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ABSTRACT. Let G = (V, E) be a simple graph with vertex set V = V(G), edge set E = E(G) and from maximum
degree A = A(G). Alsolet f : V — {0,1,..., [%1 + 1} be a function that labels the vertices of G. Let V; =
fveV: f(vy=ilfori =0,1andlet V, = V- (VoUV)) = {w e V : f(w) > 2}. A function f is called
a strong Roman dominating function (StRDF) for G, if every v € V|, has a neighbor w, such that w € V, and
fw)y=1+ [%lN (w) (N Vol1. The minimum weight, w(f) = f(V) = Z,cy f(v), over all the strong Roman dominating
functions of G, is called the strong Roman domination number of G and we denote it by ys,x(G). An StRDF of
minimum weight is called a ys,x(G)-function. Let G be the complement of G. The complementary prism GG of
G is the graph formed from the disjoint union G and G by adding the edges of a perfect matching between the
corresponding vertices of G and G. In this paper, we investigate some properties of Roman, double Roman and
strong Roman domination number of GG.

2010 AMS Classification: 05C69.

Keywords: Strong Roman domination, double Roman domination, Roman domination, prism, complementary prism,
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1. INTRODUCTION

Let G = (V,E) be a simple undirected graph with the set of vertices V = V(G) of order n = |V| and the set of
edges E = E(G). We refer the reader to [16] for any terminology and notation not here in. We denote minimum
degree of a graph G with §(G) and maximum degree with A(G). The open neighborhood of a vertex v € V is the
set N(v) = {u : uv € E(G)}. The open neighborhood of a set § C V is the set N(S) = [J,es N(v). The closed
neighborhood of a set S C V is the set N[S] = N(S)US. Let E, be the set of edges incident with v in G that is,
E, = {uv € E(G) : u € N(v)}. We denote the degree of v by dg(v) = |E,|. A vertex of degree zero is called an isolated
vertex. A set M C E(G) is called a matching if no two edges of M have a common end vertex. If M is a matching in a
graph G with the property that every vertex of G is incident with an edge of M, then M is a perfect matching in G. The
vertex chromatic number y(G) of G is the minimum integer k such that G is k-colorable.

A complementary prism of G, denoted by GG, is the graph obtained by taking a copy of G and a copy of its comple-
ment G and then joining corresponding vertices by an edge. According to the definition of complementary prism of
G, it is easy to see that GG, contains a perfect matching. We note that complementary prisms are a generalization of
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the Petersen graph. For example, the graph CsCs is the Petersen graph. Also if G = K, the graph K, K, is the corona
K, o K|, where the corona H o K, of a graph H is the graph obtained from H by attaching a pendent edge to each
vertex of H. For notational convenience, we let V(G) = V. Also, note that V(GG) = VU V. To simplify our discussion
of complementary prisms, we say simply G and G to refer to the subgraph copies of G and G, respectively, in GG.
Also, for a vertex v of G, we let v be the corresponding vertex in G, and for a set X C V, we let X be the corresponding
set of vertices in V. Further, for any function f on GG, we let w(fy) denote the weight of f on G, and w( fy) denote
the weight of f on G. Clearly, GG is isomorphic to GG, so our results stated in terms of G also apply to G unless
otherwise stated. A complementary prism is a specific case of complementary product of graphs introduced by Haynes
et al. [12] in 2009. Haynes et al. ( [10-12]) studied some parameters of complementary prism of graphs such as the
vertex independence number, the chromatic number, the domination number, total domination number, independent
domination number and Roman domination number.

Let G = (V,E) be a graph, X C V and B(X) be the set of vertices in V — X that have a neighbor in the set X. We
define the differential of a set X to be d(X) = |B(X)| — |X| [14], and the differential of a graph to be equal to d(G) =max
{0(X) : X € V}. A set D satisfying (D) = 9(G) is called a d-set or differential set. One of the variations of the
differential of a graph is the B-differential of a graph. We denote this parameter with ¥(G) and we define ¥(G) =max
{IB(X)| : X € V}[14]. We define the B-differential of a set X C V(G) to be ¥(X) = |[B(X)| [14]. A set X satisfying
Y(X) = Y(G) is called a W(G)-set or B-differential set.

A set S € V is a dominating set if N[S] = V. The domination number y(G) is the minimum cardinality of a domi-
nating set of G. A dominating set S C V is called a y(G)-set if |S| = y(G) [16].

For a graph G = (V,E), let f : V — {0, 1,2} be a function, and let f = (Vy, V1, V») be the ordered partition of V
induced by f, where V; = {v € V(G) : f(v) = i}. A Roman dominating function (or just an RDF) on graph G is a
function f : V — {0, 1,2} such that if v € V|, for some v € V, then there exists a vertex w € N(v) such that f(w) = 2.
The weight of a Roman dominating function is the sum wy = 3y f(v), and the minimum weight of w/ for every
Roman dominating function f on G is called Roman domination number of G. We denote this number with yg(G).
A Roman dominating function of G with weight yz(G) is called a yg-function of G. For more on Roman domination
number see for example [5, 6].

Let f : V — {0,1,2,3} be a function, and let f = (Vj, V|, V>, V3) be the ordered partition of V induced by f,
where V; = {v € V(G) : f(v) = i}. A double Roman dominating function (or just a DRDF) on graph G is a function
f:V—>1{0,1,2,3} such that the following conditions are met:

(a) if f(v) = 0, then vertex v must have at least two neighbors in V; or one neighbor in V3.

(b) if f(v) = 1, then vertex v must have at least one neighbor in V, | V3.

The weight of a double Roman dominating function is the sum wy = 3 .y f(v), and the minimum weight of w/
for every double Roman dominating function f on G is called double Roman domination number of G. We denote this
number with y,45(G). A double Roman dominating function of G with weight y,z(G) is called a y g-function of G [4].

Alsolet f: V —{0,1,..., [%1 + 1} be a function that labels the vertices of G. Let V; = {ve V : f(v) =i} fori =0, 1
andletV, =V - (Vo JVy) ={weV: f(w)>2}. Afunction f is called a strong Roman dominating function (StRDF)
for G, if every v € V| has a neighbor w, such that w € V, and f(w) > 1 + [%|N(w) M Voll. The minimum weight,
w(f) = f(V) = Z,ev f(v), over all the strong Roman dominating functions of G, is called the strong Roman domination
number of G and we denote it by ys;z(G). An StRDF of minimum weight is called a ygs,z(G)-function [2].

The following results are useful for the proofs of our main contributions in this paper.
Theorem A [14]. For any graph G of order n, ¥(G) = n — y(G).

Theorem B [3]. If G is a graph of order n, then yg(G) = n — d(G).
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Theorem C [2]. If G a graph of order n, then ys;z(G) > I'%l'l.

Theorem D [6]. If G is a connected graph of order n, then yz(G) < 45—”.

Theorem E [9]. If a graph G has no isolated vertices, then y(G) < ’%

Theorem F [15]. Let G be a graph without isolated vertices. Then y4£(G) < 2n — ¥(G) — 9(G).
Theorem G [13]. Let G be a graph. Then GG is even order and connected.

Theorem H [8]. For any graph G, ¥(GG) < ¥(G) + ¥(G).
Theorem I [6]. For any graph G, y(G) + y(G) < n + 1.

Theorem J [7]. Let G be a graph. Then the following hold.
(1) ¥G) < 6(G) + 1.
(2) 7(G) £ x(G).
Theorem K [2]. Let G be a graph of order n. Then ys,r(G) < n — I_%J.
2. YR AND Y4gr OF COMPLEMENTARY PRISM OF A GRAPH
In this section we investigate Roman domination number of (GG) and double Roman domination number of (GG).
Theorem 2.1. For any graph G, ¥(G) < d(GG) < d(G) + d(G).

Proof. Let X C V(G) be a ¥(G)-set on graph G. We consider the set Y = X as a subset of V(GG), thatis Y € V(GG).
Thus, by the definition differential of graphs, (GG) > 055(Y) = [Bsg(V)| = 1Y| = |B;5(X)| - 1X|. Now by the definition
of GG, we have [Bia(X)| = |Ba(X)| + IX|. Hence, d(GG) > Oc(X) = IX| + |Bg(X)| - |X| = |Bg(X)| = ¥(X) = ¥(G).
Now to prove the second part of inequality. Suppose that a set ¥ = X U Z C V(GG) is a d(GG)-set on graph GG such
that X C V(G) and Z C V(G). We have d(X) < (G), d(Z) < &(G) and |B(X U Z)| < |B(X)| + |B(Z)|. Also we have
A(GG)=8(Y) =8(XUZ) = |B(XUZ)|—|XUZ|. Since XNZ = @, we conclude d(GG) = d(Y) = |BXUZ)|-|XUZ| =
IBXX U Z)| - |X| - 1Z| < IBX)| +B(Z)| - |X| - 1Z| = (X) + d(Z) < &(G) + (G). o

Theorem 2.2. For any graph G of order n, yp(GG) < n + y(G).
Proof. By Theorems A, B and Theorem 2.1 we have Yr(GG) = 2n-(GG) < 2n—¥(G) = 2n—(n—y(G)) = n+y(G). O

As an immediate result, we will improve the bound of yg in Theorem D for complementary prism of a graph GG.

Corollary 2.3. If G is a graph with no isolated vertices, then yr(GG) < 37”
Proof. By Theorem 2.1 and Theorem E, the result holds. m]

We now establish the relation between double Roman domination number of complementary prism of a graph G
and domination number of G.

Theorem 2.4. For any graph G of order n, yir(GG) < 2n + 1 + y(G).

Proof. By Theorem G, the graph GG is connected. Thus, it has no isolated vertex. Now according to the Theorem F,
we have y4r(GG) < 4n — Y(GG) — d(GG). But by Theorems A, 2.1, we conclude

Yar(GG) < 4n — (2n - ¥(GG)) — ¥(G) = 4n — (2n - ¥(GG)) — (n — ¥(G))
=n+ y(GE) + y(G).
On the other hand, by Theorems H, I we have ydR(GE) <n+y(G) +7(5) +y(G) <n+n+1+y(G)=2n+1+y(G). O
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Corollary 2.5. Let G be a graph of order n and without isolated vertex. Then y;r(GG) < 2n + y(G).

Proof. By Theorem E, we have y(G) < 4. Thus, by previous Theorem, we have var(GG) < n + 2y(G) + v(G)
n+2% +y(G) =2n+y(G). O

IA

Corollary 2.6. Let G be a graph of order n and without isolated vertex. Then

. 'YdR(GE) <2n+6(G) + 1.
e var(GG) < 2n+ x(G).

Proof. By Theorem 2.4 and Theorem J, the result holds. m]

3. YstkR OF COMPLEMENTARY PRISM OF A GRAPH

In this section we establish upper bound of strong Roman domination number of complementary prism of a graph.
We compare the strong Roman domination number of complementary prism of a graph and the strong Roman domina-
tion number of the graph. First we study some special graphs.

Theorem 3.1. Let P, be a path with vertices vi,Vva,...,v, and P, with vertices V1,7V, ...,v,. Them ys,R(P,,P_,,) =
n+[31+ L

Proof. Let f = (Vy, V1, V) be a ysr(P,)-function on P,. If n = 0 (mod 3), then f can be chosen in suc_h a way that
Vi=oa,Vo={v;:i=3t+2,0<t< %} and Vo = V — V,. We define a function g = (V{, V|, V}) on P, P, by

1, ifveVy,
f veVou ViUV,

g(V) = n—4% _
-+ 1 forv=y
0, otherwise.

Clearly, g is a StRDF on P, P,. Hence,
— n 2n n-— % n
PnPnS ==+ =+ 4+ 1l=n+-+1
Ysr( ) < w(g) 33 5 n+ 3

Conversely, it is well known that the least value that must be assigned to the vertices of P, and P, in_ P, P, by any
StRDF are 1 + [%(_2?” +1)]+ g and 27" respectively or 1 + [%(n —1)] and n respectively. Therefore ygg(P,P,) = n+ % +1
and thus ysz(P,P,) = n + % + 1.

If n = 1 (mod 3), then f can be chosen in such a way that V| = {v,}, Vo = {v; : i =3t+2, 0 <t < ";—4} and
Vo=V -V,UV,.If n =2 (mod 3), then f can be chosen in suchawaythatV, =2, V, ={v; : i =3t+2,0<1 < %}
and Vo =V -V,

Thus we define a function & = (V' V{’, Vé’) on PnP_n by

1, vV E Vz;

f(v) veVyu ViUV,
h(v) =1 n-rz141 _

[——1+1 forv=y

0, otherwise.

Clearly, & is a StRDF on PnP_n. Hence,

— n 2n n—[51+1 n
Ysw(PaPr) < @) = [21= 1+ [ 1+ [————T1+1=n+[31+ 1
3 3 2 3
Conversely, it can be proved that like the first part. Thus the proof is completed. O

It can be easily verified ys ,R(C3C_3) = 5. In the follow we investigate the yS,R(C,,C_n) for n > 4.



Strong Roman Domination 44

n+[31+2, ifn=0(@mod3),

Theorem 3.2. For any cycle C,, ysr(CyCy) = { n+[%1+1, otherwise
3 , .

Proof. Let f = (Vy, V1, V) be a ygg-function on C,, and n = 0 (mod 3), (n > 4). Then f can be chosen in such a way
that Vi=@, Vo ={v; :i=3t+2,0<t< %} and Vy = V — V,. We define a function g on C,,C, by

1, veVg, andv = v,,
W f), vEV,,
V) = n— _
§ [ 2 2N v
0, otherwise.

gis a SRDF on C,Cy.. Thus ysx(C,Cp) < w(g) = 2 + 1+ 2 + 225509 4 1 = s 2742,

Conversely, it is well known that the least value that must be ass1gned to the vertices of C, and C, in C,C, by any
StRDF are 1 + [%(n -2) - (§ - D]+ § + 1 and % respectively or 1 + [%(n —2)] and n + 1 respectively. Therefore
YsiR(CnCp) 2 n+ 5 + 2 and thus ysr(C,Cp) =n+5 +2=n+[5]+2.

Now similar to the proof of the first part and using Theorem 3.1, one can prove yS,R(C,,C_,,) =n+ |'§'| +1ifn
1 (mod 3) or n = 2 (mod 3).

o nm

Theorem 3.3. For any complete graph K, ys RK,K,) =n+ [g'l

Proof. Let v be a vertex in G. Clearly, degv = n — 1. Now we define a function f on GG by f(v) = 31+ 1,
fv) =0forv e v, f(x) = 1 for any x € V- {v} and O otherwise. Thus f is a StRDF of GG. So, we conclude
ysiR(GG) < w(f) =n—1+ [51+1 =n+[5]. Now to see that for any StRDF on GG has at least weight > n +[3].
Let f be a StRDF of GG. For any vertex v € V, we have either f@) =0or f@ = 1. If f(v) = 0 and k vertices
of K, has value 0, and n — (k + 1) vertices has value 1, then n — 1 vertices of K, assigned by value 1. Therefore
wf)=n-1+n—(k+ D)+ +1=2n—k—1+T% > n+[%]. Thus ysr(K,K,) = n+[%4]. If forany v € V
f(v) =1, then it is simply verified that w(f) > n + |'§'|. Anyway ySIR(K,,E) =n+ |'§'|. O

A. Alhashim and others observed in the article [1] that for any graph G, yR(GE) < yr(G) + )/R(E). But in general,
this proposition for the parameter s, is not correct. For example, this inequality is not true for the graph G = K3 + K3,

because we have G = K33, ys,R(GE) = 10, ysr(G) = 4 and yg ,R(E) = 5. In the next Theorem, we prove the correct
form of this inequality for the parameter yg .

Theorem 3.4. Let G be a simple graph of order n. Then we have
Ysiw(GG) = ysw(G) < n.
Proof. Let f = (Vy, V1, V>) be a ygg-function on G. We define an function g on GG by g = (V{, V|, V3) such that
Vi ={weV(G):we NV} UV

Vi={weV(G):we NGV, UVIuV,
Vi =Va,
where V, = {ve G| f(v) 22} =U,uU3U...UU [aG, and U; = {v € V(G)| f(v) = i}. Clearly, g is an StRDF on GG.
Since V] = {v € V(GG)| g(v) = 2}, hence V} = V/UVJU.. UVF”] . where V" = {v € V(GG)| g(v) = i} and A = A(GG).

Thus we have ysx(GG) < w(g) = V]| + 2IV}/| + 3[V{] + ... + (3 DIV

|. By definition of StRDF g, we have
Vil = Vol + Vi
and

2V 1+ 3V + ... + (|' 1+ 1)|VF’ 1+1|

Unl + .. + IU@HI +Y5(G).
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Thus, we conclude

Ys:ir(GG) < Vol + Vi + Uzl + .. + |Ups 1, | + ¥s:r(G) < 1+ y5x(G).

m]
Corollary 3.5. Let G be a simple graph of order n. If every vertex of G has odd degree, then
Y5:i(GG) = Ys:ir(G) < n — 1.
Proof. Since each vertex of G is odd degree, by using the notations of the proof of Theorem 3.4, we have V) =
Us,..., VF/%HI = Ur#]n and for any vertex vin V) = V5, g(v) = f(v). Thus
o~ ’ 1 17 A 17
Ys(GG) < w(g) = [Vi[+2[Vy[+ 3|V + ... + (fET + Dlvr%m'
AG
= Vol + VAl + 21051+ 31031+ .+ T2+ DU |
= [Vol + ys:r(G) < n— 1+ ysw(G).
m]

Theorem 3.6. For any graph G with maximum degree A = A(G), 2 < ys R(GG) <2n— A+ [%'I — 1 and the bounds
are sharp.

Proof. Let v be a vertex of G with degv = A. We establish a function f on GG by f(v) = [%'I + 1, f(x) = 0 for any
x € Ngz(v) and f(y) = 1 otherwise. The function f is a S(RDF on GG and w(f) = [411+ 1 + 2n — (A + 2). Thus,

Vs ,R(GE) <w(f) = I'%'I +2n—A—1. Since the lower bound is trivial, the result is proved. For upper bound sharpness,
let G = K,,, and using of Theorem 3.3, for lower bound sharpness, consider G = K;. Thus the proof is completed. O

Using Theorem C, we establish a lower bound for strong domination number of GG in terms of order of G.
Corollary 3.7. Let G be a graph of order n. Then ys;r(GG) > n + 1.

Now we determine the complementary prisms GG having small strong Roman domination numbers, namely, the
graphs G with y5,2(GG) € {2,3,4,5}.

Theorem 3.8. Let G be a graph. Then,
o 1. yStR(GE) =2 ifand only if G = K;.
e 2. ysx(GG) = 3 ifand only if G = K> or G = Ko.
e 3. For any graph G, 75,R(G5) * 4.
e 4. y5;x(GG) = 5ifand only if G = P3 or G = K3.

Proof. (1)If G = K|, then GG = K, and ysr(K>) = 2.

Conversely, assume that yg &(GG) = 2. Then by Corollary 3.7 we have 2 > n + 1. Thus n = 1. Hence we must have
G =K 1

) If G = K, then GG is isomorphic to the path P4 and ys,z(Ps) = 3.
Conversely, assume that y5,x(GG) = 3. Then by Corollary 3.7 we have 3 > n + 1. Thus n < 2. But with regard to the
first part of the Theorem we must have n = 2. Hence, we conclude G = K; or G = K.

(3) Let G be a graph of order n such that ys,R(Ga) = 4. Then by 3.7 we have 4 > n + 1. Thus n < 3. But according
to the two preceding parts of the Theorem we must have n = 3. Hence, we must have G = K3 or G = P3. Now with
simple calculation we have y5,z(GG) = 5. And so it is a contradiction.

(4) If G = K3 or G = P3, then y5,2(GG) = 5.
Conversely, assume that ys;(GG) = 5. Then by Corollary 3.7 we have 5 > n + 1. Thus n < 4. But according to the
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preceding parts of the Theorem we must have n = 3 or n = 4. If n = 4, then there are 12 graphs G of the order of 4,
which with simple calculations for ys,z(GG) we conclude ys,z(GG) = 6. Then we must have n = 3. Hence, G = K3 or
G = Ps. O

Another lower bound for strong Roman domination number of complementary prism of a graph G in terms of order
maximum degree and minimum degree is established as follows.

Theorem 3.9. Let G be a graph of order n. Then

Ys(GG) = maxtysw(G) + = 1 Ysir(G) + F

This bound is sharp.

-| +1 ')’StR(G) + |—_-| VSzR(G) + |—

1+1}

Proof. Without loss of generality, let max{ysx(G), ys&(G)} = ys&(G). Thus by Theorems C and K, we have ys,z(GG) >
2247 = n + 1 and ys5.&(G) < n — | 5]. Hence, we conclude

¥siR(GG) — Ysw@ zn+1- (=15 J)—L J+1—r 1+1

On the other hand, for the graph G,since A =n—-6-1 by Theorem K we have ys(G) < n — I_”;g_lj. But
=31+ 1 = (=515 4 1 = 12597, So, we have y5(G) < n —["5°] + 1. Hence,

— — n—o n—o

YsiR(GG) —ysiR(G) 2n+1—-(n— FT] +1) =T 5 1.
Thus by the assumption ys,z(G) > ys ,R(E) we conclude

¥sR(GG) > ysi(G) + f 1 +1 2 ysr(G) + f 1 +1,

Therefore,

¥si(GG) > max{ys(G) + F—] ysiw(G) + F 1 + 1}

Similarly, by changing the role of G with G, we have
¥sir(GG) = ysr(GG) > max{ys(G) + f ] vsir(G) + f ] + 1}

Thus, the result is established, that is,

Ys(GG) > maxtysw(G) + [ 1 Ysir(G) + F

1+ 1, ysi(G) + F—] Ys(G) +F

1+1}

For sharpness, let G = K,,. m]
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