" : E" — F" is one.

Proof. Let x, “EF)0in E and fn ) 0 in F' with fn L fm. Since the canonical
embedding E < E” is weakly continuous then “ELE™ 0 in E”. Note that from the

A
weak Grothendieck property of F' the sequence (f,,) is disjoint weakly null in F"”. Now,
using 7" : E” — F" is a wa-limited operator it follows that

FalT ()] = (T () @n)| = (T ()| = (2" (&) (fa)| =

Thus T" must be a wa-limited operator as desired. O

fn(T”(xAn))‘ 0.

As a consequence, we have the following necessary condition for a Banach lattice to
satisfy the WG property in term of its WDP* property.

Corollary 4.12. If a Banach lattice E has the weak Grothendieck property, then either
E has the WDP* property or E" does not have the WDP* property.
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