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Abstract

The purpose of this article is to study Bihom-Nijienhuis operators and T™*-extensions of
Bihom-Lie superalgebras. We show that the deformation generated by a Bihom-Nijienhuis
operator is trivial. Moreover, we introduce the definition of T*-extensions of Bihom-Lie
superalgebras and show that T*-extensions preserve many properties such as nilpotency,
solvability and decomposition in some sense. In particular, we discuss the equivalence of
T*-extensions.
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1. Introduction

The notion of Hom-Lie algebras was introduced by Hartwig, Larsson and Silvestrov
to describe the structures on certain deformations of the Witt algebras and the Virasoro
algebras [11]. Then, Hom-Lie algebras were generalized to Hom-Lie superalgebras by
Ammar and Makhlouf [2,4,5]. Quadratic Hom-Lie algebras were studied first in [8]. In
addition, (co)homology and deformations theory of Hom-algebras were studied in [1,3,13].

In 1997, Bordemann introduced the notion of T*-extension of Lie algebras|6], which is
a workable extensional technique since it is a one-step procedure: it is one of the main
tools to prove that every symplectic quadratic Lie algebra is a special symplectic Manin
algebra[7]. The Bihom-Nijienhuis operator and T*-extension of Hom-Lie superalgebras
was introduced by Liu in [12]. In addition, the representation and 7*-extension of Hom-
Jordan-Lie algebras was introduced by Zhao in [15]

A Bihom-algebra is an algebra in such a way that the identities defining the structure
are twisted by two homomorphisms «,3. This class of algebras was introduced from a
categorical approach in [10] as an extension of the class of Hom-algebras. When the two
linear maps are same automorphisms, Bihom-algebras will be return to Hom-algebras.
These algebraic structures include Bihom-associative algebras, Bihom-Lie algebras and
Bihom-bialgebras. The representation theory of Bihom-Lie algebras was introduced by
Cheng in [9], in which, Bihom-cochain complexes, derivation, central extension, derivation
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extension, trivial representation and adjoint representation of Bihom-Lie algebras were
studied.

Recently, the definition of Bihom-Lie superalgebras were introduced in [14]. The notion
of Bihom-Nijienhuis operators and 7T*-extensions of Bihom-Lie superalgebras are not so
well developed.

The paper is organized as follows. In Section 2 we give some definitions about Bihom-Lie
superalgebras. In Section 3 we give the definition of Bihom-Nijienhuis operators of regular
Bihom-Lie superalgebras. We show that the deformation generated by a Bihom-Nijienhuis
operator is trivial. In Section 4 we study T*-extensions of Bihom-Lie superalgebras.
We show that T*-extensions preserve many properties such as nilpotency, solvability and
decomposition in some sense. In particular, we discuss the equivalence of T™*-extensions.

2. Preliminaries

Definition 2.1. [14] A Bihom-Lie superalgebra over a field K is a 4-tuple (L, [, ], o, ),

where L is a superspace, a: L — L and 3: L — L are even homomorphisms, [-,-]: L&L —
L is an even bilinear map, with notation |-, |(a ® a’) = [a,d'], satisfying the following
conditions, for all homogeneous elements a,a’,a” € L:
aofB=pBoaq, (2.1)
[8(a), a(a")] = =(=1)”I[3(a"), a(a)], 2
Oaarar (—1)N[8%(a), [8(a’), a(a")]] = 0. (2.3)
Obviously, a Hom-Lie superalgebra (L, [-, -], ) is a particular case of a Bihom-Lie super-
algebra, namely, (L, [-, ], @, «). Conversely, a Bihom-Lie superalgebra (L, [-, ], a, &) with
isomorphism « is a Hom-Lie superalgebra (L, [-, -], &).

Definition 2.2.
(1) A Bihom-Lie superalgebra is called a multiplicative Bihom-Lie superalgebra if o
and 3 are algebraic morphisms, i.e., for any a’,a” € L, we have

a([d',a"]) = [a(d'), a(a”)],  B([a’,d"]) = [B(a'), B(a")]. (2.4)
(2) A Bihom-Lie superalgebra (L, [-, |1, «, B) is regular if o and [ are algebraic auto-
morphisms.
(3) A sub-vector space n € L is a Bihom subalgebra of (L, [, ]r,a, ) if a(n) € n,
p(n) € n and

[xvy]L €, V$ay€ﬁ~

(4) A sub-vector space n € L is a Bihom ideal of (L, [-, |1, o, 8) if a(n) € n, B(n) € n
and

[2,y]L €n, YrenyclL.

Definition 2.3. Let (L, [-,"],«, 8) and (L', [-, ], &/, ') be two Bihom-Lie superalgebras.
An even homomorphism f : L — L’ is said to be a morphism of Bihom-Lie superalgebras
if

flu,v] = [f(u), f(v)]', Yu,v € L,

foa=aof,

foB=p0f.
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3. Bihom-Nijienhuis operators of Bihom-Lie superalgebras

Let (L, [, ], a, B) be a regular Bihom-Lie superalgebra. We consider that L represents
on itself via the bracket with respect to the morphisms «, 5.

Definition 3.1. For any integer s, t, the a®3'-adjoint representation of the regular Bihom-
Lie superalgebra (L, [-, ], «, 5), which we denote by ads ., is defined by

ads ¢ (u)(v) = [a*B(u),v]L, Yu,v € L.
Lemma 3.2. With the above notations, we have
adsi(a(u)) oa = aoadg(u),
ads1(B(u)) 0 f = B o adys(u),
ads¢ ([B(u),v]) o B = ads ¢ (aB(w)) o ads s (v) — (=1)lad, ; (B(v)) o ads s (a(u)).
Thus the definition of o t-adjoint representation is well defined.

The set of k-cochains on L with values in M, which we denote by C*(L; M), is the set
of k-linear homogenous maps from L X --- x L (k-times) to M:

CH(L; M) 2 {f : AL = M is a linear homogenous map},

where f(ui, -+ i, Ui, - un) = — (D)l flug o g ).

The set of k-Bihom-cochains on L with coefficients in L, which we denote by Ci/’? 3 (L; L),
is given by

Cap(LiL) ={f € C*(L;L)|ao f = foa,Bo f=fofp}.
In particular, the set of 0-Bihom-cochains are given by:
Cap(Li L) = {u € Lla(u) = u, f(u) = u}.
Associated to the a®Bf-adjoint representation, the corresponding operator
dy: CF 5(L; L) — CEEN(L; L)

is given by
ds,tf(ub T 7uk’+1)
k+1 A
= Z(_l)z(_1)(|f\+|u1|+--~+\uz>1I)\uz-l[as+15t+k—1(ul.)’ flu, - s, gy
i=1
+Z(_l)iﬂ-i-l(_1)(\'“1|+"'+|uz‘71\)|ui\(_1)(\u1|+“'+|ug‘71|)\Uj|(_1)|UiHUJ|
1<j

f([a_lﬁ(ui)a uj]?ﬂ(ul)a T 7{[1'7 e 7@7 e 7ﬁ(uk+1))-
For the o®3!-adjoint representation ads;, we obtain the o®3'-adjoint complex
(C(’;ﬁ(L; L),ds;) and the corresponding cohomology
H"(L;adss) = Z*(L; ads)/ B*(L; ads ).
Let ¢ € Cgéﬁ(L;L) be a bilinear operator commuting with « and f, also ¢ (u,v) =
—(=1)lley (v, u). Consider a t-parametrized family of bilinear operations
[u,v]; = [u,v] + t(u,v). (3.1)

Since 1 commutes with «, 8, «, 8 are a morphisms with respect to the bracket [-,]; for
every t. If all the brackets [, -]; endow (L, [-, -], v, B) with regular Bihom-Lie superalgebra
structures, we say that 1 generates a deformation of the regular Bihom-Lie superalgebra
(L, [, "], a, B). The skew-symmetry of [-,]; means that

B), e = [Bv),aw)] + (B), alw))
and [B(u),a@)) = [B(u),a(v)] + t(B(w), a(v)).
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Then [B(v), a(u)]; = —(—=D)IP[B(w), a(v)]; if and only if

Y(B(v), a(w) = =(=1)"l(B(u), a(v)). (3.2)

By computing the Bihom-Jacobi identity of [-, ]

Ou,v,w (_1)|un| [62 (u)’ [ﬁ(v)7 a(w)]t]t
= Oupw (“D)MM[B (W), [B(v), a(w)]L + tp(B(v), a(w))];
Ouw (—=1)([B2(w), [B(v), a(w)]]e + [87(w), 4 (B(v), a(w))]:)
= O (=D)MM([B%(w), [B(v), aw)]] + 1 (B> (w), [B(v), a(w))
+[B% (), tp(B(v), a(w))] + t (B2 (u), ty (B(v), al(w)))),
this is equivalent to the conditions
O (= 1)1 (8% (), (B(0), a(w))) = 0, (3:3)
Ouwgo (=1 (@ (82(w), [8(v), alw)]) + [ (w), & (B(v), a(w))]) = 0. (3.4)

Obviously, (3.2) and (3.3) mean that ¢ must itself define a Bihom-Lie superalgebra struc-
ture on L.
A deformation is said to be trivial if there is a linear operator N € C’OIQ 5(L; L) such that
=id +tN and

Ti[u, vl = [Ti(u), Ti(v)]. (3.5)

Definition 3.3. A linear operator N € C} B(L L) is called a Bihom-Nijienhuis operator
if we have

[Nu, Nv| = N|u,v|n, (3.6)
where the bracket [-,-|x is defined by
[u,v]y = [Nu,v] + [u, Nv] — Nu,v]. (3.7)

Theorem 3.4. Let N € Cé,ﬁ(lﬁ L)y be a Bihom-Nijienhuis operator. Then a deformation
of the regular Bihom-Lie superalgebra (L, [-, -], a, ) can be obtained by putting

Y(u,v) = [u,v]N. (3.8)
Furthermore, this deformation is trivial.

Proof. To see that 1 generates a deformation, we need to check 1 satisfying (3.2), (3.3)
and (3.4). First we can obtain

P(B(u),a(v)) = [B(u),a(v)ly
= [NB(u),a(v)] + [B(u), Na(v)] = N[B(u), a(v)]
= —(=)"IUNB(), a(w)] + [B(v), Na(u)] = N[5(v), a(w)])
= —(=)MMB(), aw)]y

= —(=)"Fy(B(v), alu)).
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Next by (3.6),(3.7) and (3.8), we have
1)l (8 (), (B(0), a(w))

v, w

(-
= Ouvw( DIl (82 (w), [NB(v), a(w)] + [B(v), Na(w)] = N[B(v), a(w)])
= Ouwaw (DM (8% (w), [NB(v), a(w)]) + (82 (u), [B(v), Na(u)])
—(8%(u), N[B(v), a(w)]))
= Oupw (—1

~[NB*(u), N[B(v), a(w)]] = N[B(u), INB(v), a(w)]] = N[5(u), [B(v), Na(w)]]
+N[52(U) N[B(v), a(w)]] + [8(u), [N B(v), Na(w)]])
= (=)MM(INB (u), [INB(v), a(w)]] + [N B (u), [B(v), Na(w)]]
(1) (2
[NB2(u), N[B(v), a(w)]] =N[52(u), [NB(v), a(w)]] =N[5%(u), [3(v), Na(w)]]
®3) (4)
+N[3(u), N[B(v), a(w)] + [8*(u), [NB(v), No(w)]])
()
(~)"I((NB2(v), [NB(w), a(u)] + [N B2 (v)., [B(w), Na(u)]
(5 (1)
—[NB*(v), N[B(w), a(w)]] =N[°(v), [NB(w), a(w)] =N [B>(v), [B(w), Na(u)]]
(47) (67)
+N[3(v), N[B(w), a(u)] + [8*(v), [NB(w), Na(u)]])
(2)
(=)PII(N B2 (w), [N B(u), a(v)] + [N 52 (w), [B(w), Na(v)]
(2) (5")
~[NB*(w), N[B(u), a(v)] =N[B2(w), [N B(u), a(v)]] =N[5*(w), [B(u), Na(v)]]
(6") (3"
+N[52(w), N[B(u), a(v)]] + [6%(w), [NB(u), Na(v)]]) .
(1)

Since N is a Bihom-Nijenhuis operator, we get

_[N/BQ(U)v N[ﬁ(”)? a(w)H + N[ﬁz(u)7 N[/B(U)v a(w)ﬂ
= N?[B%(w), [B(v), (w)]] =N [NB*(u), [B(v), a(w)]],
(7 (6)

~[NB*(v), N[B(w), a(w)] + N[6*(v), N[B(w), a(w)]
= N?[B%(v), [B(w), a(u)]] =N[NF*(v), [B(w), a(u)]
(™) (3

and
_[NBQ(UJ)? N[ﬁ(“)? CK('U)H + N[ﬁz(w)’ N[B(u), O‘(U)H
= NQ[/Bz(w)v [,B(U), a(v)“ _N[N/B2(w)7 [/B(u)7 a(v)]] .
() (4")
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We obtain (i) + (z)' + (i)" =0, fori=1,---,7.
Furthermore, we have

Oupaw (=182 (w), [B(0), a(w)]) + 57
16

]
= Ouw (“DMM([B(w), [B(v), a(w)]]ly + [6*(u), )Iwl)
= Ouwa (CD"M(NB (), [B(v), alw)]] + [82(w), N[B(v), a(w)] = N[5 (w), [5(v), a(w)]]
+[B(u), INB(v), aw)]] + [6%(w), [B(v), Nev(w)]] = [ (u), N[B(v), a(w)])
= Ouwaw (CD)"(NE (), [B(0), a(w)] = N[5> (u), [B(v), a(w)]
+[B%(u), [INB(v), aw)]] + [6%(w), [B(v), Na(w)])
= (~)MM(NB (), [B(v), a(w)] = N[5> (u), [B(v), a(w)]
+[B%(u), [INB(v), aw)]] + [6%(w), [B(v), Na(w)]])
(=DM (N B2 (0), [B(w), a(w)] = N[B*(v), [B(w), a(u)]
+[B%(v), [INB(w), a(u)]] + [6%(v), [B(w), No(w)]])

(1)l (N B2 (w), [B(w), av
+[8%(w), [NB(u), a(v)]] + [8°

This proves that ¢ generates a deformation of the regular Bihom-Lie superalgebra

(L7 [','],CM,B).
Let T3 = id + tN, then
Ti|u, v (id + tN) ([u, v] + t1p(u,v))
(id 4+ tN) ([u, v] + t{u, v]N)

[u,v] + t([u, v]ny + N[u,v]) + t2N[u, v]y.

On the other hand,
[Ti(w), Ty(v)] = [u+tNu,v+ tNv]
= [u,v] + t([Nu,v] + [u, Nv]) + t*[Nu, Nv].
By the equations (3.6) and (3.7), we have
Tilu, v]e = [Ti(u), Ti(v)]L,

which implies that the deformation is trivial. O

4. T*-extensions of Bihom-Lie superalgebras

We provide in this section, for Bihom-Lie superalgebras, characterizations of T*-extensi-
ons and observations about T*-extensions of nilpotent and solvable Bihom-Lie superalge-
bras. This method was introduced by Martin Bordemann in [6].

Definition 4.1. Let (L, [, ], @, 3) be a Bihom-Lie superalgebra. A bilinear form f on L
is said to be nondegenerate if
Lt ={z € L|f(z,y) = 0,Vy € L} = 0;
superconsistent if
f(xay) =0,Vz € L|x\7y € L|y|7 |ZL‘| + ’y| # 0;
af-invariant if
f(B(x), a(y)], a(2)) = fle(=), [6(y), a(2)]), Va,y, z € L;
supersymmetric if

A subspace I of L is called isotropic if T C I+.
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Throughout this section, we only consider superconsistent bilinear forms.

Definition 4.2. Let (L, [-, ], @, 5) be a Bihom-Lie superalgebra over a field K. If L admits
a nondegenerate, a-invariant, and supersymmetric bilinear form f such that «, 8 are f-

symmetric (Le. f(a(z),y) = f(z,a(y)), f(B(x),y) = f(z, 5(y))), then we call (L, f,a, 5)

a quadratic Bihom-Lie superalgebra. In particular, a quadratic Zs-graded vector space V
is a Zo-graded vector space admitting a nondegenerate supersymmetric bilinear form.
Let (L/, [-,:], a1, 81) be another Bihom-Lie superalgebra. Two quadratic Bihom-Lie
superalgebras (L, f, «, 8) and (L/, f’, a1, B1) are said to be isometric if there exists a Bihom-
Lie superalgebra isomorphism ¢ : L — L’ such that f(x, y) = f'(¢(x), 9(y)),Ve,y € L.

Theorem 4.3. Let (L,[-,],o, 3) be a Bihom-Lie sueralgebra, and (M, p,anr, Bu) be a
representation of of L. Let us consider M* the dual space of M and &, : M* — M* two
even homomorphism defined by &(f) = foa,B(f) = foB,Vf € L*. Then, the even linear
map p: L — End(M*) defined by p(z)(f) = — (=Dl f o p(z),Yf € M*Vz € L, is a
representation of L on (M*, &, ) if and only if

aopla(z)) = p(z)oa

Bop(B(z)) = pz) o f;

pla(z)) o p(B(y) = (=)W p(y) o p(aB(z)) = B o p[B(x), y]-

Proof. Let f € M*, z,y € L. Firstly, we have

(Ala(z)) e @)(f) = =(=Da(f) o pla(z)) = =(=1)/1If 0 a 0 p(a(a)),

a(p(@)(f) = =(=D)Va(f o p(a)) = =(=D) I f o p(z) 0 a
Similarly,

(p(B(x)) 0 B)(f) = =(=1)IIIB(f) 0 p(B(2)) = —(=1)/I*If 0 B o p(5(x)),
B(p())(f) = =(=D)VIIB(f o p(a)) = —(=1)l I f o p(z) 0 5.

Therefore, we have
(B([B(),y]) © B)(f) = (=)D B(f) 0 p[B(2), y] = —(=)IIH WD o 5o p[B(x), 4]
and
(BlaB(@)) o ply) — (=) 5(8(y)) 0 pla(=)))(f)

= (=)D 5y (f) 0 plaB(@)) + (=1 p(a(2)) (f) o p(B(y))

- (_1)|f\(lr\+|y|)+lr||y|f o p(y) o plaf(z)) — (-1 )\fl lzl+1y1) ¢ o plalz)) o p(B(y))

= (- £ o (p(a(x)) 0 p(By)) — (=1 W p(y )Op(aﬂ(x)))
Then j is a representation of L on (M*, &, (). O

Corollary 4.4. Let ad be the adjoint representation of a Bihom-Lie superalgebra (L, [, ], «, 3).
Let us consider the even linear map 7 : L — End(L*) defined by

(@) (f)(y) = = (=) f o ad(x)(y), Yo,y € L.
Then 7 is a representation of L on (L*, &, 3) if and only if

aoada(xr) =adz o «, (4.1)
poadf(z) =adzof, (4.2)
ad(a(z)) 0 adB(y) — (—1)"¥lady o ad(ap(x)) = 8 o ad[B(z), y]. (4.3)

We call the representation w the coadjoint representation of L.
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Lemma 4.5. Under the above notations, let (L,|-, -], o, B) be a Bihom-Lie superalgebra,
and w : L x L — L* be an even bilinear map. Assume that the coadjoint representation
exists and o, B are bijective. The Zo-graded vector space L®L*, provided with the following
bracket and two even linear maps defined respectively by

@+ fry+ grers = [o,y] +w(@,y) +7(@)g — (D Wr(a ' By)ad~'(f),  (44)
o (x4 f)=al@)+ foa, (4.5)
Bet f)=Bla)+fop.
Then (L @ L*, [, -]L@L*,o/, ﬁ/) is a Bihom-Lie superalgebra if and only if
w(B(x),a(y)) = (=1 ¥w(8(y), a(2)), (4.7)
Oz (—1)H (w(B2(2), [B(y), a(2)]) + m(B*(x)w(B(y), a(2))) = 0. (4.8)
Proof. For any elements z + f,y +g,2+h € L ® L*. First we have
aof(z+f) = a(B@)+fop)=ab(x)+fofoa
= pa(z)+foaof=pod (x+f).
Next we show that
5z + )0 (y + 9)lzors
[B(z) + foB,aly) +goalrer
= [B(@),a(y)] + w(B(x), ay)) + 7(B(x))(g 0 a) — (=) WIx(a " Bla(y))as " (f o B)
[B(x), a(y)] + w(B(z), a(y)) + m(B(x))(g 0 @) = (=)Wl (B(y))(f 0 ).
In the same way, we have
8 (y+9),0' @+ Alrar = [B)a(@)] + w(By), a(@) + m(B)(f o )
—(—1)F ¥ (B(x))(g 0 @).
Then, we obtain [8'(z + f),a (y + 9)]rer = —(=1)*W[3 (y + g),a' (x + f)]rer- if and

only if
w(B(x),a(y)) = —(=1)"w(B(y), a(z)).

Therefore,
(~1)FIEE @ + £),[8' ( + 9),0' (2 + W]l or
= (-1 () + fo 8%, [B(y) + g o B,a(z) + ho oL LeLr
= (=)FFB% () + £ 0 8%, [B(y), a(2)] + w(B(y), o(2))
+7(B(y))(hoa) — (~)¥Flr(a™B(a(2)) (@B (g o B))]LoLr
= (=DFFB%(x) + £ 0 8%, [B(y), a(2)] + w(B(y), o(2))
+7(B(y))(ho a) — (~)FIx(B(2))(g 0 @) LeLr
= (-)FEB% (@), [B(y), a(2)]] + (1)

(-1 ) Flw(52 (), [B(y), a(2)])
+(=1) (8% (@) w(B(y), a(z) + (1) r (82 (2))m(B(y) (h o )
— (=D (82 (2))m(8(2)) (g 0 @) — (= 1) ¥ m (a7 B[B(y), a(2)])(f 0 B o ).

And

(~)FM[E(y + g), [6'(z + 1), o (& + Plrer]Lers

(=) (y), [8(2), al@)]] + (=)Wl (52 (y), [B(=), a(2)])

+(=1) Wl (82 (y)w(B(=2), a(x)) + (= 1)Wx (82 (y))m(8(2)) (f 0 )
—(=)EFD (2 () (B(2) (B o @) = (=1)FWx (0™ B[5(2), a(@)])(g 0 B o ),
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(D)5 + 1), [6' (@ + ). (0 + 9)|ror-|Lor-

= (=DFM[E2 (), [Bx), a(y)]] + (—1)FMw (52 (2), [B(2), a(y)])
(=) (52(2)w(B(x), aly)) + (1T (2(2) 7 (B(2)) (g 0 @)
(1) £ (82 () m(B()(f 0 ) — (—1)FFln(a~ B[ (), aly)]) (h o Fo a).

Since 7 is the coadjoint representation of L, we have

—(=1)FFln(a 15[ Bla), ay)])(ho o)
)

= —(=1)FFla([5(a” ()) By)) o Bhoa)
—(=1)FFla(ap(a! B(z)))m (6(y))(hoa)
+(=1) R (5(5(y)))m(ala™! B(2)) (h o a)
= —(=)FFla(B(@))m(B(y)) (h o @) + () EF D7 (52 (y))m(B(2) (h o ).

Similarly,

—(=DWla(a™ B[B(y). al))(f o Boa)
= (=08 () m (B(2)(f 0 @) + (=)D 752 (2))m(B(y)(f © )

and
—(=D)Fr (a7 BIB(2), a(@)]) (g 0 B o @)
= — (=) x (8> (2))m(B(x))(g 0 @) + (=)D 7 (52 (@) 7 (8(2)) (9 © ).
Consequently,

12 ’ ’
Ot fyrgetn (DB @+ 1), 18 (y + 9), 0 (2 + W) Lor] e =0
if and only if

Oz (=) (w(8%(2), [B(y), 2(2)]) + 7(8%())w(B(y), a(2))) = 0.
Hence the lemma follows. 0
Clearly, L* is an abelian Bihom-ideal of (L & L*,[-,"]rer+, a3 ) and L is isomorphic

to the factor Bihom-Lie superalgebra (L @& L*)/L*. Moreover, consider the following
supersymmetric bilinear form ¢q;, on L & L* for all x + f,y 4+ g € L & L*,

(@ + fy+9) = f(y) + () Wg(x).
Then we have the following lemma.
Lemma 4.6. Let L, L*, w and qr, be as above. Then the 4-uplet (L & L*,qL,a/,ﬁ/) 5 a
quadratic Bihom-Lie superalgebra if and only if w is supercyclic in the following sense:
w(B(z),a(y))(a(z)) = (=)L), a2)(a(@)), for allw,y,z € L. (4.9)

Proof. If x + f is orthogonal to all elements y + g of L & L*, then f(y) = 0 and g(z) =
0, which implies that * = 0 and f = 0. So the supersymmetric bilinear form g, is
nondegenerate.

Now suppose that z + f,y + g,z + h € L ® L*, we have
(@ (@+)y+9) = ala(@)+foa,y+g)
= foa(y) + (-1 Wg(a(z))
= fla(@) + (-1 ¥g o a(x)
= e+ f.d(y+9),
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Then o is qz- symmetric. In the same way, B is qr-symmetric. On the one hand,
a8 (x + 1), 0 (y + 9rer, o (z + h))
= qu([B(x) + foB,a(y) + goa]rer, a(z) + hoa)
= q([B(z),a)] +w(B(z),ay)) + 7(B(x))g o o
—(=D)"¥r (0™ Ba(y)aBb " (f o B),a(z) + hoa)
= (@), a(y)] + w(B(z), aly)) + 7(B(z))g c a
—(=1)F ¥z (3 ())(foa) a(z) +hoa)
(B(x), a(y)(e(2)) + 7(B(x))(g © a)(a(2)) — (=1 W (B(y))(f 0 a)(a(2))
(=)D R 0 a([B(2), a(y)])
(B(z), a(y))(a(2)) = (=D Wlg o a([B(x), a(2)]) + f o a([B(y), a(2)])
(=)D o a([B(2), aly)])
= w(B(x),ay)(a(2)) + () g o o([8(2), a(@)]) + f o al[B(y), a(2))
—(— )\ZI(\IIHyI)HwHthOa(w(y)’a(@]).
On the other hand,

ar(a’ (x + f),[8 (y + g),a (2 + 1) rar-)

I
+€

Il
&

= qr(a(@)+ foa,[B(y) +gof,a(z) + hoaler-)

= aula(@) + foa [By), a(2)] + w(B(y), a(2)) + m(By))hoa
—(=1)H¥r (e~ Ba(2)as " (g 0 B))

= qrla(z) + foa,[B(y),a(z)] + w(B(y), a(z)) + 7(B(y))hoa

—(=D)F7(5(2)) (g 0 @)
= [oa([By), a(2)]) + (= 1)'””‘ FHDw(B(y), alz))(a(z))
(=D (B(y))h o a(a(@)) — (1) EFEIHER (5(2)) (g 0 @) (al2)
= (=D)FEHDG(5(y), af ))( (@) + (=)D g o a([5(2), al)])
+f o a([B(y).a(z)]) — (=)D o o([5(y), a(2))).

Hence the lemma follows. ]

Now, for a supercyclic w , which satisfies (4.7) and (4.8), we shall call the quadratic
Bihom-Lie superalgebra (L & L*, qr,, o, ,8/) the T*-extension of L (by w) and denote the
Bihom-Lie superalgebra (L & L*, [-,-]zer+, a ,8) by T L.

Definition 4.7. Let L be a Bihom-Lie superalgebra over a field K. We inductively define
a derived series
(L))o : LO = L, LD = (1,00 )],
and a central descending series
(L")p>o : LY = L, L™ = [L", L].

L is called solvable and nilpotent(of length k) if and only if there is a (smallest) integer
k such that L*) = 0 and L¥ = 0, respectively.

In the following theorem we discuss some properties of 1,5 L.

Theorem 4.8. Let (L, [-,-],a, ) be a regular Bihom-Lie superalgebra over a field K.
(1) If L is solvable (nilpotent) of length k, then the T™-extension T,; L is solvable (nilpo-
tent) of length v, where k <r <k+1 (k<r <2k—1).
(2) If L is decomposed into a direct sum of two Bihom-ideals of L, so is the trivial
T*-extension T L.
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Proof. (1) Firstly we suppose that L is solvable of length k. Since (T*L)™/L* = L™
and L) = 0, we have (T*L)*) C L*, which implies (7;*L)*+1) = 0 because L* is abelian,
and it follows that 775 L is solvable of length k or k + 1.

Suppose now that L is nilpotent of length k. Since (TL)*/L* = L™ and L* =
we have (T*L)* C L*. Let g € (T*L)* C L*,b € L, 21 + f1,-- ,xp_1 + fr_1 € T*L,
1 <i<k-—1, we have

[+ lg,z1 + filtors, - lLor+ Th—1 + fo—1lrer(b)
= (- D =llgl+lze| (e [+lgD)+-+lzr—1|(jer [+ +ler—1]+]g])

1)
gad(zy)ad (8 a(xg)) - - - ad(zp_1) B~ *F Vb1 (b)
— (=1 leallgbtzlen g+ tra | e o)

g([xla [/Bila(xQL [ ) [/87(1672)0/{72(1%—1)7 /Bi(kil)akil(b)] T H])
c g(LF) =o.

This proves that (7*L)?*~! = 0. Hence T} L is nilpotent of length at least k and at
most 2k — 1.

(2) Suppose that 0 # L = I & J, where I and J are two nonzero Bihom-ideals of
(L[, -], @, B). Let I* (resp. J*) denote the subspace of all linear forms in L* vanishing on
J (resp. I). Clearly, I* (resp. J*) can canonically be identified with the dual space of I
(resp. J) and L* = I* & J*.

Since [I*, L]par-(J) = I*([L, B~ a(J)]) C I*([L,J]) € I*(J) =0 and [I, L*]pgr-(J) =
L*([I,J]) C L*(INJ) =0, we have [I*, L|pgr+ C I* and [I, L*|pgr+ C I*. Then

T51,T5 L e = @I, L® L |Ler-
= [LLI+ [, L Leor + ", Llegr + [I*, L] Lo C IO 1" =T 1.

T3 1 is a Bihom-ideal of L and so is 77 J in the same way. Hence T L can be decomposed
into the direct sum 71 @ TjjJ of two nonzero Bihom-ideals of T{j L. O

In the proof of a criterion for recognizing T*-extensions of a Bihom-Lie superalgebra,
we will need the following result.

Lemma 4.9. Let (L,qr, o, 3) be a quadratic reqular Bihom-Lie superalgebra of even di-
mension n over a field K and I be an isotropic n/2-dimensional subspace of L. If I is a
Bihom-ideal of (L,[-,-], e, 3), then [5(I),a(I)] = 0.

Proof. Since dim/+dim/*+ = n/2 + dimI* = n and I C I+, we have I =
I is a ideal of (L,[-,-],a, ), then qr(a(L),[3(I),a(IH)]) = qr([B(L), (I)], (I+ ) C
gL([ﬁ(L)JLOé(IL)) C qp(I,I") = 0, which implies [8(1), a(I)] = [ (1), a(IM)] C a(L )lE

Theorem 4.10. Let (L,qr, o, ) be a quadratic reqular Bihom-Lie superalgebra of even
dimension n over a field K of characteristic not equal to two. Then (L, qr,, o, [3) is isometric
to a T*-extension (T*B,qp,a , B ) if and only if n is even and (L,[-,-],a, B) contains an
isotropic Bihom-ideal I of dimension n/2. In particular, B = L/I, with B* satisfying
a(B*) C B*and f(B*) C B*.

Proof. (=) Since dimB=dimB*, dimT};B is even. Moreover, it is clear that B* is a
Bihom-ideal of half the dimension of 7;} B and by the definition of ¢5, we have gg(B*, B*) =
0, i.e., B* C (B*)* and so B* is isotropic.

(«<=) Suppose that I is an n/2-dimensional isotropic Bihom-ideal of L. By Lemma
4.9, [6(I),a(I)] = 0. Let B =L/I and p : L — B be the canonical projection. Clearly,
ip(z)| = |z|,Vz € Ljy. Since chK # 2, we can choose an isotropic complement subspace

Boptolin L,ie., L =DBy-+ I and By C BOL. Then BOL = By since dimBy = n/2.
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Denote by po (resp. pi) the projection L — By (resp. L — I) and let ¢} denote the
homogeneous linear map I — B* : i — ¢j (i), where ¢} (i)(p(z)) = qr(i,z), it is clear
g7 (z)| = |z|,Va € L. We claim that g} is a linear isomorphism. In fact, if p(z) = p(y),
then 2 —y € I, hence qr(i,z —y) € qr({,I) = 0 and so qr(i,z) = qr(i,y), which
implies ¢} is well-defined and it is easily seen that ¢} is linear. If ¢j (i) = ¢} (j), then
QZ(Z)(p(':E)) = qz(])(p(x))vvx €L, ie, QL(Z,QZ') = QL(ja ZE), which implies ¢ — j € L+ = 0,
hence ¢ is injective. Note that dim/ = dimB*, then ¢} is surjective.

In addition, ¢ has the following property:

I
2
!
—~
™

8
~
N
Q
~*
—~

e

~

where z,y € L, i € I. A similar computation shows that

qr([B(x), a(@)]) = [p(B(2)), gr(@())zer-,  qr(B(D), a(@)]) = [ar(6()), p(B(2)] oL~

Define a homogeneous bilinear map

w: BxB — B
(p(bo),p(bg)) — ¢z (p1([bo, bo))),

where by, by € By. Then |w| = 0 and w is well-defined since the restriction of the projection
p to By is a linear isomorphism.

Let ¢ be the linear map L — B & B* defined by ¢(by + i) = p(bo) + q7.(i),Vbo + i €
By + I = L. Since the restriction of p to By and ¢} are linear isomorphisms, ¢ is also a
linear isomorphism. Note that

([B(bo + 1), a(bf + 1))

= @([Bbo), a(by)] + [B(bo), a(i")] + [B(3), a(b))])

= @(po([Bbo), a(bp)]) + p1([B(bo), a(B))]) + [B(bo), ()] + [B(i), a(Bp)])

= ppo([B(bo), (b)) + a5 (p1([B(bo), (b)) + [Bbo), ()] + [B(7), c(Bp)])

= [p(B(bo)), pla(®h))] + w(p(B(bo)), p(a(By))) + [P(B(Do)), af ("))
+g1.(B(0)), p(a(bp))]

= [p(B(bo)), ()] + w(p(Bbo)), p(e(by))) + m(p(B(bo)) (g} (a(i')))
—(=)leolPola (p(B(Bp)) (df (a(i)))

= [p(B(
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Then ¢ is an isomorphism of Z-graded superalgebras, and (B @ B*,[-,"|gap~, @, ) is a
Bihom-Lie superalgebra. Furthermore, we have

B(p(bo) + qL.(1), p(b)) + qL.(7))

7D ((5)) + (—)lg; (i) (p(bo))

1 bp) + (—)‘bO"b"qLu’,bo)

qB(e(bo + 1), (b + 1)) =

g5([7 (p((x)), a (p())], @ (¢(2)))
= a([p(B(2)), p(a(y))]; p(a(2))) = as(e([B(2), a(y)]), p(a(2)))
= qu([B(z), ay)], a(2)) = qr(a(=), [B(y), a(2)])
= 4p(p(a(@)), [p(B®)), p((2))]) = aa(a (p(@)), [8 (¢(v)), @ (#(2))]),

which implies that ¢p is a nondegenerate, af-invariant and supersymmetric bilinear form,
and so (B @ B*,qp, 6/) is a quadratic Bihom-Lie superalgebra. In this way, we get a
T*-extension T¥B of B and consequently, (L, qr,«, 5) and (T} B, gz, a/,B/) are isometric
as required. ]

Let(L, [, -], «, B) be a Bihom-Lie superalgebra over a field K, and let w; : L x L — L*
and wp : L x L — L* be two different bilinear maps satisfying (4.7), (4.8), (4.9) and
lw1] = |w2| = 0. The T*-extensions T}; L and Ty, L of L are said to be equivalent if
there exists an isomorphism of Bihom-Lie superalgebras ¢ : T7; L — T} L which is the
identity on the Bihom-ideal L* and which induces the identity on the factor Bihom-Lie
superalgebra T3 L/L* = L = T7 L/L*. The two T*-extensions T7; L and T}, L are said to
be isometrically equivalent if they are equivalent and ¢ is an isometry.

Proposition 4.11. Let (L,[-,-],a, 3), where o, B are bijective, be a Bihom-Lie superal-
gebra over a field K of chamctemstzc not equal to 2, and wi, we be two bilinear maps

L x L — L* satisfying (4.7), (4 8), (4.9) and |wi| = |wa2| = 0. Then we have
(i) T3, L is equivalent to T5,L if and only if there is z € C*(L, L*)o such that

wi(2,y) —wa(z,y) = m(x)2(y) - (—1)'x"y‘ﬂ(a’lﬁ(y)&ﬁ’lzw) —2([z,y]), Y2,y € L. (4.10)

If this is the case, then the supersymmetric part zs of z, defined by zs(x)(y) :=

1z(@)(y) + ()W (y)(2)), for all x,y € L, induces a supersymmetric of3-
invariant bilinear form on L.

(i) 13, L is isometrically equivalent to T;;, L if and only if there is = € C*(L, L*)o such

that (4.10) holds for all x,y € L cmd the supersymmetric part zs of z vanishes.

Proof. (i) T} L is equivalent to T} L if and only if there is an isomorphism of Bihom-Lie
superalgebras ' . T35 L — T, L satisfying ®|p+ = 1z« and o — ®(x) € L*,Vz € L.

Suppose that ® : T7 L —> T7,L is an isomorphism of Bihom-Lie superalgebra and
define a linear map z : L — L* by z(z) := ®(z) — z, then z € C(L, L")y and for all
r+ f,y+g €T, L, we have

Oz + f,y+9lLeor-)
= ®([z,y] + wi(z,y) + 7(x)g — (D)W B(y)as~1(f)
= [z,y] + 2([z,y]) + wi(z,y) + 7(2)g — (=)W r (@ B()as~  (f).
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On the other hand,

[@(z+f), 2(y + 9oL
= [z+2(x)+ fiy+2(y) + glLeL
= [z,9] +wala,y) + w(2)g + w(2)2(y) — (1) Wr(a By)as " =(x)
— (=)Wl (@ By)as " (f)-
Since ¢ is an isomorphism, (4.10) holds.

Conversely, if there exists z € C!(L, L")y satisfying (4.10), then we can define ® :
T L — T5 L by @@+ f) := o+ 2(x) + f. It is easy to prove that ® is an isomorphism
of Bihom-Lie superalgebras such that ®|p« = idp+ and x — ®(L) € L*,Vo € L, ie. T} L
is equivalent to 17 L.

Consider the supersymmetric bilinear form q7, : L x L — K, (z,y) — zs(z)(y) induced
by zs. Note that

wi(B(x), a(y))(a(m)
(

) w2 (B(), a(y))(e(m))
Y)

) -
)

(
= (B@))z(a(y))(a(m) — (~) (0" B(a(y))aB " =(B(x))(a(m))
—2([B(z), a(y)]) (a(m))
= w(B@))z(a(m)(am)) — (—)"Wx(a(y))z(a(@))(@(m)) — ([B(), ay)])(a(m)
= (DM (a(y))(B(), a(m)]) + (@) ([B(y), a(m)]) — 2([8(), aly)])(a(m))
and
(=)D (1 (B(y), a(m)) (@) = wa(B(y), a(m))(a(x)))
= (=)W (7 (8(y))2(a(m)) (a(x)) = (=1)™ W (8(m))2(a(y))(a(z))
—2([8(y), a(m)])(e(z)))
= (-pkl 'y‘“m'( (=)W (a(m))([B(y), a(@)]) + 2(a(y)) ([B(m), a(z))
—2([8(y), a(m)])(e(z)))
= (= 1)""'(""“%| (a(m))([B(z), a(y)]) = (=)W z(a(y)([6(z), a(m)])
—(=)FIED 2 ([8(y), a(m)]) (a(x)).

Since both w; and wsy satisfy (4.9), the right hand sides of above two equations are equal.
Hence,

(=D 2 a(y)([8(@), alm)) + (@) (8). a(m) - ([B(a). aly)(a(m))
= (=)D 0 m)) ([B(2), a(w)]) — (1) (a () ([B@), a(m)
—(=1)l=lymD 2 (18 (y
That is
(@) ([B(y)s a(m)]) + (=)W= ([5(y), a(m)])(a(z))
= z([B(x), a()])(a(m)) + (1) @D 2 (a(m)) ([8(2), ay)]) -
Since chK # 2, qz(a(2), [6(y), «(m)]) = qr([6(x), a(y)], (m)),

invariance of the supersymmetric bilinear form ¢; induced by zs.
(ii) Let the isomorphism ® be defined as in (i). Then for all z + f,y +g € L & L*, we
have

which proves the af-

qB(®(x + f), 2y +9)) = gz + 2(z) + f,y + 2(y) + 9)
= 2@)(y) + f) + (D) W(y) (@) + (1) g(x)
= 2(2)(y) + (1)) (@) + £y) + (-1)FVg(z)
= 2z(2)(y) + gz + f,y +9).
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Thus, ® is an isometry if and only if z; = 0. U
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