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In this paper, we study the dynamics of following system of nonlinear difference equations x, 11 = X,—1Yn — 1, Ynt1 = Yn—12n — 1,
Zn+1 = Zn—1%n — 1. Especially we investigate the periodicity, boundedness and stability of related system of difference equations.

Keywords: difference equations, dynamical systems, periodicity, boundedness, stability.
2010 Mathematics Subject Classification: 39A10, 39A23, 39A30

1. Introduction

Over the last years difference equations and systems of difference equations have been huge attention by scientists and mathematicians. This
attention is particularly related to applications in different fields of science especially ecology, economy, physics and so on. As long as they
achieved more meaningful and impressive results and applications, this attention continues to increase at the high level. Several latest results
can be found in the following papers:

In [15], Kent et al studied dynamics of difference equation

Xpt1 = XpXp—1 — L.

Further, in [1], Liu et al and in [25], Wang et al obtained some significant results about related difference equation.
In [?], Tagdemir studied the dynamics of following system of difference equations

Xnt1 = Xp—1Yn — L,ynt1 = Yn—1Xn— 1.

In [26], Kurbanli et al investigated positive solutions of system of difference equations

Xppg = L = Inml
" YnXn—1+1 ot Xnyn—1+1
In [27], Kurbanli studied the solutions of the system of difference equations
Xppg = — L =l =l
" Yaxn—1+ 1’ " XoYn—1+ 17 " YnZn—1+1

Furthermore, there are many books and papers related to difference equations see [1] - [29].
In this paper, we investigate the dynamics of following system of nonlinear difference equations:

Xpp1 =Xp—1Yn— L, Yyn1 =Yn-1zn— 1, Zug1 = 21X — 1,n=0,1,--+, (L.D)

where the all initial conditions are real numbers. Especially, we study equilibrium points, stability of solutions, existence of periodic solutions
and boundedness of solutions of related system.
Firstly, we give some definitions and theorems which are used during this study.
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Let us introduce a six-dimensional discrete dynamical system of the form
Xn+1 = fl (xmxnfl7yn7}’n7172n72n71):

Yn+1 = f2 (xnvxrlfl7yn7ynflyzl‘hzn71)7 (12)
f3 (xmxnfh)’m)’n—l 7vazn71)

n+1

n=20,1,..., where f] : 112 X 122 X 132 =1, fr: 112 X 122 X 132 — DL and f3 : 112 X 122 X 132 — I3 are continuously differentiable functions and
I, I3 are some intervals of real numbers. Moreover, a solution {(x,,yn,2n) },._; of system (1.2) is uniquely determined by initial values
(xi,yi,2i) €Iy x I x I3 for i € {—1,0}.

n—=

Definition 1.1. Along with the system (1.2), we consider the corresponding vector map

F= {fl7xn7xn—17f27yna)’n71af3azn71n—l} .
A point (%,,7) is called an equilibrium point of the system (1.2) if

=1
=
—
=
=
=
=
N
&

= f2(27i,)77}7727z),

= f(&55,5,%,2).

ISTI |

The point (%,7,7) is also called a fixed point of the vector map F.
Definition 1.2. Let (%,7,7) be an equilibrium point of the system (1.2).

(i) An equilibrium point (%,3,7) of system (1.2) is called stable if, for every € > 0, there exists & > 0 such that, for every initial value
(xi,vi,2i) € Iy X Iy x I, with

0 0 0
Z |x; —x| < 6, Z lyvi—7| <6, Z lzi—z] <o

i=—1 i=—1 i=—1

implying |x, —%| < &,|yn —¥| < € and |z, —Z| < € forn € N.

(ii) An equilibrium point (%,3,7) of system (1.2) is called unstable, if it is not stable.

(iii) An equilibrium point (%,3,7) of system (1.2) is called locally asymptotically stable if it is stable and if, in addition, there exists Y > 0
such that

0 0 0
Y ki—x<y, Y bi—-d<v Y lki—z<7,
i=—1 i=—1 i=1

and (xp,yn,2n) = (X,3,Z) as n — oo.
(iv) An equilibrium point (%,3,7) of system (1.2) is called a global attractor if (xXn,yn,2n) — (%,5,2) as n — .

(V) An equilibrium point (X,3,Z) of system (1.2) is called globally asymptotically stable if it is stable and a global attractor.

Definition 1.3. Let (%,7,Z) be an equilibrium point of the map F where f1, f> and f3 are continuously differentiable functions at (%,7,7).
The linearized system of system (1.2) about the equilibrium point (%,5,Z) is

X1 =F (X,) = BX,,
where

Xn
Xn—1

Yn
X, =
§ Yn—1

Zn—1
and B is a Jacobian matrix of system (1.2) about the equilibrium point (%,¥,7).

Definition 1.4. Assume that X, 1 = F (X,),n=0,1,---, is a system of difference equations such that X is a fixed point of F. If no
eigenvalues of the Jacobian matrix B about X have absolute value equal to one, then X is called hyperbolic. Otherwise, X is said to be
nonhyperbolic.

Theorem 1.5 (Linearized Stability Theorem [28], p.11). Assume that
X1 =F(X,),n=0,1,---,
is a system of difference equations such that X is a fixed point of F.

(i) If all eigenvalues of the Jacobian matrix B about X lie inside the open unit disk |A| < 1, that is, if all of them have absolute value less
than one, then X is locally asymptotically stable.
(ii) If at least one of them has a modulus greater than one, then X is unstable.

Definition 1.6. A solution {(xn,yn,2n) }p__; of system (1.2) is bounded and persists if there exist constants M, N such that M < N and
M <xp,yn,2n <N, n=—-m,—m+1,---.
Definition 1.7. A positive solution {(xy,yn,zn) }ne_ Of system (1.2) is periodic with period p if

Xn+p = Xn;Yn+p = Yp;Zntp = zp foralln > —1.
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2. Equilibrium Points of System (1.1)

This section, we find out the equilibrium points of system (1.1).

Theorem 2.1. There are two equilibrium points of system (1.1) which are each elements of equilibrium points golden ratio or its conjugate.
The equilibrium points of system (1.1) are:

L 1+V5 14V5 1+V5
(X17y1721) - ( 2 ) D) ) 2 ) (21)
1-V5 1-V5 1-V5
2,92,Z = . 2.2
(%2,52,22) < Ty (22)
Note that all elements of the first equilibrium point equal to 1+T‘E =~ 1.618 which is golden ratio.
Proof. Letx, =X, y, =79 and z, = Z for all n > —1. Then, we obtain following system from system (1.1):
X = xy—1, (2.3)
y = y-zi-1, (2.4)
z = Z-x—1 (2.5)
Therefore, we have easily from (2.3)-(2.5):
P § VAT VAR b e
- 2 I y - 2 y L= 2 I
i 1-V5 _ 1-V5 _ 1-+5
- 2 ) y - 2 , L= 2 .
So, the proof completed. O

3. Existence of Periodic Solutions of System (1.1)

In this here, we study the periodic or non-periodic solutions of system (1.1). Moreover we obtain the initial values for the periodic solutions
of system.

Theorem 3.1. There are no two periodic solutions of system (1.1).

Proof. Let {(xn,yn,2n)}n-_; be a two periodic solution of system (1.1). Therefore, x2,, = a, Xpp—1 = b, y2u = ¢, yau—1 =d, 22, = € and
2on—1 = f forall n € Ny, a,b,c,d,e, f € Rsuch that a # b,c # d and e # f. Hence, we have from system (1.1)

Xonel = Xop—1Yan—1,
X = Xp—2yam-1—1,
Yl = Ym-12m— 1,
Y = Ym—2Zm-1—1,
Ln4l = p-1X2p— 1,
0 = Zp-2%n-1— L
Thus, we obtain the following equalities:
b = bc—1, 3.1
a = ad-—1, (3.2)
d = de—1, (3.3)
c = cf—1, 34
f = fa—1, (3.5)
e = eb—1, (3.6)
So, we have from (3.1)-(3.6),
1 5
a = b:c:d:e:f: +2f:j1:ylzzl’
1—+/5
a = b=c=d=e=f= 2\[=f2=)72:_2
Since a # b,c # d and e # f, this is a contradiction. The proof completed. O
Theorem 3.2. System (1.1) has three periodic solutions with the initial values as
X—1 = 717)(0:717)/_]:717})0:7171_1:—1,20:71, 3.7

x-1 = Oxo=-1y-1=0y0=-1,z2-1=0,z0=—1. (3.3)
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Proof. Let {(Xu,Yn,2n) };r—_ be a three periodic solution of system (1.1). Hence, x_; =a,xo =b,y_1 =c,yo=d, z_; = e and zp = f for

alln € Ny, a,b,c,d,e, f € R. Therefore, we obtain that:

X1 = x_y—l=ad—-1
yi = y_1zo0—1l=cf—-1
21 = zZ-1xp—1l=ea—1
x = xy1—1=blcf-1)—1=a (3.9)
2 = yzi—1=d(ea—1)—1= (3.10)
2 = zpx—1=flad—-1)—1=¢e (3.11)
x3 = xpy2—1=(ad—1)c—1=b (3.12)
3 = yio—l=(cf—-1De—-1=d (3.13)
3 = zix—l=(ea—1l)a—1=f (3.14)
Thus, we have four cases from solutions of system of equations (3.9)-(3.14):
= b=c=d=e=f=-1, (3.15)
= 0,b=—-1,c=0,d=—-1,e=0,f=—1, (3.16)
1 5
— bec=d=e=f= +2f, (3.17)
1—+5
(3.15) and (3.16) are three periodic solutions but the other cases aren’t periodic solutions. Because they are equilibrium solutions. The proof
completed. O
Remark 3.3. From (3.7) and (3.8), three periodic cycle of system (1.1) is
{ 7(71771771)7(05070)5(71771771)7(7177177
Proof. We take the initial values x_; = 0,xg = —1,y_; = 0,y9 = —1,z_; = 0,z9 = —1. Therefore, we obtain the followings:
X xoyo—1=0-(=1)—-1=-1,
yio= yozo—1=0-(-1)—-1=-1,
271 = zoxp—1=0-(-1)—-1=-1
x = xy-—l=(=1)-(-1)-1=0
y» = yoa—l=(=1)-(-1)-1=0
2 = zpx—1=(=1)-(-1)=1=0
x3 = xpyp—1=(-1)-0—-1=-1,
y3i = yza-1=(-1)-0-1=-1,
73 = zp—1=(-1)-0-1=-1
Hence, system (1.1) has three periodic cycle as:
{ 7(71771771)7(05070)5(71771771)7(71771771)7'"}'
O
4. Boundedness of System (1.1)
During this section we study the bounded or unbounded solutions of system (1.1).
Theorem 4.1. Let x;,y;,z; € (—1,0) for i € {—1,0}, then the solutions of system (1.1) are such that xn,yn,zn € (—1,0) forn > —1.
Proof. Let x;,y;,zi € (—1,0) fori € {—1,0}. Thus we obtain from System (1.1):
x = x_1yo—1€(-10),
yio= y-1z0—1€(-1,0),
71 = z_ixp—1€(-1,0).
Therefore, we have by induction
Xn = Xp2Yn-1—1€ (7150)7
Yn = }’11722;171*16(*1,0)7
Zn = Zn-2Xn—1 —-1le (7150)
for n > —1. The proof is completed. O
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Theorem 4.2. Let the initial values x_1,x0,Y—1,Y0,2—1,20 < —1. Then

X1,¥1,21 > 07
X2,¥2,22 < _17
x3,y3,23 < —L

Proof. Let the initial values x_1,x0,Y_1,Y0,2—1,20 < —1. We have from System (1.1):
X1 =x_1y0—1>0.
Calculations of yy,z1,x2,¥2,22,%3,y3,23 are similar to x, so we leave them to the readers.

Theorem 4.3. Let {(xy,yn,2n) },o_| be a solution of system (1.1). Then,

Y3=Yn = ne2+ 1) (g1 +1) = Q1 + 1) (n + 1),
V3= = (2 + 1) Gnp1 + 1) = Gurr + 1) (za+ 1),
3 =X = (2 + 1) Onr1 +1) =z +1) (i +1).

Proof. Let {(xn,yn,2n) }n—_; be a solution of system (1.1). Hence, we have from system (1.1) and by some calculations:

i3 =Y = (nginr2—1) =W
= Xpt1 nzns1 —1) = 1=
= Xp1YnZntl —Xnpt1 —1—Yn
= Xpr1n (21X — 1) = Xpp1 — 1 —yn
= Xpt1YnZn—1%n — Xn+1¥n — Xn+1 — 1 —Yn
= Xpr1YnZn—1Xn —Xup1 O+ 1) — (i + 1)
= Xpt1YnZn—1%n — Zn—1%n +Zn 1% — (Yn + 1) (K1 + 1)
= Zn 1% (19 — 1)+ 201 — (0 +1) (g1 + 1)
= Zo-1X%n Vu2+ 1) = +1) (1 +1)

= Zn—1%n (yn+2+ 1) - (}’n+2+ 1)+(Yn+2+ 1)— (J’n“‘ 1)(xn+1 + 1)
= nre2+ D@1 =D+ 02+ 1) = n+1) (1 +1)

= (yn+2 + 1)ZnJrl + ()’n+2 + 1) - (yn + 1) (xn+1 + 1)
= Onr2t D@+ =+ 1) Ga+1).

Because proofs of (4.2) and (4.3) are similar to (4.1), we leave them to the readers.

.1
4.2)
4.3)

O

Theorem 4.4. Let {(xn,yn,2n)},—_ be a solution of system (1.1). Let the initial values x_1,x0,y_1,Y0,2—1,20 < —1. Then the following

statements are true:

(i)
0 < x1<za<yr < - <xopy1 < Z9k+4 < Yo7 <o
0 < yi<x<zz < - <Yops1 < Xopq < Zok47 < -
0 < 21 <ysa<xy<-+ <2p41 < Yopta < Xogy7 < -
-1 > xp>z5>yg > > Xok42 > Z0k+5 > Yok+8 >
-1 > y2>x5>28> > Yopi2 > Xopt5 > Z9k+8 >
1 > 2>y5>x8> > 20142 > Yor+5 > k48 >
—1 > x3>z6>y9 > >Xok13 > 20%46 > Yokt9 >
-1 > y3>x6>29> > Yopy3 > Xop16 > Z9k+9 >
-1 > z3>y>x9> > 29113 > Yopt6 > 9k+9 > -
(i)
Jim xg, 1.1 = eo, Jim xg,1.4 = oo, Jim xg,.1.7 = oo,
Jim yo,p 1 = oo, Jim yo 44 = o, Jim yo 47 = oo,
Jim 29,41 = eo, Jim 29,44 = oo, Jim 29,47 = oo,
limxg, 2 = —oo,  limXg,y5=—co,  limxg, g = —oo,
Jim ygpyp = —co,  limyg, 5 =—co,  limyg, g = —co,
lim 29,40 = —co,  limzg, 5= —co,  limzg, g = —co,
Jim xg, 3 = —co,  limXg,46=—co,  limxg, 9= —co,
limyg, 3= —co,  limyg,i6=—co,  limyg, 9= —co,

lim = —o0 lim = —o0 lim = —oo,
h _}mZ9n+3 ) n_mz9n+6 ) n_>°°Z9n+9
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Proof. (i) Let {(xn,yn,2n)},-_; be asolution of system (1.1). Let the initial values x_y,xp,y_1,Y0,2—1,20 < —1. Therefore, we know the
followings from Theorem 4.2

x,ynza >0,
x,y2,22 < -1,
x3,y3,23 < —L
Firstly we consider (4.1) for n = 1. Thus we have
x=y1=+1D(@+)—(u+) 1 +1).
Since y3,z2,% < —1 and y; > 0, we obtain that
X4 —y1 >0=x4 >y;.

So x4 > y; > 0 and similarly y4 > z; > 0 and z4 > x; > 0.
Now we take n = 2 for (4.1), therefore we get

xs—=y2 =4+ 1) (3+1) = (3+1)(y2+1).
Because of y4 > 0 and x3,z3,y, < —1, we have
X5 —y2 < 0= x5 <y;.

Hence we obtain x5 < yp < —1 and y5 < zp < —1, z5 <xp < —1 similarly.
Next we get (4.1) for n = 3. We attain that

Xo—y3 = (s+D)(a+1)—(g+1)(3+1)
(3za—1+1)(z4+1) = (2y3 = 1+ 1) (y3 +1)
y3242x +¥324 *xzyg —X2y3

From y3,x; < —1, we have
X6 —y3 < *zi+724+y§+y3
= (3—z4)(y3+z+l)
From y3 < —1, we obtain
X6 —y3 < (y3—24)24 <O.

So we get xg < y3 < —1 and similarly ys < z3 < —1 and zg < x3 < —1.
Now we take (4.1) for n = 4. We obtain that

x7=y4= e+ 1)(zs+1)—(xs+1) (y4+1).

Since y¢,25,x5 < —1 and y4 > 0, we have x; —y4 > 0 and x7 > y4 > z; > 0. Therefore we get y; > z4 > x; > 0and z7 > x4 >y > 0.
We consider (4.1) for n = 5. We have that

xg—ys=(7+1) (s +1)— (x+1)(ys+1).
Thus we obtain following
xg—ys <0=>x3 <ys <zp < —1.

from y7 > 0 and z¢,x6,y5 < —1. Similarly we get y§ < z5 <xp; < —land zg < x5 <y, < —1.
We take (4.1) for n = 6. We have

x9—y6=(ys+1)(z7+1)—(x7+1) (v +1) <0

from yg,ys < —1 and z7,x7 > 0. Thus we obtain xg < ys < z3 < —1,y9 < z¢ <x3 < —l and zg < xg <y3 < —1.
Now we consider (4.1) for n = 7. Hence we obtain

x10—y7=o+1)(zg+1)—(xg+1)(y7+1) >0

from yg,zg,x3 < —1 and y7 > 0. So we have xjg > y7 >z4 > x1 > 0,y10 > 27 > x4 >y; > 0and z19 > x7 > y4 >z1 > 0.
Finally we obtain the followings by induction

0 < xi<za<y;<- <xopy1 <Z9k+4 <Yokt7 <+,
0 < yi<xg<zz<- <yopy1 <Xopyq <Z9k17 <"+,
0 < 21 <ys<x7 <+ <Z9pt1 < Yopta < Xopt7 <+,
-1 > x>z5>yg > >Xop40 > 20k+5 > Yokt > v,
=1 > y2>x5>z8> > yopi2 > Xogts > Zok48 > o,
1 > 2>y5>x8> > 29142 > Yokt5 > k48 >
-1 > x3>2z6>y9 > >Xop43 > 29k+6 > Yok+9 > 7+,
1 > y3>x6>29> > Yop3 > Xopy6 > 29k+9 > 00,
=1 > z23>y6>Xx9 > > 20143 > Yok+6 > k9 > -

Therefore the proof completed as desired.
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(i)
Xoptl =  Xop—1Y9n — 1
(%97-3Y9n—2 — 1) (Yon—229p—1 — 1) — 1
2
= X9n—3Y9,—2%9n—1 —X9n—-3Y9n—2 — Y9n—229n—1
We have from xgn,3y5,172z9,,,1 > 0 and x9,,_3Yy9,,—2 <0,
X9p+1 > —Y9n—229n—1-
From zg,,_1 < —1, we obtain
Xontl > You—2 = You—429n—3 — |

Yon—4 (2on—5X9p—4 — 1) — 1
= Yon—429n—5%9n—4 — You—a — L.

From yg,,_4 < —1 and yg,,_4x9,_4 > 1 we have

V

X9n+1 Yon—429n—5X9n—4 > 2975
29n—7%9n—6 — |

29n—7 (X9p—8Y9n—7 — 1) — 1

= Z9n—7%9n—8Y9n—7 — Z9n—7 — L.
Thus we get from zg,_7 < —1 and yg,,_7 < —1
Xon+1 > Z9n—7X9n—8Y9n—7 > X9n—8§-

So lim xg,, 41 = o=. Since the proof of the other cases are similar to this, we leave them to readers.
n—oo

O
5. Stability of System (1.1)
Throughout this section we investigate the stability of system (1.1).
Now, we take into account the transformation to set up the linearized form of system (1.1):
(xnvxnfl7)’mYn7172n72n—1) - (f7f17g7g17h7h1) ’
where
f =Xn—1Yn — 17
fl = Xn,
g&=Yn-12n — 17
81 = Yn,
h= Zn—1Xn — 17
hy = zy.
Thus, we obtain the Jacobian matrix about the equilibrium point (%,7,7):
0y x 0 0 O
1 0 00 0 O
~-_ |1 00 0 z ¥y O
z 00 0 0 x
00 0 0 1 0

S

Theorem 5.1. The equilibrium point (X1,51,Z) = (HT‘E, #, 1+2 5) of system (1.1) is locally unstable.

Proof. Linearized system of system (1.1) about the equilibrium point (%1,¥,2;) = <#, 1+T\/§7 #) is X,+1 = B(%,5,Z) X, where

T
Xy = ((xmxnflvynvynfl 7Zn»Zn71))

and
1+V5 145 145
B(X,y,z) - B( 2 ki 2 I 2
1+v5 145
0 +T\[ +T\f 0 0 0
1 0 0 0 0 0
0 0 0 5 S5
N 0 0 1 0 0 0
H_T\G 0 0 0 0 H—T\B
0 0 0 0 1 0
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Therefore, the characteristic equation of B (%,7,7) about (¥1,71,Z1) = (HT‘B, 1+27\/§7 #) is
3+3V5 9435
Aﬁ—( +2\[)A4—(2+\/§)/’L3+< +2\[>/12—2—\@—0‘ (5.2)

Then, six roots of (5.2) are

A A~ 231651,

A 0.757501 — 0.456732i,
Ay A~ 0.757501+0.456732i,
A~ —0.698478,

As A~ —1.56652—0.944526i,
e ~ —1.56652+0.944526i.

1%

Thus,
Aa| < [A2| = [A3] < 1 <[As] = |A6| < [Ma].

Hence, the first equilibrium point of system (1.1) is locally unstable from linearized stability theorem. O
Theorem 5.2. The equilibrium point (X3,¥2,7) = (#, %ﬁ, #) of system (1.1) is locally unstable.
Proof. Linearized system of system (1.1) about the equilibrium point (%,7,,2) = (%, "T‘E, '%ﬁ) is X,+1 = B(X,3,2Z) X, where

T
X”l = ((xnvxnfl7)’n:}’n71azmzn71))

and

1—vV5 1—=vV5 1—-+/5
B('iﬁ? ) - B \[7 f7 \[
2 2 2
1-V5 1-v5
0 55 155 9 0 0
1 0 0 0 0 0
0 0 0 FT\@ 1%5 0
B 0 0 1 0 0 0
1;2\/5 0 0 0 0 #
0 0 0 0 1 0
Therefore, the characteristic equation of B (%,7,7) about (X3,72,22) = (1’—2\/57 FT‘E, #) is
—34+3v5 9—-3+/5
16+<+2\[)/14+(2+\@)A3+( 2‘[>122+\f5=0 (5.3)
Hence, we have six roots of (5.3):
A = —0.309017 —0.722871i,
Ay =~ —0.309017+0.722871i,
A3 =~ 0.10393 —0.549903i,
Ay =~ 0.10393+0.549903i,
As =~ 0.205087 —1.085144,
A¢ ~ 0.205087 + 1.08514i.
From these we obtain that
A3] = M| <[Mi] = [Aa] <1 <|As] = |Ae].
So, the second equilibrium point of system (1.1) is locally unstable from linearized stability theorem. O

6. Conclusion

In this paper, we investigate the equilibrium points of system (1.1). Moreover we find out the periodic solutions of system (1.1) with three
period. We also study the bounded or unbounded solutions of system (1.1). Finally, we analyze the stability of solutions of system (1.1) both
the two equilibrium points.
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