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Abstract

In this paper we consider a k-circulant matrix with geometric sequence, where k is a
nonzero complex number. The eigenvalues, the determinant, the Euclidean norm and
bounds for the spectral norm of such matrix are investigated. The method for obtaining
the inverse of a nonsingular k-circulant matrix, was presented in [On k-circulant matrices
(with geometric sequence), Quaest. Math. 2016]. A generalization of that method is given
in this paper, and using it, the inverse of a nonsingular k-circulant matrix with geometric
sequence is obtained. The Moore-Penrose inverse of a singular k-circulant matrix with
geometric sequence is determined in a different way than the way using in [On k-circulant
matrices (with geometric sequence), Quaest. Math. 2016].
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1. Introduction

Throughout this paper, k is a nonzero complex number. By C™*™ we denote the set
of all m x n complex matrices. The symbol C"*" denotes the set of all m x n complex
matrices having rank equal to r. The eigenvalues, the determinant and the inverse of
C € C™ ™ are denoted by \;(C),j=0,n—1, |C| and C~!, respectively. The symbols C*,
|C ||z and ||C||2 stand for the conjugate (or Hermitian) transpose, the Euclidean norm and
the spectral norm of C' € C™*"™, respectively. The identity matrix of order n is denoted
by I,,. By diagc1,1,¢22,¢33,-.-,Cnn] we denote a diagonal matrix of order n.

A k-circulant matriz is a matrix of the form:

Co C1 Cy Cn—2 Cn-—1
kcn—1 Co ¢l - Cp-3 Cp-2
kcn—o ken1 co o+ Cnea Cpe3
(1.1)
keo kes  key - Co a
keq key ke o+ kep1 oo
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A matrix of the form (1.1) is completely determined by k and its first row. So, if a matrix

C has the form (1.1), then we shall write C'=circ,{i(co, c1,¢2,...,cn—1)} and we call it a
circulant (a skew circulant) matrix for k =1 (k = —1). If C is a circulant matrix, we shall
not indicate that £ = 1 and we shall write C'=cire,{(co,c1,¢2,...,cn-1)}. Necessary and

sufficient conditions for a complex square matrix to be a k-circulant matrix were presented
by R. E. Cline, R. J. Plemmons and G. Worm in the paper [5] (see Lemmas 2 and 3 in
[5]). In the paper [8], the authors showed how C? can be obtained, where C' is a matrix
of the form (1.1) and ¢ is a positive integer greater than 1.

It is necessary to point out that k-circulant matrices (especially, circulant and skew circu-
lant matrices) play important role in many areas (probability, statistics, numerical analy-
sis, signal and image processing, coding theory, engineering model etc.). There are many
papers devoted to k-circulant matrices whose entries are different types of number se-
quences. Circulant matrices with geometric sequence were considered by Bueno in [2] and
[3]. In [2] ([3]), Bueno obtained the eigenvalues, the determinants, the Euclidean norms and
the spectral norms of circ,{(g, 9q, 94>, . . ., 9¢" 1)} (circa{(g9¢’, 9¢’ T4, g2, ..., g T~ 1)}),
where g # 0 and g # 0,1 (where j is an arbitrary natural number, g # 0 and ¢ # 0, 1), and
their inverses. Bueno, in [4], investigated the eigenvalues, the determinants, the Euclidean
norms and the inverses of circn{(%, %, g%, ce gi’:;ll)}, where F), is the n'" Fibonacci
number, g # 0 and ¢ # 0,1. The paper [11] is devoted to k-circulant matrices with geo-
metric sequence and, in that paper, the author obtained the inverses of such nonsingular
matrices and the Moore-Penrose inverses of such singular matrices. Circulant and skew
circulant matrices with binomial coefficients were considered in [16] and the spectral norms
of such matrices were investigated in that paper. The paper [14] is devoted to circulant
and skew circulant matrices whose entries are binomial coefficients combined with either
Fibonacci numbers or Lucas numbers. In that paper, the authors investigated the spectral
norms of such matrices and obtained identity estimations for these spectral norms. Cir-
culant and skew circulant matrices whose entries are product of binomial coefficients with
harmonic numbers were considered in the paper [15]. The spectral norms of such matrices
were investigated in that paper, and the explicit identities for these spectral norms were
obtained. In [12] and [13], the authors considered circulant matrices with the generalized
r-Horadam numbers {H, ,,} (the numbers defined as follows:

Hr,n+2 = f(T)Hr,nJrl + g(r)Hr,nv n >0, (1'2)

where r eRT, H,g=a, H,1=b, a,b€R and f?(r) +4g(r) > 0), and obtained the spectral
norms, the eigenvalues, the determinants and the inverses of such matrices.

In this paper, we shall investigate the eigenvalues, the determinant, the Euclidean norm
and bounds for the spectral norm of a k-circulant matrix with geometric sequence and
extend some results presented in [2]. The method for obtaining the inverse of a nonsingular
k-circulant matrix, presented in [11], will be generalized and, using it, we shall obtain the
inverse of a nonsingular k-circulant matrix with geometric sequence. Using the formula
for the Moore-Penrose inverse of an arbitrary k-circulant matrix, given by Boman in [1],
the Moore-Penrose inverse of a singular k-circulant matrix with geometric sequence will
be determined. Before that, let us recall that a geometric sequence is a sequence having
the following form:

90=9, 91=949, 92=99°, G3=94°, . .. (1.3)

where g € C\ {0} and ¢ € R\ {0} i.e. gi=gq’,i € Ny. If ¢=1, then (1.3) is a constant
sequence. If g=—1, then (1.3) is an alternating sequence.

Our results will be presented in the next section.
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2. The main results

First, we investigate the eigenvalues of

circa{1(9, 99, 94% - - -, 94" 1)}, (2.1)

where g € C\ {0} and ¢ € R\{0}. Before that, let us point out that the symbols w and
1 denote any primitive n‘"* root of unity and any n** root of k, respectively. In order to
determine the eigenvalues of (2.1), we shall use the following lemma.

Lemma 2.1 ([5, Lemma 4]). Let C' be a matriz of the form (1.1). The eigenvalues of C
are: n—1 o
Ai(C)= Z ci(Yw™), j=0,n—1. (2.2)
i=0
Moreover, in this case

n—1
=1 Y M(C) W) =0T (23)
j=0

Now, we can prove the following theorem.

Theorem 2.2. Let G be a matriz of the form (2.1). The eigenvalues of G are given by
the following formulae:

1) If gpw™ =1, then

Ai(G) = ng, (2.4)
2) If qpw™I #1, then -
N(G) =07 (2:5)

Proof. Using Lemma 2.1, it follows:
1) Suppose that gypw=/ =1. Then,

n—1 n—1 n—1
M(G) =D gipw ™) =" gq (5) =g> l=ng.
1=0 =0 i=0

2) Suppose that qiw =7/ #1. Then,

n—1 n—1 n
MO = E o) =g 3 avs™) = oy it
- . (|
Remark 2.3. If k=1, then we obtain the result of Theorem 3.2 in [2].
The determinant of
cirey {k(1,q,¢%, ...,¢"" 1)}, (2.6)

where g€ R\ {0}, is given by the following theorem.
Theorem 2.4. Let Q be a matriz of the form (2.6). The determinant of Q is:

Q= (1~ kq")" . (2.7)

Proof. Applying the properties of the determinant of a matrix we obtain:

1 q q2 . qn72 qnfl
k,qn—l 1 q . qn—3 qn—2
k,qn—Q k,qn—l 1 . qn—4 qn—3

IR
kq? k¢® kgt ... 1 q
kq k¢*> k¢ ... kg™t 1
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1 q q2 o qn72 qnfl

0 1—kg" q1—kg") ... ¢" (1 —kq") ¢"*(1—kq")

0 0 1—k¢™ ... ¢ *(1—kq") ¢" 31 —kq")

0 0 0 e 1—kq" q(1 — kq™)

0 0 0 e 0 1— kqg"
Therefore, |Q|= (1 — kq¢™)" L. O
Corollary 2.5. Let G be a matriz of the form (2.1). The determinant of G is:

|Gl=g"(1—kqg")" " (2.8)

Proof. 1t follows from Theorem 2.4 and the fact: | @A |= a™| A |, which holds for any
complex matrix A of order n and any complex number «. O

Remark 2.6. If k=1, then we obtain the result of Theorem 3.1 in [2].

The inverse C~! of a nonsingular k-circulant matrix C' is always k-circulant and it can be
obtained using the following lemma.

Lemma 2.7. ([11, Lemma 2.2]) Let C = circp{x(co,c1,¢2,...,cn-1)} be a nonsingular
matriz with complex entries. Then, C~' = circ,{x(ch,cy,chy ..., ch_1)}, where (ch,c}, ch,
., Ch_q) is the unique solution of the following system of linear equations:
To 1
kx,_1 0
) =1.]- (2.9)
kxl 0

From the proof of the previous lemma which was given in [11], it follows that the inverse
of a nonsingular k-circulant matrix can also be obtained by solving the system of linear
equations which is different than the system (2.9). Namely, from the proof of Lemma 2.7,
it follows that the following lemma is also true.

Lemma 2.8. Let C'=circ,{i(co,c1,¢2,...,cn-1)} be a nonsingular matriz with complez
entries. Then, C~t=circ,{)(cj,c|,ch, ..., ch_1)}, where (ch,cy,chy ... ch_y) is the unique
solution of one of the following systems of linear equations:

Lj—1 0
7
C| z | =11 «j,j=Tn (2.10)
kxn—l
| ka; | LO]

For j = 1, Lemma 2.8 becomes Lemma 2.7. In the paper [11] the inverse of (2.6) was
obtained, provided that 1—kq™ # 0, using Lemma 2.7 (see Theorem 2.2 in [11]). In this
paper we shall determine the inverse of (2.6), provided that 1—kq" #0, using Lemma 2.8
and, for example, j = n.

Theorem 2.9. Let Q be a matriz of the form (2.6). If 1—kq™#0, the inverse of Q is:

Q=

kqn_lcircn{k(—l,q,(),...,())}. (2.11)
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Proof. Let Q ' =circ,{x(qh,q}, &, ---,d,_1)} Based on Lemma 2.8 (¢}, ¢}, ¢, .-, d_1)
is the unique solution of the following system of linear equations:

Tn—1 0
Q 4 | = ol (2.12)
o 1

Applying elementary row operations to the augmented matrix we obtain:

[ 1 q ? ... ¢ oo
kq”’l 1 q ... q"’?’ q”’2 0
kqn72 k.qnfl 1 L qn74 qn73 0
Q= : : :
kq? k¢ k¢t ... 1 q
| kq k> k¢® ... k¢! 1 1]
1 q q2 c. q"_2 q"_1 0]
0 1—k¢" q(1—Fkq™) ... ¢" 31 —kq") ¢ 2(1—k¢") 0
0 0 1—k¢™ ... ¢ *(1—kqg") ¢" 31 —kq") 0
0 0 0 . 1— kq™ q(1—kg™) 0
10 0 0 .. 0 1— kg™ 1]
Therefore, the system (2.12) is equivalent to the following system:
n—1 )
Z qlxn—(i—&-l) = 07
- i=0
Jo 2.13
quizxi:07j:1)n_25 ( )
i=0 .
Tro = *7]“1”_1 .
The solution of the system (2.13) is:
_ 1
L0 = “ggn 1>
T1 = fr (2.14)

z;,=0,1=2,n—1.

Since the system (2.13) is equivalent to the system (2.12), it follows that (2.14) is also the
solution of the system (2.12). O

The Moore-Penrose inverse C' (i.e. the unique matrix satisfying the following identities
cctc = ¢, ctcct = C1, (CCT* = CCT and (CTC)* = CTC) of a singular k-circulant
matrix C' need not be k-circulant. Namely, in the paper [5], the authors proved the
following statements.

Theorem 2.10. ([5, Lemma 5]) Let C be a singular k-circulant matriz. If CT is k-

circulant for some k’, then k’=

I

Theorem 2.11. ([5, Theorem 3]) Let C be a singular k-circulant matriz. Then CT is
k-circulant if and only if k lies on the unit circle.
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The problem of characterizing CT for an arbitrary k-circulant matrix C' was solved by
Boman in [1]. Before we present the Boman’s result, let us mention that F'={f; ;] is the
Fourier matrix defined as follows:

1 , .
fij=——=wDE=D 5 =T n, (2.15)

vn

and W =[w; ;] is the matrix defined as follows:

PR ’lvbi_l’ 1= ] .
Y= { 0, otherwise’ 6y =1n, (2.16)

i.e. W =diag [1,¢,%?,...,4" '], where w is any primitive n'*

nth

root of unity and % is any
root of k, as we pointed out at the beginning of this section.

Theorem 2.12 ([1, Theorem 3]). Let C € C"*" be a singular k-circulant matriz. Without
loss of generality assume that in block form
_ D 0
* 1 _
pwcwr= [P 9.

where D is a diagonal matrix of order r and 0 is the zero matriz of appropriate dimensions.
Then,

0 ol FW. (2.17)

ot = w-1F [(NDM)l 01 o

where M and N are the submatrices of order r (at the first r columns and the first r rows)
of (FFWWF)~! and F*WWF, respectively.

If 1-kq"=0 (ie. k= qin), then (2.6) is a singular matrix. The Moore-Penrose inverse of

such matrix will be obtained using Theorem 2.12.

Theorem 2.13. Let n be an arbitrary natural number greater than 1 and

Q=circa{ 1 (1,4,¢%...,¢" )} (2.18)
q’ﬂ
a) If geR\{—1,0,1}, then
1= 5 . 11 1
Qf :qQ(n 1)(@)2 ciren{qn (1, 6’ ?, e )} (2.19)
b) If ¢ =1, then .
Q'== circa{(1,1,...,1)}. (2.20)
n
c) If ¢ = —1 and n is an arbitrary odd natural number, then
1
Q'=— cire,{_1(1,-1,1,...,—1,1)}. (2.21)
n
d) If ¢ = —1 and n is an arbitrary even natural number, then
1
Q'=— cire,{(1,-1,...,1,-1)}. (2.22)
n
Proof. Let F and W be the matrices defined, respectively, by (2.15) and (2.16).
a) If geR\{—1,0,1}, then W =diag [1, é, q%, e qn%l} . Thus,
JE— 2(1—n) (,2n _ 3
FWWF=""9" cire, {(H5, o L )}

and

FWIQWF= {%} .
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Therefore, ) 21-m) )
11—qg" gV ™ 1 — gt
M=————- D= d N= .
nl—q%’ noa n 1—q?
Based on Theorem 2.12, it follows
_ -1 o
of — g [(VDM)TH 0 g
0 0
n, 1—q . 11 1
= qz(n 1)(1 _an)Q C'chn{qn(Lg’?v' ) qnfl)}v
b) If ¢ =1, then W=1,.
c¢) If ¢ = —1 and n is an arbitrary odd natural number, then W =diag [1,—1,1,...,—1,1].

d) If ¢ = —1 and n is an arbitrary even natural number, then W =diag[1,—1,...,1,—1].

In these cases (b), ¢) and d)),
FFWWF=I,

FW-IQWF = {%%} .

M=1 D=n and N=1.

and

Therefore,

Based on Theorem 2.12, it follows

b) QT _ WlF{

1
=3 cire,{(1,1,...,1)},

_ -1 o
c) Qf = W-IF (NDM)™" 0] pug
0 0
.
= ﬁczrcn{,l(l,—l,l,...,—1,1)},
_ -1 _
d) Qf = W-Ir [(ND(J]W) 8} W
1.
= pczrcn{(l,—l,...,l,—l)}.

O

The Euclidean norm of (2.1) is given by the following theorem. Let us recall that the

Euclidean norm of C' =|¢; ;] € C™*" is ||C||g = Z |cij|?. We shall use the following

=1
formula.
For all z, ) .
n— . _ n _ 1 n-+
S g = LTI (n— Lz (2.23)
= (1—x)?
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Theorem 2.14. Let G be a matriz of the form (2.1). The Euclidean norm of G is given
by the following formulae:

2 _ng2n4(n—1)g2(n+1)
lg1y/n A2 + (b2 — 1)L O JeTED e R\ {-1,0,1}

lgly/n? + (k[ — 1) 250, g=—lorg=1

1Glle= (2.24)

Proof. From the definition of the Euclidean norm of a matrix and (2.23), it follows:

1) If geR\{—1,0,1}, then
(IGIE)? = > 191 = nlgo* + [(n = 1) + k| lgr 2 + -+ [T+ (n = D)[[*] |gn-1 [

ij=1
n—1 n—1 n—1
=Y (n—0)|gl* + k> ilgil* =n Z lgil> + (B> = 1) > ilgs|?
1=0 1=1 1=1
n—1 ] n—1 )
=nlgl > ¢+ (k> = Dlgl* D _ ig*
1=0 i=1
1—¢*" ¢* = ng’ + (n— )"+
2 2 2
= k> —1
nlgP 7= + (k> = 1)lg| o7
g | e -y L )¢+
1— 2 (1 _ q2)2 )

2) If g=—1 or g=1. then

n—1

UIGle)?* = > lgigl=" —nZ|gz\2 (1> = 1) > ilgil®

ij=1 i=1

"W|§3**WF—1MP§Irwm2%+wWP n).

=0 i=1

Therefore,

—ng2nd(n 2(n+1)
" gl 2+ (2 — DEEHEED ey (-1,0,1)
E— .

lgly/n? + (k2 — 1) 050, q=-lorg=1
g

Remark 2.15. If k=1, then we obtain the result of Theorem 3.3 in [2]. Let notice that
in [2] the author considered a matrix of the form:

ciren{(9, 99,94, 94" )}, (225)
where g # 0 and ¢ # 0,1, and obtained, by Theorem 3.3 in [2], the Euclidean norm of
such matrix. But the result of Theorem 3.3 in [2] is not applicable if g=—1. Hence, the
Euclidean norm of

cirey{(9,=9,9,- -, 9(=1)""1)} (2.26)
is missing in Theorem 3.3 in [2] and it can be obtained from the previous theorem (if k=1
and ¢g=—1).

The following theorems are devoted to the spectral norm of (2.1). Before we continue, let
us recall that the spectral norm of C'€ C"*" is ||C'H2=\/1Q"L,a<93 Ai(C*O).
<i<n
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Theorem 2.16. (|9, Theorem 3.1 and Remark 3.1]) Let n be an arbitrary even natural
number and let G be a real matriz of the form (2.26). The spectral norm of G is:

1Gll2=nlg]- (2.27)

Next, we determine the upper and lower bounds for the spectral norm of (2.1). In order
to obtain the upper and lower bounds for the spectral norm of (2.1), we shall use the
following inequalities (see Theorem 1 and Table 1 in [17]):

IC]e
NG

which hold for any complex matrix C' of order n, and the following lemma.

< [Cllz < [IC] e, (2.28)

Lemma 2.17. ([7]) Let A=la;;] and B=[b; ;] be m x n matrices. Then,
[Ao Bll2 <r1(A) - e1(B), (2.29)

where Ao B = [a; jb; ;| is the Hadamard product (or the Schur product) of matrices A and
B (see [6] and [10]),

n m
— .2 — P
r1(A4) = mazx jzl lai; | and i (B)= \maz Z; | bij|°.

Now, we can obtain the upper and lower bounds for the spectral norm of (2.1).

Theorem 2.18. Let G be a matriz of the form (2.1).
I) If e R\{—1,0,1} and

1) |k| > 1, then
1—qg2n 1—g2n
< < 1 —1)|kJ? 2.
T _||Gr\2_|g|¢< + - i) (1217), (2.30)
1_q2n 1_q2n
k <||Gll2 £ : 2.31
bl T < 161z < loly/n = (2.31)

II) If g=—1 or q=1 and
1) |k| > 1, then

2) |k| < 1, then

lglvia < IGll2 < lgly/n (1 + (n — D) , (2.32)
2) |k| < 1, then
kglvn < [|Gl2 < nlg| . (2.33)
Proof. From the definition of the Euclidean norm of a matrix, it follows:
I) Suppose that ge R\{—1,0,1} and
1) |k| > 1. Then,

n—1 n—1 n—1 n—1 )
IGI% = > (n=9)lgl*+ D ilgil> =n > |gil> = nlgl* > ¢* =nlg|?
1=0 1=1 1=0 1=0

2n

1—gq
1—g¢q

5
Therefore,

Gl e 1—¢
—4q

NG
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1__q2n
Glls > .
6 = 1oy =

Now, we shall obtain the upper bound for the spectral norm of G. Let P and @ be the
following matrices:

We conclude from (2.28) that

(90 9 9 - 9o ] [ 1 g ¢ - ¢
kgo 90 90 -+ 9o @t 1 q - gV
pP=| kg kg g - 9| and Q=| 9" ¢ 1 q"? (2.34)
| kgo kgo kgo -+ go | L g ¢ ¢ o1
Then,
n n—1
ri(P) = maz |3 [pig [P = lgof2 + D [kgol® = Vg + (n = DlkgP?
='="\j=1 j=1
= |glvV1+4 (n—1)|kJ?
and
n n—1 .
_ 2 2 _ [1=¢"
a(Q) = maz Z:ZI | i | Z;)Iql L

Since G = P o @, based on Lemma 2.17, we can write

el < a(P)-ex(@ = a1+ - vy (=)
2) |k| < 1. Then,

n—1 n—1 n—1
IGIE=> D" (n =) |kPlgil® + D ilk*[gil* = nlk[> D lgil?
1=0 =0

i=1
2 = 2i 21— "
=nlkgl” > ¢*" = n|ky| e
i=0
Therefore,
IGlle 1—g*
> |k .
We conclude from (2.28) that
Gl > [hgly] A2
Il hgly T4

Now, we shall obtain the upper bound for the spectral norm of G. Let R and S be the
following matrices:

1 11

—_

g0 g1 g2 -+ Ggn-1
k1 1 1 gn—-1 90 91 - Gn-2
R=|Fk k 1 1 and S=| 9n—2 Gn-1 G0 - Gn-3 | . (2.35)

EkE kE - 1 g1 g2 93 -~ 9o
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Then,

n

Z|Ti,j\2=\/ﬁ

j=1

n n—1 n—1
c1(S) = Pz > sy P = \l > gl = J 912> ¥ =g
sisn\ i=0 i=0

Since G = Ro S, based on Lemma 2.17, we can write

and

2n

1_
IGll2 < 11(R) - e1(S) = lglyfn——s .

IT) Suppose that g=—1 or ¢g=1 and

1) |k| > 1. Then,

G| > Z (n—14)|gi* + Z ilgil> =n Z l9i]> = nlg|? Z 1=n?g>.

1=1
Therefore,
IGlle -
> |glvn.
f
We conclude from (2.28) that
1Gll2 = lglv/n.

Now, we shall obtain the upper bound for the spectral norm of G. Let P and @ be the
matrices as in (2.34).

Then,

n—1
r(P) = A Z | i |2 \l 9012+ > [kgol* = V/1gP> + (n — 1)[kg[?
j=1 j=1

= lglvV1+ =1k

n—1
c1(Q) o Z’%H ZMZZ:\/ﬁ
i=1 =0

Since G = P o @, based on Lemma 2.17, we can write

IGl2 < r1(P) - e1(Q) = lgly/n (1 + (n — 1)[K?) .

and

2) |k| < 1. Then,

Gl > Z (n— i) |k[*|gi” + Z ilk|?|gil* = n|k[? Z |gi|* = n|kg|? Z 1 = n?|kg|*.
= 1=0 =0

i=1
Therefore,
1Gle
\/>

> kgl v/m.

We conclude from (2.28) that
IGll2 > |kglv/n.
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Now, we shall obtain the upper bound for the spectral norm of G. Let R and S be the
matrices as in (2.35).

Then,

and

n n—1 n—1
S lsig P= D gl = | lg2 > 1=1glvn .
1=0 1=0

1=1

Since G = Ro S, based on Lemma 2.17, we can write

1Gll2 < 71(R) - e1(S) = nlg| -

3. Conclusion

In this paper we determined the eigenvalues, the determinant, the Euclidean norm and
bounds for the spectral norm of a k-circulant matrix with geometric sequence, where k is
a nonzero complex number, and extended some results obtained in [2]. A generalization
of the method for obtaining the inverse of a nonsingular k-circulant matrix, presented in

[11]’

was given and, using it, the inverse of a nonsingular k-circulant matrix with geo-

metric sequence was obtained. Using the formula in [1], the Moore-Penrose of a singular
k-circulant matrix with geometric sequence was also determined.

Acknowledgment. We would like to thank the anonymous reviewer for his careful
reading of this manuscript and his comments.
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