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ABSTRACT

In this paper, we introduce k-Ricci curvature and k-scalar curvature on lightlike hypersurface of a
Lorentzian manifold with semi-symmetric metric connection. Using this curvatures, we establish
some inequalities for lightlike hypersurface of a Lorentzian manifold with semi-symmetric metric
connection. Considering these inequalities, we obtain the relation between Ricci curvature and
scalar curvature endowed with semi-symmetric metric connection.
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1. Introduction

Hayden [17] introduced a semi-symmetric metric connection on a Riemannian manifold. Imai [20] gave
basic properties of a hypersurface of a Riemannian manifold with semi-symmetric metric connection and
get conformal equations of Gauss and Codazzi. Konar and Biswas [22] considered semi-symmetric metric
connection on Lorentz manifold. They showed that the perfect fluid space time with a non-zero constant
scalar curvature which admits a semi-symmetric metric connection whose Ricci tensor is zero has vanishing
expansion scalar and acceleration vector.

In 1993, Chen [9] introduced a new Riemannian invariant for a Riemannian manifold M as follows:

ou = 7(p) —inf(K)(p) (11)
where 7(p) is scalar curvature of M and
inf(K)(p) = {infK((II) : K(II) is a plane section of T,M}.

In [5], Chen established a sharp inequality for submanifold in a real space form involving intrinsic invariants,
namely the sectional curvature and the scalar curvature of the submanifold; and the main extrinsic invariant,
namely the squared mean curvature.

Afterwards, Chen and some geometers studied similar problems for non-degenerate submanifolds of
different spaces such as in [4, 6, 8, 26]. Later Mihai and Ozgﬁr in [23] studied Chen inequalities on submanifolds
of real space forms endowed with semi-symmetric metric connection.

Giilbahar, Kili¢ and Keles introduced Chen-like inequalities and curvature invariants in lightlike geometry.
Also, they established some inequalities between the extrinsic scalar curvatures and the intrinsic scalar
curvatures [14]. In [15], they established some inequalities involving k-Ricci curvature, k-scalar curvature, the
screen scalar curvature on a screen homothetic lightlike hypersurface of a Lorentzian manifold. Poyraz and
Yasar introduced k-Ricci curvature and k-scalar curvature on lightlike hypersurface of a Lorentzian product
manifold with quarter-symmetric nonmetric connection and using these curvatures they established some
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Chen-type inequalities for screen homothetic lightlike hypersurface of a Lorentzian product manifold with
quarter-symmetric nonmetric connection [25].

In this paper, we study inequalities for screen homothetic lightlike hypersurface of a real space form
M (c) of constant sectional curvature ¢, endowed with semi symmetric metric connection. Considering these
inequalities, we obtain the relation between Ricci curvature and scalar curvature endowed with the semi
symmetric metric connection.

2. Preliminaries

Let M be a hypersurface of a (n+ 1)—dimensional, n > 1, semi-Riemannian manifold M with semi-
Riemannian metric g of index 1 < v < n. We consider

for any x € M. Then we say that M is a lightlike (null, degenerate) hypersurface of M or equivalently, the
immersion N
i:M—M

of M in M is lightlike (null, degenerate) if T,,M N T, M+ # {0} at any z € M.
An orthogonal complementary vector bundle of TM* in TM is non-degenerate subbundle of TM named
the screen distribution on M and denoted S (7'M ). We have the following splitting into orthogonal direct sum:

TM = S(TM) LTM*. (2.1)
The subbundle S (T'M) is non-degenerate, so is .S ("M )", and the following satisfies:
TM = S (TM) LS (TM)™*, 2.2)

where S (T'M)™ is the orthogonal complementary vector bundle to S (TM) in TM ) .
M
Let ¢tr(T'M) denote the complementary vector bundle of TM* in S (T'M)". Then we have

S(TM)" =TM* & tr(TM). (2.3)

Let U be a coordinate neighborhood in M and £ be a basis of I'(T'M L|M). Then there exists a basis N of
tr (T'M)|,, satisfying the following conditions:

g(N.§) =1,
and
Gg(N,N)=g(W,N)=0, YW e(S(TM)|,).

The subbundle tr (T'M) is named a lightlike transversal vector bundle of M. We note that tr (T'M) is never
orthogonal to TM. From (2.1), (2.2) and (2.3) we have

TM L =8(TM) L (TM* @ tr (TM)) = TM & tr (TM) , (2.4)

[11, 16].

3. Semi-Symmetric Metric Connection

For n > 1,let M be an (n + 2) —dimensional differentiable manifold of class C*° and V a linear connection in
M. The torsion tensor T' of V is given by

T(X,Y)=VgY - VeX - [X,Y], VX,Y € I(TM)
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and have type (1,2) . When the torsion tensor T satisfies

T(X,Y)=7Y)X —7(X)Y
for a 1—form 7, the connection V is said to be semi-symmetric (see [27]).
Let us consider a semi-Riemannian metric g of index v with 1 <v <n + 1in M and V satisfying

Vg =0.

A linear connection of this type is called a metric connection (see [23]).

We assume that the semi-Riemannian manifold A/ admits a semi-symmetric metric connection which is
given by

ViV = VYV +7(Y)X - §(X,Y)Q (3.1)
for arbitrary vector fields X and Y of M, where V denotes the Levi-Civita connection with respect to the
semi-Riemannian metric g, 7 is a 1—form and @ is the vector field defined by

9(Q.X) =7(X)
for an arbitrary vector field X of M (see [13] and [27]).

The Gauss formula with respect to the induced connection V on the lightlike hypersurface from the semi-
symmetric metric connection V is given by

VxY =VxY +m(X,Y)N (3.2)

for arbitrary vector fields X and Y of M, where m is a tensor of type (0, 2) of the lightlike hypersurface of M
[28].

On the other hand, denoting the projection of TM on S (7'M ) with respect to the decomposition (2.1) by P,
one has the Weingarten formula with respect to the semi-symmetric connection which is given by

VxPY = VxPY + D(X, PY)E, 3.3)

where %XPY belongs to I'(S (T'M)) and D is 1—form on M.

The curvature tensor R with respect to V on real space form M(¢) is defined by

(o)

R(X,Y,Z,W) = c{g(X,W)g(Y,Z) — g(Y,W)g(X, Z)}. (34)

Using (3.1), for any vector fields X,Y, Z,W € I'(T'M) and (0, 2) tensor field o which defined by

o

a(X,Y) = (Vxm)Y —n(X)n(Y) + %W(Q)g(X, Y) (3.5)

o o

we have relation between the curvature tensor R with respect to the Levi-Civita connection V and the curvature
tensor R with respect to the semi-symmetric metric connection V given by

o

R(X,Y,Z,W) = R(X,Y,Z,W)—a(Y,2)g(X,W) + (X, Z2)g(Y,W) (3.6)
—a(X,W)g(Y,Z)+a(Y,W)g(X,Z),

[19].
Moreover, Gauss-Codazzi equations with respect to the semi-symmetric metric connection V on M can be
written as [28]

R(X,Y,Z,PW) = R(X,Y,Z,PW)—m(X,Z)D(Y,PW)+m(Y,Z)D(X, PW)
—{m(X, Z)n(Y) = m(Y, Z)n(X)}m(PW), 3.7)
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JRX,Y)Z,6) = 7(YV)m(X,Z)-7(X)m(Y,Z)+ (Vxm) (Y,Z) — (Vym) (X, Z)
+m (Y, Z) (1 (X) — un(X)) = m (X, Z) (1 (V) — pn(Y)), (3.8)
and
J(R(X,Y)Z,N) = g(R(X,Y)Z,N), (3.9)

for any vector fields X,Y, Z, W € I'(TM).
From (3.4), (3.6) and (3.7), we have

RX,Y,Z,PW) = c{g(Y,Z)g(X, PW) — g(X, Z)g(Y, PW)}
~a(Y, Z)g(X, PW) + (X, Z)g(Y,PW)
—a(X, W)g(Y, Z) + a(Y,W)g(X, Z) (3.10)
m(X, Z)D(Y, PW) + m(Y, Z)D(X, PW)
—{m(X, Zn(Y) = m(Y, Z)n(X)}m(PW).

Denote by A the trace of .

Let(M, g, S(T'M)) be a lightlike hypersurface of a semi-Riemannian manifold (1\7 ,9). Then M is named totally
umbilical lightlike hypersurface if there exists a smooth function such that

for any coordinate neighborhood U and X,Y € I'(T'M,,,), where H € R. If every points of M is umbilical, the

lightlike hypsersurface M is named totally umbilical in M [11]. If m = 0, then the lightlike hypsersurface M is

named totally geodesic in M.
The mean curvature ;1 of M with respect to an orthonormal basis {es, ..., e, } of I'(S(T'M)) is defined by

—_

3

w= —tr *Zfzm (eirei), glei,ei) = e (3.12)
i=1

A lightlike hypersurface (M, g) of a semi-Riemannian manifold (M, §) is called screen locally conformal if the

shape operators Ay and ;15 of M and S(T'M), respectively, are related by

AN = 90;157 (3.13)

where ¢ is a non-vanishing smooth function on a neighborhood ¢/ on M. In particular, , if ¢ is a non-zero
constant, M is called screen homothetic [12].
Let M be a two-dimensional non-degenerate plane. The sectional curvature at p € M is given by
g(R(ej, ei)eis ;)

K. — 3.14
T glesei)gleg,e) — glei, ej)? G19

[12].
Let p € M and ¢ be null vector of T),M. A plane II of T),M is said to be null plane if it contains ¢ and e; such
that g(¢,e;) = 0 and g(e;, e;) = ¢; = £1. One defines the null sectional curvature of II by

' gp(eu €i)
[2]. - o -
We denote the Ricci tensor of M with Ric and the induced Ricci type tensor of M with R(*:?. Then, Ric and
R(©2) are given by

Ric(X,Y) = trace{Z — R(Z,X)Y}, VX,Y € I(TM), (3.15)
RO2(X)Y) = trace{Z — R(Z, X)Y}, VX,Y € T(TM),
where
RO(X,Y) Zezg (ei, X)Y, e;) + G(R(, X)Y, N) (3.16)
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for the quasi-orthonormal frame {e, ..., e,, &} of T, M.
Scalar curvature 7 is defined

T(p) = Y Kij+ Y KM+ Kin, (3.17)
Q=1 i=1

where K;ny = g(R(&,¢e;)e;, N) fori € {1,...,n} [10].
If dim(M) > 2 and
Ric(X,Y) =kg(X,Y), (3.18)

then M is an Einstein manifold. For dim(M) = 2, any M is Einstein but & in (3.18) is not necessarily constant
[12].
4. Chen Ricci Inequality

In this section, we use the same notations and terminologies as in [14].
Let M be an (n + 1)-dimensional lightlike hypersurface of a Lorentzian manifold M with a semi-symmetric

metric connection. {ey,....,e,, &} and {ey,....,e, } are basis of I'(TM) and an orthonormal basis of T'(S(T'M)),
respectively. Similarly, for & <n, m¢ = sp{e1,....,ex,§} and m, = sp{e1,....,ex} are (k+ 1)—dimensional
degenerate plane section and 7, = sp{ey, ...., e;} is k—dimensional non-degenerate plane section, respectively.

For a unit vector X € I'(T'M), the k—degenerate Ricci curvature and the k—Ricci curvature are defined by

k
Ricr, ((X) = RO?(X,X) =Y g(R(e;, X)X, ¢;) + G(R(&, X)X, N), (4.1)
j=1
k
Ricr, (X) = RO2(X,X) = g(R(ej, X)X, ¢)), (4.2)
j=1

respectively [14]. Also for p € M, k—degenerate scalar curvature and k—scalar curvature are determined by

k k
Tr e (D) = Z Kij + ZK;W” + Kin, (4.3)
i,j=1 i=1
k
o (p) = Y Kij, (4.4)
i,j=1
respectively [14]. For k = n, m,, = sp{e1, ....,en } =T'(S(T'M)), we have the screen Ricci curvature and the screen
scalar curvature given by
RZ.CS(TZM)(el) = Ricﬂn (61) = ZKU = K12 + ..+ K1n7 (45)
j=1
and
TS(TM) = Z Kij, (4.6)
ij=1
respectively [14].
Using (3.10) we obtain
TS'(TM) (p) = n(n — 1)6 — 2(7’L — 1)A + Z miiDjj — miiji, (47)
ij=1

where ) is the trace of o and m;; = m(e;, e;), Dij = D(e;,e;) fori,j € {1,...,n}.
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Let M(c) be a Lorentzian space form and M be a screen homothetic lightlike hypersurface of an (n + 2)-
dimensional M (c). Using (3.6)-(3.10) we get the following equations:

n

Tseran (p) = n(n — 1)e—2(n — DA+ @n’p® — 0 Y (mij)?, (4.8)

ij=1

R(ei7 €a 67 ei)

\'M:

©
|
=

n
null
DK
i=1

<
3

= E(eivgagaei)

o
Il
—

M-

©
Il
—

—Oé(f,f) = _na(§7£)a (49)

ZKZN = iR(gaeiaeiaN)
i=1

i=1

= Zé(gaeiveiaN)
i=1
= Y (e—al&N) ~alese)
i=1
= nc—na(§,N)— A\ (4.10)
From (3.17), (4.8), (4.9) and (4.10), we get the induced scalar curvature 7(p) of M as following:
7(p) = nc—2(n+ DA+ on’p? — Z (mij)? —n(a(&,€) +a(€, N)). (4.11)
ij=1
Using (4.11) we obtain the following :

Theorem 4.1. Let M be an (n + 1)-dimensional screen homothetic lightlike hypersurface with ¢ > 0 of a Lorentzian
space form M (c) of constant sectional curvature c, endowed with a semi-symmetric metric connection V. Then we have

é (7(p) — n2c + 2n+ DA + 1. (a(€,€) + a(€, N))) < n2p? (4.12)

The equality of (4.12) holds for p € M if and only if p is a totally geodesic point..

Lemma 4.1. [26] Let aq, as,....,ay, be n-real number (n > 1), then

with equality iff a1 = as =....= ap.

Theorem 4.2. Let M be an (n + 1)-dimensional screen homothetic lightlike hypersurface with ¢ > 0 of a Lorentzian
space form M (c) of constant sectional curvature c, endowed with a semi-symmetric metric connection V. Then we have

(7(p) = nc+2(n + 1A+ n(a(,€) + al&, N))) < n(n—1)u’. (4.13)

€~

Forp € M the equality of (4.13) satisfies iff p is a totally umbilical point.
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Proof. Using Lemma 4.1 one derives
np? <3 (ma)?. (4.14)
i=1
After substituting (4.14) in (4.11) we find (4.13). For p € M the equality of (4.13) satisfies iff
mi1 = ... = Mnpn-
Thus p is a totally umbilical point. O

If the sectional curvature is screen homothetic, then the sectional curvature of lightlike hypersurface is
symmetric. One defines the screen scalar curvature 7g(7)

1 1
rsra(p) = Z Kij = 3 Z Kij = §TS(TM)(p)- (4.15)

1<i<j<n ij=1

By using (4.8), the equality (4.15) can be rewritten as follows:

n

2rgran(p) =n(n —1)e—=2(n — 1)A + on?u? — Z (mij)?. (4.16)

4,j=1

Theorem 4.3. Let M be an (n + 1)-dimensional screen homothetic lightlike hypersurface with ¢ > 0 of a Lorentzian

space form M(c) of constant sectional curvature c, endowed with a semi-symmetric metric connection V such that the
vector field P is tangent to M. Then, the following statements are true.

(i) For X € SY(TM) = {X € S(TM) : (X, X) = 1}

Ricsirary(X) < iwﬁ,ﬁ +(n—1)c—(2n—3)A+ (n —2)a(X, X). (4.17)

(i) The equality case of (4.17) is satisfied by X € T, (M) iff

m(X,Y) = 0, forallY € T,(M) orthogonal to X,
m(X,X) = gu- (4.18)

(i11) The equality case of (4.17) holds for all X € T} (M) iff either p is a totally geodesic point or n = 2 and p is a totally
umbilical point.

Proof. From (4.16), we get

1 n(n—1 1
Sontz = rseran®) ~ Mok - DA+ Dot mas )2
+99 Z(mlj)Q — @ Z mi; My — (mij)2. (419)
j=2 2<i<j<n
Using (3.10) we obtain
o > mamy— (myg)?= > Kij— n=2n-1 (n—2) (A —aler,e1)) (4.20)
- i llljg ij - ij 9 1,€1)) - .
2<i<j<n 2<i<j<n
From (4.19) and (4.20), we have
, 1
Ricgrary(e1) = ngn2u2 +(n—1c—(2n—3)A — 4<p(m11 — Mgy — oo — Mpy)?
—p Z(mlj)z + (n —2)a(er, e1). (4.21)

j=2
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If we take e; = X like any vector of T} (M) in (4.21) one gets (4.17).
Equality holds in (4.17) for X € T, (M) iff

Mig = M3 = ... =M1y =0 and mi1 = Mo + ... + Mynp, (422)
which is quivalent to (4.18).

Now we prove the statement (iii). Assuming the equality in (4.17) for all X € T (M), in view of (4.22),
we have

2mg; = mi1 + Moo + . + Mpp, 1€ {1,,7’},} (424)
From (4.24), we have 2mq1 = 2mgy = ... = 2my,, = m11 + Mag + ... + Myy, which implies that

(n - 2)(m11 + mag + ... + mnn) =0.
Thus, either m11 + mag + ... + My, = 00r n = 2. If my1 + mos + ... + My, = 0, then from (4.24), we get
my; =0foralli e {1,...,n}.

By the above equation and (4.23), we obtain m;; = 0 for all 4, j € {1, ..., n}, that imlies that p is a totally geodesic
point. If n = 2, then from (4.24), 2m1; = 2mgey = my1 + Mmoo, that is, p is a totally umbilical point. Converse is
trivial. O

Lemma 4.2. Ifn >k > 2and a4, ..., a, € R are real numbers such that

(£0) “omn($r).

=1 =1
then
2 Z a;a; > a.
1<i<j<k
with equality holding iff
ai+ag+ ...+ ap =agy1 = ... = Qp.

Theorem 4.4. Let M be an (n + 1)-dimensional screen homothetic lightlike hypersurface with ¢ > 0 of a Lorentzian

space form M(c) of constant sectional curvature c, endowed with a semi-symmetric metric connection V such that
the vector field P is tangent to M. Then, for each point p € M and each non-degenerate k-plane section 11, C TpM
(n >k > 2), we have

n2
Tsran(p) — T(me) > (n—k) (m_@MMQ +(n—k+1)c— >\>
—p Z(mii>2 +2(k — D)trace(al,.). (4.25)

r=k

If the equality case of (4.25) satisfies for p € M, thus M is minimal and the form of shape operator of M becomes

[ mi1 M2 . . mig |
m21 M22 . . mag
. . .o . 0
Af = . ) .o . . (4.26)
mEg1 Mi2 . . — Zf:_f (mis)
L 0 Onik .
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Proof. One takes
n’(n—k)

e =Ts(rm)(p) —n(n—1)c+2(n — 1A - ‘P(n . 1)N ) (4.27)
n (4.8), then we have
2 n
— n 2
T (n—k+ 1)” wi%_:l(mu)

Therefore, we can write

n 2 n n
<Z m> = —k+1) | S ma)*+ Y (mig)? + % . (4.28)
From Lemma 4.2 we get

2 Z MMy > Z m” . (4.29)

1<i<j<k i#£j=1

Now, a non-degenerate plane section 7, spanned by {e1, eq, ..., ;). Then one obtains

k k
T(m) = k(k—De— Y (aleiei) +alej,e;) + 9 Y mimy; — (mi)’
ij=1 ij=1
k
= k(k—1)c— Z (ale;, e;) + alej, ej)) + wZ(mii)Q
ij=1 i=1
k
20 D mamgg—¢ Y (myy)?
1<i<j<k ij=1
k
> k(k—1)c—2(k— 1)2& €i,e)+e+ Z (mij)* — ¢ Z mij)?
i=1 i#£j=1 i,j=1
k k
> k(k—1ec—2(k—1)) alee)+e+¢ Z (mij) fgaz (mii)? — ¢ Y (mi;)?
=1 3,j=1 3,j=1
k
> k(k—1)c—2(k - I)Za(ez,e, +e+top Z (mij)? — @Z mii)?. (4.30)
=1 i,j=k+1
We remark that

M-

ale,e) =A— trace(a|ﬂi). (4.31)

=1

Using (4.27), (4.30) and (4.31) we get

T(m) > k(k—1)c—2(k—1) ()\ — trace(al . ) cpz (m)*

nz(n —k) 5

+7s¢rmy(p) — n(n — 1)c+2(n — 1))\—gan_k+ T (4.32)

From (4.32) we have (4.25) and (4.26) which implies that M is minimal. O

Furthermore, the second fundamental form m and the screen second fundamental form D provide

> miiDji = % { D (my+Dji)* = Y (my)* + (Dji)Q} (4.33)

ij=1 ij=1 ij=1
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and

2 2 2
n 1 n n n
Z miiDjj = 5 (Z m;; + Djj) — (Z m“> — (Z Djj) . (434)
ij=1 ij=1 i=1 j=1
Theorem 4.5. Let M be an (n + 1)-dimensional lightlike hypersurface of a Lorentzian space form
M (c) of constant sectional curvature c, endowed with a semi-symmetric metric connection V. Then, we have
(4)
IS 2 2
Ts(ram)(p) < n(n —1)c —2(n — )X + nutrace Ay + 3 Z (myj)” + (Dji)”. (4.35)
i,j=1
The equality case of (4.35) satisfies for all p € M iff either M is a screen homothetic lightlike hypersurface with
¢ = —1 or M is a totally geodesic lightlike hypersurface.
(i)
1 - 2 2
Tserm)(p) > n(n —1)c — 2(n — 1)A + nutraceAn — 3 Z (myj)° + (Dji)~. (4.36)
ij=1
The equality case of (4.36) satisfies for all p € M iff either M is a screen homothetic lightlike hypersurface
with ¢ = 1 or M is a totally geodesic lightlike hypersurface.
(447) (4.35) and (4.36) with equalities iff p is a totally geodesic point.

Proof. From (4.7) and (4.33), we get

TS(TM) (p) = n(n — 1)0 — 2(n — 1))\ + Z miiDjj — 5 Z (m,-j + Dji)Q + 5 Z (mij)z + (Dji)z (437)
ij=1 Q=1 =1
which yields (4.35).
Since ) ) )
5((%‘;‘)2 +(Dji)?) = 7(mii + Dji)® + o (mii — Dji)?, (4.38)
one obtains
TS(TM) (p) = n(n — 1)(} — 2(n — 1))\ + Z miiDjj + 5 Z (mij — Dji)Q — 5 Z (mij)Q + (Dji)Q (439)
ij=1 ij=1 ij=1

which implies (4.36). From (4.35), (4.36), (4.37) and (4.39) (i), (i¢) and (¢4¢) statements are easily obtained.  [J
Thus we get the following corollary.

Corollary 4.1. Let M be an (n + 1)-dimensional screen homothetic lightlike hypersurface of a Lorentzian space form
M (c) of constant sectional curvature c, endowed with a semi-symmetric metric connection V. Then, we have

(4)

2 n
recean(®) < nln = Ve = 200~ D3+l + (L5E) 37 g (4.40)
ij—=1
(i7)
2 n
Tsran (p) = n(n —1)e —2(n — 1A + pnp® — (1 4_280 ) > (mig). (4.41)
ij=1

Theorem 4.6. Let M be an (n + 1)-dimensional lightlike hypersurface of a Lorentzian space form M{(c) of constant
sectional curvature c, endowed with a semi-symmetric metric connection V. Then, we derive

1 - 1
Tgrmy(P) < n(n—1)c—2(n—1)A+ §(t7'aceA)2 - §(t1"aceA]\/)2

n

1 1 «
~1 (mij + Dj;)? + 1 Z (mi; — Dji)?, (4.42)

4,j=1 i,j=1
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where
myy+D1r mig+Day . . . mMip+ Dy
mo1 + D12 mag + Dag .. maop + Dpo
A : : . (4.43)
mMn1 + Dln mn2 + D2n Mpn + Dnn

For all p € M the equality case of (4.42) satisfies iff M is minimal.
Proof. From (4.7), (4.33) and (4.34) we obtain

n

Tsrany(p) = n(n—1)c—2(n—1)A+ % > (mai + Djj)? = % (Z mii)

ij=1
1 n 2 1 n 1 n
—3 (Z Djj) ~3 Z (mij + Dji)* + 5 Z (mij)? + (Dji)*. (4.44)
Jj=1 i,j=1 i,7=1
From (4.38) we have
1 - 2 1 - 2 2 1 S 2 1 - 2
-3 .Zl(mij +Dji)" + 5 ‘21(mij> +(Dji)" =~ .Zl<mij +D5i)" + Z:l(mij - Dji)". (4.45)
,)= )= )= .=

Using (4.45) in (4.44), we get

n

2
1 1 [ w—
Tsrmy(p) = n(n—1)c—2(n—1)A+ 3 Z (mii + Djj)2 3 (; mii)

i,j=1
1 [ R 18
~5 (Z Dn) =7 2 (miy +D5)° + 2 D (miy — Dyi)”. (4.46)
Jj=1 7,7=1 ij=1

Assume the equality case of (4.42) is satisfied, then

Thus M is minimal. O
Thus we get the following corollary.

Corollary 4.2. Let M be an (n + 1)-dimensional lightlike hypersurface of a Lorentzian space form M (c) of constant
sectional curvature c, endowed with a semi-symmetric metric connection V. Then, we get

Ts(rm)(p) <n(n—1)c—=2(n— 1A+ (QSD; 1) n?p? — @Z(mijy‘ (4.47)

For all p € M the equality case of (4.47) satisfies iff M is minimal.

Theorem 4.7. Let M be an (n + 1)-dimensional screen homothetic lightlike hypersurface of a Lorentzian space form
M (c) of constant sectional curvature c, endowed with a semi-symmetric metric connection V. Then, we derive

sy (p) < nn—1)c—2(n—1)A+ w(traceﬁ)2 - %(traceAN)2
n
1 1 1
—5ntt =5 Z(mu‘ +Dji)* + 5 Z (mij)* + (Dji)?, (4.48)
iF£] i,7=1
where A is equal to (4.43).
For all p € M the equality case of (4.48) satisfies iff nu = —traceAn.
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Proof. From (4.44),we get

sy (p) = nn—1)c—2(n—1)A+ %(tracefl)2 - %(traceAN) - %nQﬂQ
BES 1 1
i=1 i#] 4,J=1

Using Lemma 4.1 and equality case of (4.49), we have
sy (p) < nn—1)c—2(n—1)A+ %(tmce[l)2 — %(traceAN)2 — %n2lﬁ2
2
1 (¢ 1 O ) ,
—5 (Z mi; + Dii) 3 ;(mij + Dj;)* + 5 Zl(m”) + (Dj;) (4.50)
i#] ij=

which implies (4.48). The equality case of (4.48) holds, then

mi1 + D11 = Moz + Doy = ... = My + Dy (4.51)
From (4.51) we obtain
(].7n)m11+m22+...+mnn+(17H)D11+D22+...+Dnn = 07
m11—|—(1—n)m22—|—...—|—m,m—|—D11—|—(1—n)D22—|—...—0—Dnn = O7
m11—|—m22—i—...—|—(l—n)m7m—|—D11—|—D22+...—|—(1—n)D7m = 0.
Using last equations, we have
(n —1)*(traceAn +nu) = 0. (4.52)
Because of n # 1,we get nu = —traceAy. O

Thus we get the following corollary.

Corollary 4.3. Let M be an (n + 1)-dimensional screen homothetic lightlike hypersurface of a Lorentzian space form
M (c) of constant sectional curvature c, endowed with a semi-symmetric metric connection V. Then, we have

s (14+¢%) 5 - (1 -l- <,0 - )2
Tseran (p) < n(n—1e—2(n— DA+ pn(n — D — ——Lnp® — ¢ Z(mz-j Z . (453)
i£j i=1
For all p € M the equality case of (4.53) satisfies iff either o = —1 or M is minimal.

Theorem 4.8. Let M be an (n + 1)-dimensional lightlike hypersurface of a Lorentzian space form M(c) of constant
sectional curvature c, endowed with a semi-symmetric metric connection V. Then

Tgrmy(P) > n(n—1)c—2(n—1)A+ % ((traceA)® — (traceAn)?* — n(n — 1)p°)

1 n , n
5 | 22 mi)* = Y (mig + Dyi) +Z . (4.54)
i#j=1 i,j5=1 i,j=1

For all p € M the equality case of (4.54) satisfies iff p is a totally umbilical point.
Proof. Using (4.44),we get

1 - 1 1
Tsrmy(p) = n(n—1)c—2(n—1)A+ i(traceA)2 - i(traceAN)2 - §n2u2
+§ 2 (mii 5 Z; m” JZZ:l(Dj,‘) — 5 ijzz:l(mij + Dji) . (455)
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Using Lemma 4.2 and equality case of (4.44), we have

1 - 1 1
Tsran(p) > nn—1)c—2(n—1)A+ §(tmceA)2 - i(tmceAN)2 - §n2u2

1 O 1 ¢ 1 ¢ 1 O
3 > (mij + D) + %(Z mi;)? + 3 > (my)? + 3 > (D) (4.56)
i,j=1 i=1 i£j=1 i,j=1
which implies (4.53). The equality case of (4.43) satisfies iff
mip = ... = Mnn
and the shape operator A; becomes of the form
B mi1 0 . e 0 0 7
0 mi1 . . 0 0
A = . . , (4.57)
0 0 . . .o Mmia 0
L O o . . . 0 0]
which indicates that M is totally umbilical. Hence, the claim holds. O

Thus we get the following corollary.

Corollary 4.4. Let M be an (n + 1)-dimensional screen homothetic lightlike hypersurface of a Lorentzian space form
M (c) of constant sectional curvature c, endowed with a semi-symmetric metric connection V. Then, we get

rseran (p) = n(n— e —2(n — DA + (2‘/’27“)7@2#2 - ”(”2_ Dp2_ (2“”; D S (miy)?. (4.58)

2,j=1

For all p € M the equality case of (4.58) satisfies iff p is a totally umbilical point.
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