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Abstract
Let A and B be linear operators on a Hilbert space. Let A and A+B generate C0-semigroups etA and et(A+B),
respectively, and etA be exponentially stable. We establish exponential stability conditions for et(A+B) in terms of
the commutator AB−BA, assuming that it has a bounded extension. Besides, B can be unbounded.
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1. Statement of the main result

Let H be a Hilbert space with a scalar product 〈., .〉 , the norm ‖.‖ =
√
〈, .〉 and unit operator I. For a linear operator C,

Dom (C) is the domain, C∗ is the adjoint operator, σ(C) is the spectrum. If C is a bounded operator, then ‖C‖ is its operator
norm.

Throughout this paper A and B are linear operators on H with Dom(B) ⊇ Dom(A). In addition, A and A+B generate
C0-semigroups eAt and et(A+B), respectively.

We consider the following problem: let eAt be exponentially stable, i.e.

‖eAt‖ ≤ ce−νt (t ≥ 0;c = const ≥ 1,ν = const > 0).

What are the conditions that provide the exponential stability of et(A+B)? The literature on the stability of semigroups is
very rich. The classical results are presented in the books [1, 2], about the recent investigations for instance see [3] -[6],
[7, 8, 9, 10]. In particular, in [7] the author investigates the uniform, strong, weak and almost weak stabilities of multiplication
semigroups on Banach space valued Lp-spaces. In the paper [9] Lyapunov based proofs are presented for the well-known
Arendt-Batty-Lyubich-Vu Theorem for strongly continuous and discrete semigroups. In [10] the authors obtain continuous-time
and discrete-time Lyapunov operator inequalities for the exponential stability of strongly continuous, one-parameter semigroups
acting on Banach spaces. Thus they extend the classic result of Datko from Hilbert spaces to Banach spaces. Recall also that
various conditions, under which the perturbed operator generates a C0-semigroup can be found for instance in [11, Chapter III].
For example, if B is A-compact and the semigroups generated by A is analytic, then by Corollary III.2.17 from [11, p. 180]
A+B generates an analytic semigroup. Certainly, we could not survey the whole subject here and refer the reader to the above
listed publications and references given therein.

To the best of our knowledge, the exponential stability conditions for the perturbed semigroup in terms of the commutator
[A,B] = AB−BA have not been investigated in the available literature. In the paper [12] in the case of a Banach space, an
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estimate has been established for the L1-norm of a semigroup generated by A+B, provided that both [A,B] and B are bounded.
The aim of this paper is to establish exponential stability conditions for et(A+B) in terms of [A,B], assuming that

BDom(A2)⊆ Dom(A) (1.1)

and

[A,B] has a bounded extension. (1.2)

Besides, B can be unbounded. Since A generates a C0-semigroup, Dom(A2) is dense in H , cf. [13, Theorem I.2.3]. So the
operators AB and BA are defined on Dom(A2). Thus (1.2) means that [A,B] is defined and uniformly bounded on Dom(A2),
and therefore admits the extension to the whole space as a bounded operator. Our approach in the present paper is considerably
different from the one in [12]. In addition, we considerably generalize the main result from [14].

Introduce the operator

W :=
∫

∞

0
eA∗teAtdt.

This integral converges in the operator norm, since eAt is exponentially stable, and

‖W‖ ≤
∫

∞

0
‖eAt‖2dt ≤ c2

∫
∞

0
e−2νtdt =

c2

2ν
. (1.3)

The integral

ζ (A) := 2
∫

∞

0
‖eAt‖

∫ t

0
‖esA‖‖e(t−s)A‖ds dt

also converges, and

ζ (A)≤ 2c3
∫

∞

0
e−νt

∫ t

0
e−νse−ν(t−s)ds dt = 2c3

∫
∞

0
e−2νttdt =

c3

2ν2 . (1.4)

Finally assume that

Λ(B) := sup
h∈Dom(B);‖h‖=1

ℜ〈Bh,h〉< ∞

and put

ψ(W,B) :=
{

2Λ(B)‖W‖ if Λ(B)> 0,
0 if Λ(B)≤ 0.

Now we are in a position to formulate the main result of the paper.

Theorem 1.1. Let conditions (1.1) and (1.2) hold, and eAt be exponentially stable. If, in addition, Λ(B)< ∞ and

ψ(W,B)+‖[A,B]‖ζ (A)< 1, (1.5)

then et(A+B) is also exponentially stable.

This theorem is proved in the next section. It is sharp. Indeed, let A and B be commuting normal operators, with
α(A) := supℜσ(A)< 0. Λ(B) = α(B)> 0. Then ‖eAt‖= eα(A)t (t ≥ 0), and by (1.3) ‖W‖ ≤ 1

2|α(A)| . Consequently,

ψ(W,B) =
α(B)
|α(A)|

By Theorem 1.1 et(A+B) is stable if α(B)< |α(A)|. But ‖et(A+B)‖= e(α(A)+α(B))t (t ≥ 0). Therefore, in the considered case
et(A+B) is stable, provided α(A)+α(B)< 0. So Theorem 1.1 is really sharp.



Stability Conditions for Perturbed Semigroups on a Hilbert Space via Commutators — 131/134

2. Proof of Theorem 1.1
Lemma 2.1. Let A generate a C0-semigroup eAt on H , and conditions (1.1) and (1.2) hold. Then the operator [eAt ,B] :=
eAtB−BeAt is bounded. Moreover,

[eAt ,B] =
∫ t

0
esA[A,B]e(t−s)Ads (t ≥ 0). (2.1)

Proof. For any x ∈ Dom(A2), we have esAx ∈ Dom(A2) and AesAx ∈ Dom(A) ⊆ Dom(B). So BAesAx ∈H . In addition,
according to (1.1) , ABesAx ∈H . Thus,

eA(t−s)(AB−BA)esAx ∈H (x ∈ Dom(A2)).

But

eA(t−s)(AB−BA)esAx =− ∂

∂ s
eA(t−s)Bx−B

∂

∂ s
esAx =− ∂

∂ s
eA(t−s)BesAx.

Integrating this equality, we get∫ t

0
eA(t−s)(AB−BA)esAxds = −

∫ t

0

∂

∂ s
eA(t−s)BesAxds =−eA(t−s)BesAx|t0

= (etAB−BetA)x.

Thus

[eAt ,B]x =
∫ t

0
eA(t−s)[A,B]esAxds.

Since [A,B] is bounded, we can extend [eAt ,B] to the whole space. This proves the required relation (2.1).

Proof of Theorem 1.1: Since eAt is exponentially stable, W is a unique solution of the Lyapunov equation

WA+(WA)∗ =−I. (2.2)

Equation (2.2) is understood in the sense

〈Az1,Wz2〉+ 〈Wz1,Az2〉=−〈z1,z2〉 (z1,z2 ∈ Dom(A)). (2.3)

Besides, W : Dom (A)→ Dom (A∗), cf. [1, p. 252, Section 5.3].
For all h ∈ Dom(A) with ‖h‖= 1, by (2.3) we can write

〈(A+B)h,Wh〉+ 〈Wh,(A+B)h〉 = 〈Ah,Wh〉+ 〈Wh,Ah〉+ 〈Bh,Wh〉+ 〈Wh,Bh〉

= −1+ 〈Bh,Wh〉+ 〈Wh,Bh〉=−1+ 〈Bh,
∫

∞

0
eA∗teAtdt h〉+ 〈

∫
∞

0
eA∗teAtdt h,Bh〉

= −1+
∫

∞

0
(〈eAtBh,eAth〉+ 〈eAth,eAtBh〉)dt =−1+

∫
∞

0
(〈BeAth,eAth〉+ 〈eAth,BeAth〉)dt

+
∫

∞

0
(〈[eAt ,B]h,eAth〉+ 〈eAth, [eAt ,B]h〉)dt.

Thus,

〈(A+B)h,Wh〉+ 〈Wh,(A+B)h〉=−1+ J1(h)+ J2(h), (2.4)

where

J1(h) =
∫

∞

0
(〈BeAth,eAth〉+ 〈eAth,BeAth〉)dt

and

J2(h) =
∫

∞

0
(〈[eAt ,B]h,eAth〉+ 〈eAth, [eAt ,B]h〉)dt.
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Since

〈BeAth,eAth〉+ 〈eAth,BeAth〉= 2ℜ〈BeAth,eAth〉 ≤ 2Λ(B)〈eAth,eAth〉,

we have

J1(h)≤ 2Λ(B)
∫

∞

0
〈eAth,eAth〉dt = 2Λ(B)〈Wh,h〉. (2.5)

If Λ(B)> 0, then J1(h)≤ 2Λ(B)‖W‖. If Λ(B)< 0, then J1(h)≤ 0. So J1(h)≤ ψ(W,B). In addition, by Lemma 2.1

|J2(h)| ≤ 2
∫

∞

0
‖eAt‖‖[eAt ,B]‖dt ≤ 2

∫
∞

0
‖eAt‖‖[A,B]‖

∫ t

0
‖esA‖‖e(t−s)A‖ds dt = ‖[A,B]‖ζ (A). (2.6)

Consequently, due to (1.5), for all h ∈ Dom(A),‖h‖= 1,

〈(A+B)h,Wh〉+ 〈Wh,(A+B)h〉=−1+ J1(h)+ J2(h)≤−(1−ψ(W,B)−‖[A,B]‖ζ (A))< 0.

Now the required result is due to the generalized Lyapunov theorem [2, Theorem 7.1].

3. Example

Let H = L2(0,1), where L2(0,1) is the space of square-integrable functions defined on [0,1] with the traditional scalar product.
Let a(x) be a complex valued function having a bounded measurable derivative, b be a real constant,

(A f )(x) =
d2 f (x)

dx2 +a(x) f (x) and (B f )(x) = b f ′(x) (0 < x < 1, f ∈ Dom (A))

with

Dom (A) = {h ∈ L2(0,1) : h′′ ∈ L2(0,1),h(0) = h(1) = 0}.

Then the commutator is defined by ([A,B] f )(x) =−ba′(x) f (x) and ‖[A,B]‖= |b|supx |a′(x)|. Clearly A+B and A generate
C0-semigroups. Assume that q := maxx ℜa(x)< π2. Since the largest eigenvalue of the operator defined on Dom(A) by d2/dx2

is −π2, we easily obtain

sup
h∈Dom A;‖h‖=1

ℜ〈Ah,h〉 ≤ q−π
2 < 0.

So A is dissipative and therefore,

‖eAt‖ ≤ exp [−t(π2−q)] (t ≥ 0).

Hence, by (1.4)

ζ (A)≤ 1
2(π2−q)2 .

Since ( f ′, f ) = −( f , f ′) ( f ∈ Dom (A)), we have Λ(B) = 0 and consequently, ψ(W,B) = 0. Thus, due to Theorem 1.1 the
semigroup generated by the operator Ã = A+B defined by

(Ã f )(x) =
d2 f (x)

dx2 +b f ′(x)+a(x) f (x) (0 < x < 1, f ∈ Dom (A))

is exponentially stable, provided

|b|sup
x
|a′(x)|< 2(π2−q)2.
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4. A particular case

In this section we refine Theorem 1.1, assuming that

λ (A) := inf
h∈Dom(A);‖h‖=1

ℜ〈Ah,h〉>−∞. (4.1)

For example, let

(A f )(x) =
d f (x)

dx
+a(x) f (x) (0 < x < 1; f ∈ L2(0,1))

with

Dom (A) = {h ∈ L2(0,1) : h′ ∈ L2(0,1),h(0) = h(1)}

and a complex bounded measurable function a(x) with supx ℜ a(x)< 0. Simple calculations show that in this case λ (A) =
infx ℜ a(x)>−∞.

Furthermore, put

ψ̂(W,B) :=

{
2Λ(B)‖W‖ if Λ(B)≥ 0,
Λ(B)
|λ (A)| if Λ(B)< 0.

Theorem 4.1. Let conditions (1.1), (1.2) and (4.1) hold, and eAt be exponentially stable. If, in addition, λ (B)< ∞ and

ψ̂(W,B)+‖[A,B]‖ζ (A)< 1,

then et(A+B) is also exponentially stable.

Proof. Define J1(h) and J2(h) (h ∈ Dom(A),‖h‖= 1) as in Section 2. Under condition Λ(B)< 0 we have

J1(h) = 2
∫

∞

0
ℜ〈BeAth,eAth〉dt ≤ 2Λ(B)

∫
∞

0
〈eAth,eAth〉dt < 0.

Put y(t) = eAth (h ∈ Dom(A)). Then

d
dt
〈y(t),y(t)〉= 2ℜ〈 d

dt
y,y(t)〉= 2ℜ〈Ay,y(t)〉 ≥ 2λ (A)〈y(t),y(t)〉.

Solving this inequality, we get

‖eAth‖ ≥ eλ (A)t‖h‖.

Since A generates a stable semigroup λ (A)< 0. Consequently,∫
∞

0
〈eAth,eAth〉dt ≥

∫
∞

0
e2λ (A)dt〈h,h〉= 1

2|λ (A)|
〈h,h〉.

If Λ(B)≥ 0, then according to (2.5) |J1(h)| ≤ 2Λ(B)‖W‖. Thus |J1(h)| ≤ ψ̂(W,B). Taking into account (2.4) and (2.6) , under
condition (4.1) for all h ∈ Dom(A),‖h‖= 1, we obtain

〈(A+B)h,Wh〉+ 〈Wh,(A+B)h〉=−1+ J1(h)+ J2(h)≤−(1− ψ̂(W,B)−‖[A,B]‖ζ (A))< 0.

Now the required result is due to the above mentioned generalized Lyapunov theorem [2, Theorem 7.1].
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