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ON TRIGONOMETRIC FUNCTIONS AND COSINE AND SINE
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ABSTRACT. In this study, we try to devolope cosine and sine functions in
the taxicab plane by using the reference angle. Also, we give geometrical
interpretations by using these functions. Then, analogues of the cosine and
sine rules in the taxicab plane are studied.

1. INTRODUCTION

The taxicab plane is the study of the geometry consisting of Euclidean points,
lines and angles in R? with the taxicab metric dr

dr((z1,y1), (v2,92)) = [21 — 22| + |y1 — y2|.

Taxicab plane trigonometry has been studied by some authors. Different defini-
tions of cosine and sine functions in the taxicab plane are given [1], [2], [3],[8].

In this paper, firstly we try to determine the taxicab cosine function of an angle
0 given with the reference angle «, [8]. A taxicab sine function including the
taxicab norm is defined and its geometrical interpretation is given. Furthermore,
the taxicab sine and cosine indexes are defined and the connections among them
are determined. Then, analogues of the cosine and sine rules in the taxicab plane
are studied.

2. TaxicaB COSINE FUNCTION INCLUDING REFERENCE ANGLE

Let 0 be the angle between the vectors OA and OB given with the reference angle
as defining in [8]. In [2], the taxicab cosine function of an angle 6, tcosf, is defined
by

|OA||OB| .
|OA|; |OB|;
In this definition, if one of the vectors OA or OB is parallel to the z—axis, then

(2.1) tcost) = osf, 0<6<m.

cos

2.2 tcos = —————.
(2:2) o8 |cos 6] + |sin 6|
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We try to improve tcosf for the situation that OA or OB are not parallel to the
x—axis by using the reference angle « of the angle 6 (see Figure 1).
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4 ]
>

Figure 1
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From the equation (2.1) and Figure 1,

tcosf ZMCOSQ
|OA|+[OB|r
B cos
 [|OA'| +|AA| |OB'| + |BB|
(“oa ) (Zom—)

_ cos
" (AT Ty (TonT, By
o4 “joa) \loB] " oB
where A’and B’ are the ortogonal projection points of A and B on z-axis respec-
tively. Therefore,

cos 6
(Jcos(0 4+ )| + |sin(@ + @)]) (Jcos | + |sin «|)
is obtained. If & = 0 in (2.3), then

(2.3) tcosf =

tcosf = LG_
|cos O] + |sin 4]
and
_ sgn(cos) m
(2.4) tcost = 71 N EYIR 0 # 5"
|cos 0]

Also, using (2.4), we get cos 6 in terms of tcosf, as following
tcosd
V/(tcos)? + (sgn(tcosh) — tcosh)?

Definition 2.1. Let 6 be an angle with the reference angle o = 0. Then

(2.5) cosf =

tcost

2. 0. = /(tcosh)? tcosh) — tcosh)2 =
(2.6) V/(tcosf)? + (sgn(tcosd) — tcosh) g

is called the taxicab cosine index 6. of 6.

Geometrically, 6. is equal to the ratio of the product FEuclidean vector lengths
to the product of the taxicab vector lengths. Also it is known that the ratio of
Euclidean vector lengths is equal to the ratio of the taxicab vector lengths, [4].
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3. TAXICAB SINE FUNCTION INCLUDING REFERENCE ANGLE

Definition 3.1. Let 6 be the angle between any two vectors OA, OB. Then, the
taxicab sine function, tsinf, is defined by

. |OA[|OB] .
3.1 tsind = ——————sinf, 0<6 <.
(31) [OAT, |0BI,
From (3.1),
(3.2) |OA| |OB| tsing = |OA||OB|tsind = |OA x OB| .

Hence, the cross product can be interpreted in the taxicab space as in the Euclidean
space. Furthermore,

|OA x OB|, = |OA|; |OB| tsind
and
|OA x OB| 1
|OA|7 |OB|y
Geometrical Interpretation. It is well known that |OA x OB] is the area of

the parallelogram with two sides OA and OB in the Euclidean plane. Similarly,
the following equality

tsinf =

|OA x OB|, = |OA|,|OB|, tsind

is interpreted as the area of the parallelogram with two sides OA and OB.
Now, consider # with the reference angle « as in Figure 1. Then, from (3.1)

|OA| |OB|

tsinf :msin?
_ Sin
= [10A[+ |[AA|\ [|OB'| + |BB|
(Hoa) (Foar—)
Sin
~ 710A'] [AA| [|0B'|  |BD|
<|0A|+|0A|><OB+|OB|)
and so,
(3.3) tsing = sin 0

(Jcos(0 + )| + [sin(d + «)|)(|cos ] + |sin ar])
is obtained. If & = 0 in (3.3), then

tsing = —om6
|cos 0] + |sin 4]
and
., sgn(sin®)
(3.4) tsing = 71 A cos ]’ 0+
|sin 6|

Also, using (3.4), we get sind in terms of tsinf as follows
tsind
V/(tsinf)2 + (sgn(tsind) — tsinf)?’

(3.5) sinf =
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Definition 3.2. Let 6 be an angle with the reference angle o = 0. Then
tsind
sin 6

(3.6) 0 = \/(tsinf)2 + (sgn(tsind) — tsinf)2 =
is called the taxicab sine index 6, of 6.

Geometrically, 05 is equal to the ratio of the product of Euclidean vector lengths
to the product of the taxicab vector lengths.

Identities. If any angle 6 is given with the reference angle «, the following
relations can be obtained easily.

tcosf  tsinf

i) 6.=0,, thatis = —
(3.7) .oy |tcosf] + |tsind| cosf sinf
if) Teos B £ [sm ] = a..(0+ a)..

If it is taken a = 0 in the last equality then
[tcosf| + |tsinf| = 1.

is obtained.

4. TaxicaB COSINE RULE

Let ABC be a triangle with side lengths ap = dr(B,C), br = dr(A,C) and
c¢r = dp(A, B) in the taxicab plane. The following lemmas and theorems give a
taxicab analogue of the cosine rule in the Euclidean plane in some special cases.

Lemma 4.1. If one side of a triangle ABC, say AB, is parallel to one of the
coordinate axes and none of the angles is an obtuse angle, then

ar = by +cr — 2bptcosA

br = ar+cr—2artcosB
_af + b3 — 2apbrtcosC

cr = ar ¥ by .

Proof. Consider any triangle ABC, where the side AB, is parallel to the xz—
axis.

4 pp C7 Cr = Pr B
Figure 2

Let hr = dr(C,AB) and pr = dr(A,C’), where C’ denotes the foot of the
altitude from C (Figure 2). Now we calculate the side lengths ar, by and cp
of a triangle ABC in terms of tcosA, tcosB and tcosC' respectively, by using the
triangles AC'C and C'BC.

i) It is easily seen, from the triangles AC'C and C’'BC that,
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(4.1) hT = bT —pr and hT = ar — (CT — pT).
Then
(4.2) ar =br +cr —2pr
is obtained. For the angle A of the triangle AC'C, from tcosA= ];—T one gets
T
(4.3) pr = brtcosA.
Using (4.3) in (4.2), one obtains
(4.4) ar = by + cr — 2bptcosA.
1) As in (i), one gets
(45) br = ar — cr + 2p7.
So, tcosB= r—pr and
ar
(4.6) pr = ¢ — artcosB.
Using (4.6) in (4.5), one obtains
(4.7) br = ar + ¢ — 2artcosB.
_b b _
(¢41) Similarly (i), cp — pr = or + CQT T, pr = T C; 97 and
b —
(4.8) hy = W#.
2 b2 _ b
So, tcosC = ap +bp — (a7 + T)CT. Thus we find
QGTbT
(4.9) o = a% + b2 — 2arbrtcosC

ar + by
which completes the proof.

Lemma 4.2. If one side of a triangle ABC, say AB, is parallel to one of the
coordinate axes and the angle A is not an acute angle, then

ar = hr+cr —brtcosA
br = hr —cr+artcosB
b
ey = aror (1 = teosC)
hr

where hy = dp(C, AB).
Proof. The proof can be made easily as in Lemma 4.1.

Corollary 4.1. Let the side AB of a triangle ABC' be parallel to one of the coor-
dinate axes in the taxicab plane. If the angle A > g or B > g then ar = by + cr

or by = ap + ¢ respectively, [5].
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The following corollary gives the taxicab version of the Pythagorean Theorem
for a triangle ABC with one side parallel to a coordinate axis.

Corollary 4.2. Let the side AB of a right triangle ABC' be parallel to one of

the coordinate axes in the tazicab plane. If A = g or B = g or C' = g, then

a% + b

respectively.
ar + by P Y

ar =br+cr orbr=ar+cr orer =

Theorem 4.1. Let A be the vertex, with the smallest ordinate, of any triangle
ABC. If « is the reference angle of A then,

]CA a2 kA
= —b —ep — 2-—"brtcosA
ar . 7 + . cr kn T1C0S
k 2 k
br = iaT + :—ZCT — 2£athosB

k%a% + k3 b2 — 2k akparbritcosC
ag(k:BaT + kAbT)

where a. is the cosine index of a and kg = |tcosd| + |tsind|, 6 = A, B.

cr

)

Proof. Without lost the generality, we can take the vertex A at the origin, since
taxicab lengths are invariant under translations, [7].

y
C
aT
B
CI'
(45 B~ +a—B X
A
Figure 3
y
C
by dr
A - C;, B - X
Figure 4

Consider the triangle ABC' in Figure 3. If one rotates ABC with angle (-«), then
the triangle A’B’C’ is obtained as in Figure 4. Its position is as in Lemma 4.1. Now
we calculate the side lengths a’., b/, ¢/ after rotation with angle (-«). The reference
angle of the angle B is m+a— B. From [6] there is the following relationship between
ar and af |
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ar B a’p
|cos(m — B +a)| + |sin(r — B+a)|  |cos(m — B)| + |sin(r — B)|
and so

/!
(4.10) ar_ = o7 _
(Jcos(B — )| + [sin(B — «)|)  |cos B| + |sin B|

is obtained.
Multiplying both the numerator and the denominator of the left side of (4.10)

B_
with cos(B — «), and using the equality tcos(B — «) = cos(B COS)(| iy .oz)(B I
cos(B — « sin(B — «

one gets

(411) artcos(B — ) _ a’p ' .
cos(B — a) |cos B| + |sin B

Using (2.4) in (4.11),
(4.12)

ary/(tcos(B — a))2 + (sgn(tcos(B — a)) — tcos(B — a))?

a/
= -— T .
|cos B| + |sin B]
Using (3.7) in (4.12),

(4.13) i [tcosB| + [tcosB|  kpar
. T —_— T =

Qe Qe

is obtained. For angles A and C the reference angles are a and w4 A+« respectively.
In the similar way, after rotating with angle (-«), the relationships between by and
b, and ¢ and ¢ are obtained as the following

o= bT\tcosA| + |tsinA] _ kobr an

Q. Qe cos

Using a7, b and ¢/ instead of ar, by and ¢p in Lemma 4.1 the proof is completed.
The following corollary gives the taxicab analogue of the Pythagorean Theorem

for any triangle ABC.

Corollary 4.3. Let A be the vertex, with the smallest ordinate, of any triangle
ABC and « be the reference angle of angle A. If A = g or B= g or C'= 27 then

1 o? 1 o? k%a?. + k3 b2
ar = —bp+—Scp orbr = —ar+—Scr orer = BT AT respectively.
T i T i T T ks T Fia T T Olz(kBaT+kAbT) 14 Y

If a =0, then one gets Corollary 4.2.

Theorem 4.2. Let A be the vertex, with the smallest ordinate, of any triangle
ABC' and « be the reference angle of angle A. If A > g then

o a2 ka
= Shr+ —Scp — “brtcosA
ar ki T + ko cr kn T1COS
o a? kg
br = —“hp— —Sep — —artcosB
T kA T kB cr kA arTtcos
aTkaAkB
cr = R T (1 — teosC),

where hy = %(lthcosA).
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Proof. The proof can be shown easily, by using a’., b, and ¢ instead of ar, bp
and ¢t in Lemma 4.2.

5. TAXICAB SINE RULE

Let ABC be a triangle with side lengths ar = dr(B,C), br = dr(A,C) and
cr = dr(A, B) in the taxicab plane. The following theorem gives a taxicab analogue
of the sine rule in Euclidean plane.

Theorem 5.1. Let ABC be a triangle with side lengths ap = dp(B,C), by =
dr(A,C) and cy =dr(A, B) in the taxicab plane. Then the equality

ar o bT - Ccr
tsinA ~ tsinB  tsinC

s valid.

Proof. The area of the triangle ABC is equal to half of the parallelogram area
determined by any two sides of the triangle ABC.

|AB x AC|; _ |ABx BC|, _|AC x BC|,

(5.1) The area of ABC =

2 2 2
and
|AB x AC|; = |AB|;.|AC| tsinA
|AB x BC|;, = |AB|}.|BC|y tsinB
|AB x AC|;, = |AC|.|BC| tsinC

are valid. From these equalities and (5.1),

ar o bT - cr
tsind =~ tsinB  tsinC

is obtained.

REFERENCES

[1] Akga, Z. and Kaya, R., On the Taxicab Trigonometry, Jour. of Inst. of Mathé& Comp. Sci.
(Math. Ser) 10 (1997), No 3, 151-159.

[2] Akga, Z. and Kaya, R., On the Norm in Higher Dimensional Taxicab Spaces, Hadronic
Journal Supplement, 19 (2004), 491-502.

[3] Brisbin, R. and Artola, P., Taxicab Trigonometry, Pi Mu Epsilon J., 8, 89-95 (1984).

[4] Ozcan, M. and Kaya, R., On the Ratio of Directed Lengths in the Taxicab Plane and Related
Properties, Missouri J. of Math. Sci. 14 , (2002), No 2, 107-117.

[5] C)zcan, M. and Kaya, R., Area of a Triangle in Terms of the Taxicab Distance, Missouri J.
of Math. Sci. 14(2003), No 3, 178-185.

[6] Ozcan, M., Ekmekgi S. and Bayar, A., A Note on the Variation of the Taxicab Lengths
Under Rotations, Pi Mu Epsilon J.,11(2002), No 7,381-384.

[7] Schattschneider, D. J.,The Taxicab Group, American Mathematical Monthly, 91 (1984), 423-
428.

[8] Thompson, K. and Dray, T., Taxicab Angles and Trigonometry, Pi Mu Epsilon J., 11 (2000),
87-97.

UNIVERSITY OF ESKISEHIR OSMANGAZI, DEPARTMENT OF MATHEMATICS, 26480, ESKISEHIR-
TURKEY
E-mail address: akorkmaz@ogu.edu.tr, sekmekci@ogu.edu.tr, mozcan@ogu.edu.tr



