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Abstract. Let F be a finite field of characteristic p > 0. In this article, we

obtain a relation between the class length of elements of a finite p-group G in

the normalized unit group V (FG) and its unitary subgroup V∗(FG), when p

is an odd prime. We also provide the size of the conjugacy class of non-central

elements of a group G in V (FG), where either G is any finite p-group with

nilpotency class 2 or G is a p-group with nilpotency class 3 such that |G| ≤ p5.
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1. Introduction

Let FG be the group algebra of a finite p-group G over a field F of characteristic

p. The augmentation ideal of FG, denoted by ω(FG), is set of all the elements of

FG with augmentation 0. The elements of the set

V (FG) =
{∑
g∈G

agg ∈ U(FG) |
∑
g∈G

ag = 1
}

form a subgroup known as the normalized unit group of FG. The extension of the

trivial homomorphism G → {e} to algebra homomorphism from FG onto F has

kernel ω(FG). Since ω(FG) is a nilpotent ideal, the algebra homomorphism induces

an epimorphism from U(FG) onto U(F ) with kernel (1 +ω(FG)) which is same as

V (FG). Therefore, V (FG) is a p-group of order |F |(|G|−1). The understanding of

the structure of this class of p-groups is very interesting problem in the theory of

modular group algebras.

The conjugacy classes in a non-abelian group provide information about its struc-

ture. Since the character induced by a representation of a group is a class function,

the knowledge of the conjugacy classes of the group facilitates the computation of

its character table.

The study of the conjugacy classes of the normalized unit groups of modular

group algebras was initiated by D. B. Coleman in [6]. In this paper, he proved that
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if some conjugacy class of V (FG) contains an element of G, then its intersection

with G is a conjugacy class in G. Furthermore, several results regarding the length

of conjugacy classes of V (FG) have been obtained in the last decade.

Rao and Sandling proved in [7] that p can never occur as the cardinality of any

conjugacy class of V (FpG). Then A. A. Bovdi and C. Polcino Milies established

|F |2 as the lower bound for the size of any non-singleton conjugacy class in V (FG)

(see [3]). If G is a finite p-group which has a quotient with commutator subgroup

of order p and centre of index pk, then A. Bovdi, L. G. Kovacs and S. Mihovski

provided an element of V (FG) whose class length is |F |k (see [5]). The problem

of finding the length of the conjugacy classes in unit groups of group algebras has

also been studied in [1] and [2].

Let v be an element of V (FG). Throughout the paper, CFG(v) denotes the

centralizer of v in FG and Cv denotes the conjugacy class of v in V (FG). If H

is a subgroup of G and {e = c1, c2, . . . , cl} is a left transversal of H in G, then

FG = FH ⊕M as an F -module, where M =

l⊕
i=2

ciFH.

The anti-automorphism g 7→ g−1 of G can be extended linearly to an involution

∗ of FG. The restriction of ∗ to V (FG) followed by the map v 7→ v−1 gives an

automorphism of V (FG). The normalized units which remain fixed under this au-

tomorphism are called unitary units and they form a subgroup of V (FG) which is

called the unitary subgroup V∗(FG).

In the recent paper, we provide the length of the conjugacy class of elements of

a group G in the normalized unit group V (FG) and in V∗(FG), where G is a finite

p-group and F is a finite field of characteristic p. Let v be an element of V (FG).

Then CFG(v) = F ⊕ Cω(FG)(v), where Cω(FG)(v) is the centralizer of v in ω(FG).

Therefore, the length of the conjugacy class Cv of v in V (FG) is given by

|Cv| =
|V (FG)|
|CV (FG)(v)|

=
|F ||G|−1

|Cω(FG)(v)|
= |F ||G|−(dimF (CFG(v))).

In Section 2, we study the class length of elements of a finite p-group G in

V∗(FG), where p is an odd prime. The main result of this section is as follows:

Theorem 1.1. Let F be a finite field of characteristic p and G be a finite p-group,

where p is an odd prime. For a non-central element g ∈ G, let C∗g denote the

conjugacy class of g in V∗(FG). Then

|Cg| = |C∗g |2.



CLASS LENGTH OF ELEMENTS OF GROUP IN THE NORMALIZED UNIT GROUP 43

As a corollary, we obtain the length of the conjugacy class of elements of G

in V (FG), where G is a finite p-group of nilpotency class 3 and the commutator

subgroup G
′

of G is elementary abelian.

In Section 3, the size of the conjugacy class of any non-central element of G in

V (FG) is obtained, where G is a finite p-group with nilpotency class 2. The main

theorem of this section is as follows:

Theorem 1.2. Let F be a finite field of characteristic p and G be a finite p-group

with nilpotency class 2. Let g be a non-central element of G. If {e = c1, c2, . . . , cl}
is a transversal of G

′
in G and ni = [G

′
: 〈(ci, g)〉], then

|Cg| = |F ||G|−(|G
′
|+

∑l
i=2 ni).

In particular, we have:

Theorem 1.3. Let F be a finite field of characteristic p and G be a non-abelian

group of order p3. Let g be any non-central element of G. Then

|Cg| = |F |p(p−1)
2

.

In Section 4, we provide the cardinality of the conjugacy class of elements of G

in V (FG), where G is a group of order p4 or p5 such that p is an odd prime and

nilpotency class of G is 3. The following theorems constitute the main results of

this section:

Theorem 1.4. Let p be an odd prime and F be a finite field of characteristic p.

Let G be a group of order p4 with nilpotency class 3. If g is a non-central element

of G, then

|Cg| =

{
|F |(p−1)2p2 , if |CG(g)| = p3

|F |(p−1)2p(p+1), otherwise.

Theorem 1.5. Let p be an odd prime and F be a finite field of characteristic p.

Let G be a group of order p5 with nilpotency class 3 such that
G

G′
is an elementary

abelian group. If g is a non-central element of G, then

|Cg| =


|F |(p−1)2p3 , if |CG(g)| = p4

|F |(p−1)2p2(p+1),
if |CG(g)| = p3; |G′ | = p2 or

|G′ | = p3 and |γ3(G)| = p2.

Theorem 1.6. Let p be an odd prime and F be a finite field of characteristic p.

Let G be a group of order p5 such that

G

G′
∼= Cp2 × Cp.
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If g is a non-central element of G, then

|Cg| =


|F |(p−1)2p3 , if |CG(g)| = p4

|F |(p−1)2p2(p+1), if |CG(g)| = p3 and G
′ ∼= Cp × Cp

|F |p2(p3−3p+2), if |CG(g)| = p3 and G
′ ∼= Cp2 .

2. On the length of conjugacy class of elements of group G in V (FG)

and V∗(FG)

Let p be an odd prime. Let F be a finite field of characteristic p and G be a

finite p-group. In this section, we obtain that the length of the conjugacy class of

an element of G in the normalized unit group V (FG) is the square of the size of its

conjugacy class in the unitary subgroup V∗(FG).

Let

S1 = {x ∈ ω(FG) | x∗ = x}

and

S2 = {x ∈ ω(FG) | x∗ = −x}

be the set of symmetric and skew-symmetric elements of ω(FG), respectively.

Clearly, ω(FG) = S1 ⊕ S2. It is known (see [4]) that corresponding to each skew-

symmetric element k ∈ S2, the element u = (1− k)(1 + k)−1 ∈ V∗(FG). Moreover,

for any u ∈ V∗(FG), the element k = (1− u)(1 + u)−1 is skew-symmetric. Further,

if v =
∑
g∈G

αgg is a skew-symmetric element of ω(FG), then v =
∑
g∈G

αg(g − g−1).

Hence |S2| = |V∗(FG)| = |F |
|G|−1

2 .

In order to obtain the main result, we shall make use of the following lemmas:

Lemma 2.1. Let F be a finite field of characteristic p and G be a finite p-group,

where p is an odd prime. Then for any element v ∈ V (FG),

|CV∗(FG)(v)| = |CS2(v)|.

Proof. Assume that CS2
(v) = {y1, y2, . . . , yn}. Note that for each yi ∈ CS2

(v),

the element ui = (1 − yi)(1 + yi)
−1 ∈ CV∗(FG)(v). Therefore, |CV∗(FG)(v)| ≥ n.

Further, assume that u ∈ CV∗(FG)(v) such that u 6= ui, for any 1 ≤ i ≤ n. Then

k = (1− u)(1 + u)−1 ∈ CS2
(v). Hence k = yi, for some i and so (1− k)(1 + k)−1 =

u = ui, which is a contradiction. Thus |CV∗(FG)(v)| = n. �

Lemma 2.2. Let F be a finite field of characteristic p and G be a finite p-group,

where p is an odd prime. Then for any element v ∈ V∗(FG),

|CV (FG)(v)| = |CS1
(v)||CS2

(v)|.
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Proof. Define a map φ : Cω(FG)(v) → CS1
(v) by the rule w 7→ w+w∗

2 . Clearly, it

is an F -module epimorphism with ker(φ) = CS2(v). �

Proof of Theorem 1.1: Let α =
∑
h∈G

αh(h− h−1) ∈ CS2(g). Then write

α =
∑

h∈CG(g)

αh(h− h−1) + β, where β =
∑

h∈G\CG(g)

αh(h− h−1).

Consider the automorphism φg : G → G defined by h 7→ g−1hg. Let H be

the cyclic group generated by φg. Consider the action of H on G induced by the

automorphism φg. Since g−1αg = α, we get that supp(β) is closed under this action

and the coefficients agree on the orbits formed under this action. Let Oh denote

the orbit of any h ∈ G \CG(g). Assume that supp(β) =

n⋃
i=1

Ohi
. Since G is a group

of odd order, hi and h−1i are in different orbits and so

β =

n
2∑
i=1

αhi(Ôhi − Ôh−1
i

).

Note that the elements βi = αhi(Ôhi) and β
′

i = αhi(Ôh−1
i

) commute with g. Hence

the element

α
′

=
∑

h∈CG(g)

αh(h+ h−1 − 2) +

n
2∑
i=1

αhi(Ôhi + Ôh−1
i
− 2)

is in CS1
(g). Similarly, corresponding to each element of CS1

(g), we can obtain an

element in CS2
(g). Therefore, |CS1

(g)| = |CS2
(g)|. Hence Lemma 2.1 and Lemma

2.2 imply that |CV (FG)(g)| = |CV∗(FG)(g)|2. Thus

|Cg| =
|V (FG)|
|CV (FG)(g)|

=
|V∗(FG)|2

|CV∗(FG)(g)|2
= |C∗g |2.

�

Corollary 2.3. Let F be a finite field of characteristic p and G be a finite p-group,

where p is an odd prime. Let g be a non-central element of G such that gp ∈ Z(G).

Then

|Cg| = |F |
(p−1)

p (|G|−|CG(g)|).

Proof. Since gp ∈ Z(G), corresponding to any h ∈ G \ CG(g) the orbit Oh =

{g−ihgi | 0 ≤ i ≤ p− 1}. Therefore, each non-singleton orbit has size p and hence

the elements of the set G \CG(g) can be written as the disjoint union of the orbits
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Ohi
and Oh−1

i
for 1 ≤ i ≤ m, where m =

|G| − |CG(g)|
p

. Then any element of

CS2
(g) is of the from

∑
h∈CG(g)

αh(h− h−1) +

m∑
i=1

αhi
(Ôhi

− Ôh−1
i

).

Hence |CS2
(g)| = |CV∗(g)| = |F |

|CG(g)|−1

2 +
|G|−|CG(g)|

2p and therefore, we obtain the

desired result. �

If the nilpotency class of G is 3, then we have the following result:

Lemma 2.4. Let G be a finite p-group of class 3. For any two elements g, h ∈ G,

(gn, h) = (g, h)n((g, h), g)(
n
2), for n ≥ 2.

Proof. The result can be obtained by induction. �

Moreover, if the commutator subgroup G
′

of G is elementary abelian, then we

can obtain the length of the conjugacy class of any element of G in V (FG).

Corollary 2.5. Let F be a finite field of characteristic p and G be a finite p-group

of nilpotency class 3, where p is an odd prime. If the commutator subgroup G
′

of

G is elementary abelian, then for any non-central element g ∈ G,

|Cg| = |F |
(p−1)

p (|G|−|CG(g)|).

Proof. Let h be any element of G. By Lemma 2.4, (gp, h) = (g, h)pz(
p
2), where

z ∈ γ3(G). Since G
′

is elementary abelian, we get that (gp, h) = e and hence

gp ∈ Z(G). Then using the same argument as in the previous corollary, we get the

result. �

3. Class size of the elements of finite p-group G of class 2 in V (FG)

Let F be a finite field of characteristic p and G be a finite p-group with the lower

central series

G = γ1(G) ⊇ γ2(G) ⊇ . . . ⊇ γc−1(G) ⊇ γc(G) ⊇ γc+1(G) = {e}.

In this section, firstly we provide the size of the centralizer of any non-central

element of G in the subring Fγc−1(G) of FG. Then we aim at obtaining the size of

the conjugacy classes of elements of any nilpotent group G of class 2 in V (FG). In

this direction, the following lemmas play a very crucial role.
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Lemma 3.1. Let F be a field and G be a group. Let H be a normal subgroup of

G. If g is a non-central element of G, then

CFG(g) = CFH(g)⊕ CM (g),

where FG = FH ⊕M as an F -module.

Proof. Clearly, CFH(g)⊕CM (g) ⊆ CFG(g). Let y ∈ CFG(g) such that y = β + γ,

where β ∈ FH and γ ∈M. Consider the projection map

πH : FG→ FH

defined as ∑
g∈G

agg 7→
∑
g∈H

agg.

Therefore, πH(y) = β. Further, note that supp(g−1γg)∩H = ∅. Hence the equation

g−1yg = y implies that

πH(y) = g−1βg = β.

Therefore, gβ = βg and gγ = γg. Hence the result follows. �

Lemma 3.2. Let F be a field and G be a group. Let g be a non-central element of

G. If FG = FCG(g)⊕M, then

CFG(g) = FCG(g)⊕ CM (g).

Proof. Let α = α1+α2 be an element of CFG(g), where α1 ∈ FCG(g) and α2 ∈M.

Then g−1αg = α implies that α2 ∈ CM (g). �

Lemma 3.3. Let F be a finite field of characteristic p and G be a finite p-group

with the lower central series

G = γ1(G) ⊇ γ2(G) ⊇ . . . ⊇ γc−1(G) ⊇ γc(G) ⊇ γc+1(G) = {e}.

Let g be a non-central element of G. Assume that {e = c1, c2, . . . , cl} is a transversal

of γc(G) in γc−1(G) and ni = [γc(G) : 〈(ci, g)〉]. Then

|CFγc−1(G)(g)| = |F ||γc(G)|+
∑l

i=2 ni .

Proof. Note that CFγc−1(G)(g) = CFγc(G)(g) ⊕ CM (g), as an F -module, where

M =

l⊕
i=2

ciFγc(G). If y = c2y2 + . . . + clyl ∈ CFγc−1(G)(g), where yi ∈ Fγc(G),

then g−1yg = y implies that

c2y2 + c3y3 + . . .+ clyl = c2(c2, g)y2 + . . .+ cl(cl, g)yl.
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Hence yi = (ci, g)yi ∀ 2 ≤ i ≤ l. Let {e = ti1, ti2, . . . , tini
} be a transversal of

the subgroup 〈(ci, g)〉 in γc(G). Write yi = yi1 + ti2yi2 + . . . + tiniyini , where

yij ∈ F 〈(ci, g)〉 ∀ 1 ≤ j ≤ ni. Now the equation yi = (ci, g)yi implies that

yij = αj〈(̂ci, g)〉, for some αj ∈ F. Thus for each i, yi has |F |ni choices and so

dimF (CM (g)) =

l∑
i=2

ni. Hence |CFγc−1(G)(g)| = |F ||γc(G)|+
∑l

i=2 ni . �

Proof of Theorem 1.2: If G is a nilpotent group of class 2, from above lemma

we get that |CFG(g)| = |F ||G
′
|+

∑l
i=2 ni . Hence

|Cg| = |F ||G|−(|G
′
|+

∑l
i=2 ni).

�

In particular, if G is a non-abelian group of order p3, then nilpotency class of G

is 2. Theorem 1.3 can be derived from Theorem 1.2 directly. One can also use the

following lemma to prove Theorem 1.3.

Lemma 3.4. Let F be a finite field of characteristic p. Let G be a finite p-group

with the lower central series

G = γ1(G) ⊇ γ2(G) ⊇ . . . ⊇ γc−1(G) ⊇ γc(G) ⊇ γc+1(G) = {e}.

Let g be a non-central element in γc−1(G) \ γc(G). If {e = d1, d2, . . . , dl} is a

transversal of CG(g) in G and mi = [CG(g) : 〈(di, g)〉], then

|CFG(g)| = |F ||CG(g)|+
∑l

i=2mi .

Proof. By Lemma 3.2, CFG(g) = FCG(g) ⊕ CM (g) as an F -module, where M =

d2FCG(g) ⊕ d3FCG(g) ⊕ . . . ⊕ dlFCG(g). Let x =

l∑
i=2

dixi ∈ CM (g). Then the

equation g−1xg = x implies that

(di, g)xi = xi ∀ 2 ≤ i ≤ l. (1)

Since γc(G) ⊆ CG(g), 〈(di, g)〉 is a subgroup of CG(g) and so each xi has |F |mi

choices. Therefore, |CFG(g)| = |F ||CG(g)|+
∑l

i=2mi . �

Corollary 3.5. Let F be a finite field of characteristic p and G be a finite p-

group. Assume that g is a non-central element of G such that G
′ ⊆ CG(g). If

{e = d1, d2, . . . , dl} is a transversal of CG(g) in G and mi = [CG(g) : 〈(di, g)〉],
then

|CFG(g)| = |F ||CG(g)|+
∑l

i=2mi .
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Proof. Since G
′ ⊆ CG(g), the equation g−1xg = x implies (1). Thus the result

follows. �

Proof of Theorem 1.3: Since G is a group of order p3, we have that G
′

is a

central subgroup of order p and so for any non-central element g ∈ G, |CG(g)| = p2.

Therefore,
G

CG(g)
is a cyclic group of order p. If {e, h, h2, . . . , hp−1} is a transversal

of CG(g) in G, then |〈(hi, g)〉| = p. Hence mi = p ∀ 2 ≤ i ≤ p. Therefore, CFG(g) =

|F |p2+(p−1)p and the result follows. �

4. Class size of elements of groups of order p4 and p5 in the normalized

unit group

If nilpotency class of a finite p-group G is 2, then the size of the conjugacy class

of elements of G in V (FG) can be obtained from Theorem 1.2. Let p be an odd

prime. In this section, the length of the conjugacy class of elements of G in V (FG)

has been obtained, when G is a group of order p4 or p5 such that nilpotency class

of G is 3.

Let G be a non-abelian group of order p4 with nilpotency class 3. Then |G′ | = p2

and
G

G′
∼= Cp × Cp.

If
G

G′
= 〈gG

′
〉×〈hG

′
〉, then any commutator (g1, g2) of G can be written as (g, h)lz,

where l ∈ Z+ and z ∈ γ3(G). Since |γ3(G)| = p, for any k ∈ G, either G
′ ⊆ CG(k)

or G
′ ∩ CG(k) = γ3(G). So, if G

′ ⊆ CG(g), then hp ∈ G′ ⊆ CG(g) and by Lemma

2.4, (hp, g) = e implies that (h, g)p = e. Further, if G
′ ∩ CG(g) = γ3(G), then

gp ∈ γ3(G) and hence (gp, h) = (g, h)p = e. Since G
′

is abelian, one can conclude

that order of each commutator is p and so G
′ ∼= Cp × Cp. Now we give a proof of

Theorem 1.4 :

Proof of Theorem 1.4: Let g be a non-central element of G. For an element

h ∈ G, h−1gh = g(g, h). Thus the length of the conjugacy class of g in G is at most

p2 and so |CG(g)| = p2 or p3. Since G
′

is elementary abelian p-group, Corollary

2.5 implies that |Cg| = |F |(p−1)2p(p+1), when |CG(g)| = p2 and |Cg| = |F |(p−1)2p2 ,
when |CG(g)| = p3. �

Let G be a non-abelian group of order p5 with nilpotency class 3. Then order

of G
′

can be p2 or p3. Since
G

G′
is not cyclic, it can be isomorphic to either

an elementary abelian group or Cp2 × Cp. The following result provides the class
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length of elements of G in V (FG), when
G

G′
is elementary abelian. Note that if

G is a p-group of class 3 such that G
′

is abelian and
G

G′
is elementary abelian,

then exp(γ3(G)) is p; for if g1 ∈ G and g2 ∈ G
′
, we have (g1, g2) ∈ γ3(G) and then

(g1, g2)p = (gp1 , g2)((g1, g2), g1)(
p
2) = e.

Proof of Theorem 1.5: It is known that a non-abelian group of order p5 is

metabelian. If |G′ | = p2, then |CG(g)| can be p3 or p4. Further, since
G

G′
is

elementary abelian p-group, using Lemma 2.4, one can easily check that G
′

is

elementary abelian. Therefore, from Corollary 2.5, we have that |Cg| = |F |(p−1)
2p3 ,

when |CG(g)| = p4 and |Cg| = |F |(p−1)
2p2(p+1), when |CG(g)| = p3.

Now suppose that |G′ | = p3 and |γ3(G)| = p2. Then the size of the centralizer

of any non-central element can be either p3 or p4. Since γ3(G) ∼= Cp ×Cp, one can

easily check that G
′

is elementary abelian and hence the result can be obtained

from Corollary 2.5. �

Further, assume that
G

G′
∼= Cp2 × Cp.

Then G
′

is isomorphic to either Cp2 or Cp × Cp. We need the following lemma in

order to prove Theorem 1.6:

Lemma 4.1. Let F be a finite field of characteristic p. Let G be a finite p-group

and H be a normal subgroup of G such that
G

H
is a cyclic group of order pn. Then

for any g ∈ G \H,
|CFG(g)| = |CFH(g)|p

n

.

Proof. Since
G

H
= 〈gH〉 is a cyclic group of order pn, we have that FG =

pn−1⊕
i=0

giFH. Let α =

pn−1∑
i=0

giαi, where αi ∈ FH, be an element of CFG(g). Since H

is a normal subgroup of G, g−1αg = α implies that αi ∈ CFH(g) ∀ 0 ≤ i ≤ pn − 1.

Therefore, |CFG(g)| = |CFH(g)|p
n

. �

Proof of Theorem 1.6: Since |G′ | = p2, the size of the centralizer of any non-

central element g in G is p3 or p4. In particular, if g ∈ G′ , then the length of the

conjugacy class of g in G is p and so |CG(g)| = p4. Note that if G
′ ∼= Cp × Cp, the

result can be obtained from Corollary 2.5. So, consider the case when G
′ ∼= Cp2 .

Suppose for some g ∈ G, |CG(g)| = p4. Hence | G

CG(g)
| = p and so for any h ∈

G, hp ∈ CG(g). Therefore, (hp, g) = e and hence from Lemma 2.4, (h, g)p = e. So,
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(gp, h) = (g, h)p = e. Thus gp ∈ Z(G) and from Corollary 2.3, one can obtain that

|Cg| = |F |p
3(p−1)2 .

Next suppose that |CG(g)| = p3 and so g ∈ G \G
′
. Write

G

G′
= 〈gG

′
〉 × 〈hG

′
〉,

for some h ∈ G. Note that for any non-central element g ∈ G, either G
′
⊆ CG(g) or

G
′
∩CG(g) = γ3(G). Assume that o(g) mod G

′
is p and G

′
∩CG(g) = γ3(G). Now

gp ∈ γ3(G) and so (gp, h) = e implies that (g, h)p = e. Therefore, exp(G
′
) = p,

which is a contradiction. Thus G
′
⊆ CG(g). Further, if hp ∈ CG(g), then exp(G

′
) =

p. Therefore, hp /∈ CG(g). As hp
2 ∈ CG(g), we have FG as FCG(g)-module with

the elements {hi | 0 ≤ i ≤ p2 − 1} as a free basis. If (i, p) = 1, then from Lemma

2.4, we get that o(hi, g) = p2. Otherwise, o(hi, g) is p. Therefore, from Corollary

3.5, |CFG(g)| = |F |p
2(3p−2).

Further, assume that o(g) mod G
′

is p2. Let H = 〈G
′
, h〉. From Lemma 4.1, we

have that |CFG(g)| = |CFH(g)|p2 . Now by Lemma 3.1, CFH(g) = CFG′ (g)⊕CN (g),

where N =

p−1⊕
i=1

hiFG
′
. If α =

p−1∑
i=1

hiαi is an element of CN (g), then (hi, g)αi =

αi ∀ 1 ≤ i ≤ p− 1. Now Lemma 2.4 implies that for each i, (hi, g) is the generator

of G
′

and hence we get that αi = βiĜ
′ , where βi ∈ F. Hence |CN (g)| = |F |p−1.

Observe that in this case G
′ * CG(g), since then CG(g) = 〈G′ , g〉 and so |CG(g)| =

p4. Now {(hi, g) | 0 ≤ i ≤ p−1} is a transversal of γ3(G) in G
′
. Since |〈((hi, g), g)〉| =

p, for each 1 ≤ i ≤ p − 1, it follows from Lemma 3.3 that |CFG′ (g)| = |F |p+(p−1).

Thus |CFG(g)| = |F |p
2(3p−2) and so |Cg| = |F |p

2(p3−3p+2). �
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