
INTERNATIONAL ELECTRONIC JOURNAL OF GEOMETRY
VOLUME 9 NO. 2 PAGE 80–86 (2016)

Structures on the Product of Two Almost
Hermitian Almost Contact Manifolds

Gherici Beldjilali∗ and Mohamed Belkhelfa
(Communicated by Ion Mihai)

ABSTRACT

The purpose of this paper is to define some classes of almost contact metric 3-structures manifolds
and almost quaternionic metric with an almost Hermitian almost contact metric structure. Next,
we construct an almost quaternionic Hermitian structure on the product of two almost Hermitian
almost contact metric structures. This gives a new positive answer to a question raised by T.
Tshikuna-Matamba [7].
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1. Introduction

By means of a natural change of the product metric, one can construct widely almost Hemitian structures
on product manifolds of two almost contact metric manifolds. Since many almost contact metric and Sasakian
structures are now found (for example, see [1], [?] ), this method enables us to provide various kinds of almost
Hermitian structures.

On the other hand, by deforming the canonical almost Hermitian structure with some functions of the norm
of vectors, one can construct many geometric structures of new type (almost Hermitian and Kähler structures,
almost quaternionic Hermitian , etc.) on the tangent bundles of Riemannian and almost Hermitian manifolds
(see [7], [9]).

Watanabe ([13],[14]) survey almost Hermitian, Kähler, almost quaternionic Hermitian and quaternionic
Kähler structures, naturally constructed on products of manifolds with almost contact metric and Sasakian
structures and open intervals. As an application of these constructions. Next, he investigate almost Hermitian
structures, naturally defined on the product manifolds of two almost contact metric and Sasakian manifolds,
and he study almost quaternionic Hermitian and quaternionic Kähler structures on products of 3-Sasakian
manifolds and open intervals then he ask some problems related to these topics.

In [11], Tshikuna-Matamba determined some remarkable classes of the induced structures on the product
of two Riemannian manifolds. He deal with the product of an almost quaternion manifold with an almost
Hermitian almost contact metric manifold. This product has been used to construct other classes of almost
contact metric manifolds with 3-structures in [10], and he end the study with some problems.

This paper is organized in the following way.
Section 2 is devoted to the background of the manifolds which will be used in the sequel.
Section 3 is devoted to construct a family of almost contact metric 3-structures manifolds from an almost
Hermitian almost contact metric structure.
Section 4 is devoted to construct a family of almost quaternionic metric manifolds from an almost Hermitian
almost contact metric structure.
Section 5 we deal the product of two almost Hermitian almost contact metric structures.
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2. Preliminaries on manifolds

Recall that an almost Hermitian manifold is a Riemannian manifold (M, g) equipped with a tensor field J of
type (1, 1) such that for all vectors fiels X,Y on M the following two conditions are satisfied:

J2(X) = −X, g(JX, JY ) = g(X,Y ).

An almost complex structure J is integrable, and hence the manifold is a complex manifold, if and only if its
Nijenhuis tensor Nj vanishes, with

Nj(X,Y ) = [JX, JY ]− [X,Y ]− J [X, JY ]− J [JX, Y ].

Any almost Hermitian manifold (M, g, J) possesses a differential 2-form Ω, called the fundamental 2-form or
the Kähler 2-form, defined by

Ω(X,Y ) = g(X,JY ). (2.1)

(M,J, g) is then called almost Kähler if Ω is closed i.e. dΩ = 0. An almost Kähler manifold with integrable J is
called a Kähler manifold, and thus is characterized by the conditions: dΩ = 0 and N = 0. One can prove that
these both conditions combined are equivalent with the single condition

∇J = 0.

An almost quaternionic metric manifold is a quintuple (M, g, J1, J2, J3), where (1) : (M, g) is a Riemannian manifold;
(2) : (g, Ji) is an almost Hermitian structure on M for i = 1, 2, 3;
(3) : J1J2 = J3, J2J3 = J1, J3J1 = J2.

(2.2)

Almost quaternionic metric manifolds are of dimension 4m and their nomenclature is related to that of
almost Hermitian structures. According Calabi [2], for a structure to be hyperkählerian, it is sufficient that
in (g, J1, J2, J3) two of these structures are Kählerians. A differential 4-form is defined by

Ω̃ =

3∑
i=1

Ωi ∧ Ωi.

An almost quaternion metric manifold is quaternion Kählerian manifold if and only if ∇Ω̃ = 0 [15].

By an almost contact metric manifold, one understands a quintuple (M, g, ϕ, ξ, η), where

(1) ξ is a characteristic vector field ;
(2) η is a differential 1-form such that η(ξ) = 1;
(3) ϕ is a tensor field of type (1, 1) satisfying ϕ2X = −X + η(X)ξ;
(4) g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ).

Replacing J by ϕ, the fundamental 2-form φ is defined by

φ(X,Y ) = g(X,ϕY ). (2.3)

Denoting by ∇ the Levi-Civita connection of g, the covariant derivative of η and the exterior differential of η
are defined, respectively, by

(∇Xη)Y = g(Y,∇Xξ), (2.4)

2dη(X,Y ) = (∇Xη)Y − (∇Y η)X, (2.5)

An almost contact metric manifold is said to be almost cosymplectic if the forms φ and η are closed, that is,
dφ = dη = 0.

Such a manifold is said to be a contact metric manifold if dη = φ. If, in addition, ξ is a Killing vector field, then
M is said to be a K-contact manifold. It is well-known that a contact metric manifold is a K-contact manifold if
and only if ∇Xξ = −ϕX , for any vector field X on M . On the other hand, the almost contact metric structure
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of M is said to be normal if [ϕ,ϕ](X,Y ) = −2dη (X,Y )ξ, for any X and Y where [ϕ,ϕ] denotes the Nijenhuis
torsion of ϕ, given by

[ϕ,ϕ](X,Y ) = ϕ2[X,Y ] + [ϕX,ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ].

A normal almost cosymplectic manifold is called a cosymplectic manifold. It is well-known that a necessary
and sufficient condition for M to be cosymplectic is ∇ϕ = 0.

A normal contact metric manifold is called a Sasakian manifold. It can be proved that a Sasakian manifold is
K-contact, and that an almost contact metric manifold is Sasakian if and only if

(∇Xϕ)Y = g(X,Y )ξ − η(Y )X, (2.6)

for any X ,Y . Moreover, for a Sasakian manifold have following identities:

∇Xξ = −ϕX, (∇Xη)(Y ) = −g(ϕX, Y ). (2.7)

Let (ϕi, ξi, ηi)
3
i=1 be three almost contact structures such that each of them is compatible with the Riemannian

structure g ( i.e. g(ϕiX,ϕiY ) = g(X,Y )− ηi(X)ηi(Y ), i = 1, 2, 3). We say that
(
M, g, (ϕi, ξi, ηi)

3
i=1

)
is an almost

contact metric manifold 3-structure if for any cyclic permutation (i, j, k) of {1, 2, 3} the following conditions are
satisfied : 

(1) : ηi(ξj) = ηj(ξi) = 0;
(2) : ϕiξj = −ϕjξi = ξk;
(3) : ϕi ◦ ϕj − ηj ⊗ ξi = −ϕj ◦ ϕi + ηi ⊗ ξj = ϕk;
(4) : ηi ◦ ϕj = −ηj ◦ ϕi = ηk.

(2.8)

Almost contact metric manifolds 3-structure are of odd dimension 4m+ 3. When from (ϕi, ξi, ηi)
3
i=1 two

structure at least are from class P , we say that (ϕi, ξi, ηi)
3
i=1 is in this class. In other words, a 3-Sasakian

structures means that of the (ϕi, ξi, ηi)
3
i=1 two structures are at least Sasakian [5].

Let (M, g, J) be an almost Hermitian manifold furnished with two almost contact structures (ϕi, ξi, ηi)
2
i=1.

We say that
(
M, g, J, (ϕi, ξi, ηi)

2
i=1

)
is an almost Hermitian almost contact metric manifold if for all X,Y on M

(1) : g(ϕiX,Y ) = −g(X,ϕiY );
(2) : Jξ1 = −ξ2, Jξ2 = ξ1;
(3) : ϕ2

iX = −X + η1(X)ξ1 + η2(X)ξ2;
(4) : ϕ1(JX) = −Jϕ1X = ϕ2X;
(5) : ϕ2(JX) = −Jϕ2X = −ϕ1X;
(6) : ϕ2(ϕ1X) = −ϕ1(ϕ2X) = JX + η1(X)ξ2 − η2(X)ξ1.

(2.9)

The dimension of this type of manifold is 4m+ 2. For the nomenclature, we will indicate the name of the
almost contact metric structure followed by the name of the almost Hermitian one. For instance, a Sasakian-
Kählerian manifold is a Kählerian manifold equipped with two Sasakian structures (see [4]).

3. Product M4m+2 × R

Let
(
M4m+2, g, J, (ϕi, ξi, ηi)

2
i=1

)
be an almost Hermitian almost contact metric manifold. The product M =

M4m+2 ×R , has dimension 4m+ 3. We define a three almost contact structures (ϕi, ξi, ηi)
3
i=1 by;

ϕ1

(
X, f

∂

∂r

)
=
(
ϕ1X − fξ1, η1(X)

∂

∂r

)
, ξ1 = ξ2, η1 = η2,

ϕ2

(
X, f

∂

∂r

)
=
(
− ϕ2X + fξ2,−η2(X)

∂

∂r

)
, ξ2 = ξ1, η2 = η1,

ϕ3

(
X, f

∂

∂r

)
=
(
JX, 0

)
, ξ3 =

∂

∂r
, η3 = dr,

and we define a Riemannian metric g by

g
((
X, f

∂

∂r

)
,
(
Y, h

∂

∂r

))
= g(X,Y ) + fh,

for any vectors fields X,Y of M and f, h two functions on R.
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Proposition 3.1. The structure
(
g, (ϕi, ξi, ηi)

3
i=1

)
constructed as above is an almost contact metric 3-structure.

Proof. Obvious. ( using (2.8) ).

The manifold
(
M, g, (ϕi, ξi, ηi)

3
i=1

)
possesses a fundamental 2-form φi; defined by: φ1 = φ1 − η1 ∧ dr,

φ2 = −φ2 + η2 ∧ dr,
φ3 = Ω.

(3.1)

Let∇ and∇ denote the Riemannian connections of g and g respectively. Now takingX and Y as vector fields
tangent to M and using algebraic properties of almost Hermitian almost contact metric and almost contact
metric 3-structure given above we get,

(
∇(

X,f ∂
∂r

)ϕ1

)(
Y, h ∂

∂r

)
=
(

(∇Xϕ1)Y − h∇Xξ1 , (∇Xη1)(Y ) ∂
∂r

)
,(

∇(
X,f ∂

∂r

)ϕ2

)(
Y, h ∂

∂r

)
=
(
− (∇Xϕ2)Y + h∇Xξ2 , −(∇Xη2)(Y ) ∂

∂r

)
,(

∇(
X,f ∂

∂r

)ϕ3

)(
Y, h ∂

∂r

)
=
(

(∇XJ)Y , 0
)
,

(3.2)

and we can state the following:

Proposition 3.2. Let
(
M4m+2, g, J, (ϕi, ξi, ηi)

2
i=1

)
be an almost Hermitian almost contact metric manifold. If(

g, (ϕi, ξi, ηi)
3
i=1

)
is an almost contact metric 3-structure on the manifolds M = M ×R, constructed as above, then:

(a) M is almost 3-cosymplectic if, and only if, M is almost cosymplectic-almost Kählerian;
(b) M is 3-cosymplectic if, and only if, M is cosymplectic-Kählerian.

Proof. Using the definition of an almost cosymplectic structure and (3.1), The first assertion (a) is obviously. For
(b), suppose that

(
M4m+2, g, J, (ϕi, ξi, ηi)

2
i=1

)
is cosymplectic-Kählerian i.e. for i = 1, 2 we have from (4.2){

(∇Xϕi)Y = 0
(∇XJ)Y = 0

As it is known, ∇ϕi = 0⇔ ∇ηi = ∇φi = 0 and using (2.4) then ∇ϕi = 0.
Coversely, suppose that

(
g, (ϕi, ξi, ηi)

3
i=1

)
is 3-cosymplectic i.e. for i = 1, 3

(
∇ϕi

)(
X,f ∂

∂r

)(Y, h ∂
∂r

)
= (0, 0),

then from (4.2) we get for i = 1, 2 (∇Xϕi)Y − h∇Xξi = 0
(∇Xηi)(Y ) = 0
(∇XJ)Y = 0

⇒
{

(∇Xϕi)Y = 0
(∇XJ)Y = 0

i.e. the structure
(
g, J, (ϕi, ξi, ηi)

2
i=1

)
is cosymplectic-Kählerian.

4. Product M4m+2 × R2

Let
(
M4m+2, g, J, (ϕi, ξi, ηi)

2
i=1

)
be an almost Hermitian almost contact metric manifold. The product M =

M4m+2 ×R2 , has dimension 4n with n = m+ 1. We define for all X,Y on M and all X ′, Y ′ on R2 such that
X ′ = f1

∂
∂r1

+ f2
∂

∂r2
and Y ′ = h1

∂
∂r1

+ h2
∂

∂r2
a three almost complex structures (J̃i)

3
i=1 by;

J1

(
X,X ′) =

(
JX , −f2

∂

∂r1
+ f1

∂

∂r2

)
,

J2(X,X ′) =
(
ϕ1X − f1ξ1 − f2ξ2 , η1(X)

∂

∂r1
+ η2(X)

∂

∂r2

)
,
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J3(X,X ′) =
(
− ϕ2X − f2ξ1 + f1ξ2 , η1(X)

∂

∂r2
− η2(X)

∂

∂r1

)
,

and we define a Riemannian metric g by

g = g + dr21 + dr22.

Proposition 4.1. The structure
(
g, (J i)

3
i=1

)
constructed as above is an almost quaternionic metric .

Proof. Using (2.2) One can Obviously proof that.

By a direct computation using (2.1) and (2.3) , one can check that the fundamental 2-form Ωi of (J i, g) for
i = 1, 2 is very simply as follows: 

Ω1 = Ω− 2(dr1 ∧ dr2),

Ω2 = φ1 − 2(η1 ∧ dr1 + η2 ∧ dr2),

Ω3 = −φ2 − 2(η1 ∧ dr2 − η2 ∧ dr1),

(4.1)

Let ∇ and ∇ denote the Riemannian connections of g and g respectively. Now using (2.2) and ( 2.9 ) we get,

(
∇(X,X′)J1

)
(Y, Y ′) =

(
(∇XJ)Y , 0

)
,(

∇(X,X′)J2

)
(Y, Y ′) =

(
(∇Xϕ1)Y − h1∇Xξ1 − h2∇Xξ2 ,

(∇Xη1)(Y ) ∂
∂r1

+ (∇Xη2)(Y ) ∂
∂r2

)
,(

∇(X,X′)J3

)
(Y, Y ′) =

(
− (∇Xϕ2)Y − h2∇Xξ1 + h1∇Xξ2 ,

−(∇Xη2)(Y ) ∂
∂r1

+ (∇Xη1)(Y ) ∂
∂r2

)
,

(4.2)

for all X,Y on M and all X ′, Y ′ on R2 such that X ′ = f1
∂

∂r1
+ f2

∂
∂r2

and Y ′ = h1
∂

∂r1
+ h2

∂
∂r2

, and we can state
the following:

Proposition 4.2. Let
(
M4m+2, g, J, (ϕi, ξi, ηi)

2
i=1

)
be an almost Hermitian almost contact metric manifold. If(

g, (J i)
3
i=1

)
is an almost quaternionic metric structure on the manifold M = M ×R2, constructed as above, then:

(a) M is almost hyperkählerian if, and only if, M is almost cosymplectic-almost kählerian;
(b) M is hyperkählerian if, and only if, M is cosymplectic-Kählerian.

Proof. Using the definition of almost kählerian structure and (4.1), The first assertion (a) is obviously. For (b),
Using the definition of kählerian structure and hyperkählerian structure, one can adapt Proposition 3.2.

5. Product M4m+2 ×M ′4m′+2

Let
(
M4m+2, g, J, (ϕi, ξi, ηi)

2
i=1

)
,
(
M ′4m′+2, g, J ′, (ϕ′

i, ξ
′
i, η

′
i)

2
i=1

)
two almost Hermitian almost contact metric

manifolds. The product M̃ = M4m+2 ×M ′4m′+2 , has dimension 4n (n = m+m′ + 1). One defines a three
almost complex structures (J̃i)

3
i=1 by putting;

J̃1 = (J , J ′),

J̃2 =
(
ϕ2 + η′1 ⊗ ξ1 − η′2 ⊗ ξ2 , ϕ′

2 − η1 ⊗ ξ′1 + η2 ⊗ ξ′2
)
,

J̃3 =
(
ϕ1 − η′1 ⊗ ξ2 − η′2 ⊗ ξ1 , ϕ′

1 + η1 ⊗ ξ′2 + η2 ⊗ ξ′1
)
,

and we define a Riemannian metric g̃ by
g̃ = g + g′.

Proposition 5.1. The structure
(
g̃, (J̃i)

3
i=1

)
constructed as above is an almost quaternionic metric structure.
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Proof. Obvious ( using (2.2) ).

Let ∇, ∇′ and ∇̃ denote the Riemannian connections of g, g′ and g̃ respectively. Now taking X and Y as
vector fields tangent to M and independent of M ′ and similarly for X ′ and Y ′ we give ∇̃J̃i explicitly:

(
∇̃(X,X′)J̃1

)
(Y, Y ′) =

(
(∇XJ)Y , (∇′

X′J ′)Y ′
)
, (1)(

∇̃(X,X′)J̃2
)
(Y, Y ′) =

(
(∇Xϕ2)Y + η′1(Y ′)∇Xξ1 − η′2(Y ′)∇Xξ2

+(∇′
X′η′1)(Y ′)ξ1 − (∇′

X′η′2)(Y ′)ξ2 ,
(∇′

X′ϕ′
2)Y ′ − η1(Y )∇′

X′ξ′1 + η2(Y )∇′
X′ξ′2

−(∇Xη1)(Y )ξ′1 + (∇Xη2)(Y )ξ′2

)
, (2)(

∇̃(X,X′)J̃3
)
(Y, Y ′) =

(
(∇Xϕ1)Y − η′2(Y ′)∇Xξ1 − η′1(Y ′)∇Xξ2

−(∇′
X′η′2)(Y ′)ξ1 − (∇′

X′η′1)(Y ′)ξ2 ,
(∇′

X′ϕ′
1)Y ′ + η2(Y )∇′

X′ξ′1 + η1(Y )∇′
X′ξ′2

+(∇Xη2)(Y )ξ′1 + (∇Xη1)(Y )ξ′2

)
. (3)

(5.1)

Suppose that ∇̃J̃i = 0, by (1) we have∇J = 0 and∇′J ′ = 0. By (2) withX ′ = Y ′ = 0 we get∇ϕ2 = 0 and with
X = Y = 0 we get ∇′ϕ′

2 = 0, with the same reasoning using (3) we find ∇ϕ1 = 0 and ∇′ϕ′
1 = 0 i.e.

∇̃J̃i = 0 ⇒
{
∇J = ∇ϕi = 0
∇′J ′ = ∇′ϕ′

i = 0

conversely, knowing that ∇ϕi = 0⇒ ∇ηi = 0⇒ ∇ξi = 0 for i = 1, 2 therefore if{
∇J = ∇ϕi = 0
∇′J ′ = ∇′ϕ′

i = 0

then we get ∇̃J̃i = 0 and we can state the following:

Theorem 5.1. The manifold M̃ is hyperkählerian if, and only if, M and M ′ are two cosymplectic-Kählerian manifolds.
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