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ABSTRACT. Let F' be a finite field of characteristic p > 0. In this article, we
obtain a relation between the class length of elements of a finite p-group G in
the normalized unit group V(F'G) and its unitary subgroup Vi(FG), when p
is an odd prime. We also provide the size of the conjugacy class of non-central
elements of a group G in V(FG), where either G is any finite p-group with
nilpotency class 2 or G is a p-group with nilpotency class 3 such that |G| < p®.
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1. Introduction

Let F'G be the group algebra of a finite p-group G over a field F' of characteristic
p. The augmentation ideal of F'G, denoted by w(FG), is set of all the elements of
FG with augmentation 0. The elements of the set

V(FG) = { > ayg cUFG) | Y ay = 1}

geG geG
form a subgroup known as the normalized unit group of FG. The extension of the
trivial homomorphism G — {e} to algebra homomorphism from FG onto F has
kernel w(F'G). Since w(FG) is a nilpotent ideal, the algebra homomorphism induces
an epimorphism from U(FG) onto U(F) with kernel (1 4+ w(F'G)) which is same as
V(FG). Therefore, V(FG) is a p-group of order |F|(IG1=1), The understanding of
the structure of this class of p-groups is very interesting problem in the theory of
modular group algebras.

The conjugacy classes in a non-abelian group provide information about its struc-
ture. Since the character induced by a representation of a group is a class function,
the knowledge of the conjugacy classes of the group facilitates the computation of
its character table.

The study of the conjugacy classes of the normalized unit groups of modular

group algebras was initiated by D. B. Coleman in [6]. In this paper, he proved that
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if some conjugacy class of V(FG) contains an element of G, then its intersection
with G is a conjugacy class in G. Furthermore, several results regarding the length
of conjugacy classes of V(F'G) have been obtained in the last decade.

Rao and Sandling proved in [7] that p can never occur as the cardinality of any
conjugacy class of V(F,G). Then A. A. Bovdi and C. Polcino Milies established
|F|? as the lower bound for the size of any non-singleton conjugacy class in V(FG)
(see [3]). If G is a finite p-group which has a quotient with commutator subgroup
of order p and centre of index p”*, then A. Bovdi, L. G. Kovacs and S. Mihovski
provided an element of V(FG) whose class length is |F|* (see [5]). The problem
of finding the length of the conjugacy classes in unit groups of group algebras has
also been studied in [1] and [2].

Let v be an element of V(FG). Throughout the paper, Crg(v) denotes the
centralizer of v in FG and C, denotes the conjugacy class of v in V(FG). If H

is a subgroup of G and {e = c1,¢2,...,¢} is a left transversal of H in G, then

1
FG=FH ® M as an F-module, where M = @ciFH.
i=2
The anti-automorphism ¢ — ¢~ 1 of G can be extended linearly to an involution

x of FG. The restriction of * to V(FG) followed by the map v ~— v™! gives an
automorphism of V(FGQG). The normalized units which remain fixed under this au-
tomorphism are called unitary units and they form a subgroup of V(FG) which is
called the unitary subgroup Vi (FG).

In the recent paper, we provide the length of the conjugacy class of elements of
a group G in the normalized unit group V(FG) and in V. (FG), where G is a finite
p-group and F is a finite field of characteristic p. Let v be an element of V(FG).
Then Crg(v) = F @ Cyra)(v), where Cypa)(v) is the centralizer of v in w(F'G).
Therefore, the length of the conjugacy class C,, of v in V(F'G) is given by

Gl—
0y = |[V(FG)] _ |F|IG1=1 — |F||CI-(imr(Cra(v),
ICvrc)(0)]  |Cu(ra)(v)]

In Section 2, we study the class length of elements of a finite p-group G in

Vi(FG), where p is an odd prime. The main result of this section is as follows:

Theorem 1.1. Let F be a finite field of characteristic p and G be a finite p-group,
where p is an odd prime. For a non-central element g € G, let Cy denote the

conjugacy class of g in Vu(F Q). Then

|Col = 1C51%.
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As a corollary, we obtain the length of the conjugacy class of elements of G
in V(FG), where G is a finite p-group of nilpotency class 3 and the commutator
subgroup G of G is elementary abelian.

In Section 3, the size of the conjugacy class of any non-central element of G in
V(FQ) is obtained, where G is a finite p-group with nilpotency class 2. The main

theorem of this section is as follows:

Theorem 1.2. Let I be a finite field of characteristic p and G be a finite p-group
with nilpotency class 2. Let g be a non-central element of G. If {e = ¢1,¢a,...,¢1}

is a transversal of G in G and n; = [G/ :{(ci,9))], then
IC,| = | F|IC1-(6 1+ Zi ma)

In particular, we have:

Theorem 1.3. Let F' be a finite field of characteristic p and G be a non-abelian

group of order p3. Let g be any non-central element of G. Then
Col = |FP®=",

In Section 4, we provide the cardinality of the conjugacy class of elements of G
in V(FG), where G is a group of order p* or p® such that p is an odd prime and
nilpotency class of G is 3. The following theorems constitute the main results of

this section:

Theorem 1.4. Let p be an odd prime and F be a finite field of characteristic p.
Let G be a group of order p* with nilpotency class 3. If g is a non-central element
of G, then
Gyl = { I, [Calg)l =
|F| (=D p(p41), otherwise.

Theorem 1.5. Let p be an odd prime and F be a finite field of characteristic p.

Let G be a group of order p° with nilpotency class 3 such that is an elementary

G/
abelian group. If g is a non-central element of G, then
|F| =1, if |Ca(g)l =p*
Gyl = if 1Ca(g)l =% |G| =p* or

|F|(p=1%p* (p+1)
|G| =p® and |3(G)| = p*.

Theorem 1.6. Let p be an odd prime and F be a finite field of characteristic p.
Let G be a group of order p° such that

G
E %OPQ XCp.
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If g is a non-central element of G, then

|F| - if |Ca(g) = p*
[Col =  IF|=DF 64D if |Ci(g)| = p° and G = C, x C,,
PP @ =582 if |Cg(g)| = pP and G = Cpe.

2. On the length of conjugacy class of elements of group G in V(FG)
and V,(FQG)

Let p be an odd prime. Let F' be a finite field of characteristic p and G be a
finite p-group. In this section, we obtain that the length of the conjugacy class of
an element of G in the normalized unit group V(FG) is the square of the size of its
conjugacy class in the unitary subgroup Vi (FQ).

Let

S1={z e w(FG) | z* ==z}
and

So={zx € w(FQ) | 2" = —x}
be the set of symmetric and skew-symmetric elements of w(F'G), respectively.
Clearly, w(FG) = S1 @ So. It is known (see [4]) that corresponding to each skew-
symmetric element k € S, the element u = (1 — k)(1+ k)~! € V,(FG). Moreover,
for any u € V. (FG), the element k = (1 —u)(1 +u)~! is skew-symmetric. Further,

ifv= Z agg is a skew-symmetric element of w(FG), then v = Z aglg—g").

geG geG
|G]—1

Hence |S2| = |Vi(FG)| = |F| = .

In order to obtain the main result, we shall make use of the following lemmas:

Lemma 2.1. Let F be a finite field of characteristic p and G be a finite p-group,
where p is an odd prime. Then for any element v € V(FG),

ICv.. (ra)(v)| = |Cs, (v)].

Proof. Assume that Cs,(v) = {y1,y2,-..,yn}. Note that for each y; € Cg,(v),
the element u; = (1 —y;)(1 +y;)~" € Cyv,(ra)(v). Therefore, |Cy, (pg)(v)] > n.
Further, assume that u € Cy, (rpg)(v) such that u # u;, for any 1 < i < n. Then
k=(1-u)(1+u)~! € Cs,(v). Hence k = y;, for some i and so (1 —k)(1+ k)~ =

u = u;, which is a contradiction. Thus |Cy, (pg)(v)| = n. O

Lemma 2.2. Let F be a finite field of characteristic p and G be a finite p-group,
where p is an odd prime. Then for any element v € V,.(FG),

[Cv(pey(v)] = [Cs, (v)||Cs, (v)].
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Proof. Define a map ¢ : C,ra)(v) — Cs, (v) by the rule w % Clearly, it

is an F-module epimorphism with ker(¢) = Csg,(v). O

Proof of Theorem 1.1: Let a = Z an(h —h™1) € Cs,(g). Then write
hea

a= Z an(h —h™Y + B, where § = Z an(h —h™h).
heCea(g) heG\Ca(g)
Consider the automorphism ¢4, : G — G defined by h — g thg. Let H be
the cyclic group generated by ¢4. Consider the action of H on G induced by the

1

automorphism ¢g4. Since g~ 'ag = «, we get that supp(B) is closed under this action

and the coefficients agree on the orbits formed under this action. Let Oy, denote
n
the orbit of any h € G\ Ci(g). Assume that supp(f) = U Oy, Since G is a group

i=1
of odd order, h; and hi_1 are in different orbits and so

2
8= Z Qp, (Ohi — Ohfl)'
i=1
Note that the elements 8; = ap, (6;1\) and B, = ap, (O/h:) commute with g. Hence
the element

a = > aph+ht-2)+
heCa(g) (

an, (On, + 0,1 = 2)

'Mm\:

1

is in Cg, (g). Similarly, corresponding to each element of Cg,(g), we can obtain an
element in Cg,(g). Therefore, |Cs,(g)| = |Cs,(g)|. Hence Lemma 2.1 and Lemma
2.2 imply that |Cy(re)(9)| = |Cv, (ra)(9)|*. Thus

c,| = VFEe) _  V.FG)

_ *|2
Cvirar @)~ Cvra P !

g

(]

Corollary 2.3. Let F be a finite field of characteristic p and G be a finite p-group,
where p is an odd prime. Let g be a non-central element of G such that g € Z(G).
Then

C,| = |F| =L (|Gl-|Ce(9)]).

Proof. Since ¢? € Z(G), corresponding to any h € G\ Cg(g) the orbit O =
{g7"hg" | 0 < i < p — 1}. Therefore, each non-singleton orbit has size p and hence
the elements of the set G\ C(g) can be written as the disjoint union of the orbits
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1G] = [Ca(g)]

Op, and Op -1 for 1 < i < m, where m =
i p

. Then any element of

Cs,(g) is of the from

> anlh=h™)+ Y an(On, — 0, 0);
heCa(g) i=1

\CG(QQ)\*1+IG\*\CG(9)\

Hence |Cs,(9)| = |Cv.(9)| = |F] 2 and therefore, we obtain the

desired result. (]
If the nilpotency class of G is 3, then we have the following result:
Lemma 2.4. Let G be a finite p-group of class 3. For any two elements g,h € G,
(9" 1) = (9:1)" (9. 1), 9)2), for m > 2.
Proof. The result can be obtained by induction. (I

Moreover, if the commutator subgroup G of G is elementary abelian, then we

can obtain the length of the conjugacy class of any element of G in V(FG).

Corollary 2.5. Let F' be a finite field of characteristic p and G be a finite p-group
of milpotency class 3, where p is an odd prime. If the commutator subgroup G of

G is elementary abelian, then for any non-central element g € G,

(p—1) _
IC,| = |F| 7 (IGI=1Ca(9)])

Proof. Let h be any element of G. By Lemma 2.4, (¢g?,h) = (g,h)”z(g), where
2 € 3(G). Since G is elementary abelian, we get that (g?,h) = e and hence
gP € Z(@). Then using the same argument as in the previous corollary, we get the

result. O

3. Class size of the elements of finite p-group G of class 2 in V(FG)

Let F' be a finite field of characteristic p and G be a finite p-group with the lower

central series
G =7(G) 27%(G) 2 ... 27-1(G) 2 7(G) 2 Ve+1(G) = {e}.

In this section, firstly we provide the size of the centralizer of any non-central
element of G in the subring Fy._1(G) of FG. Then we aim at obtaining the size of
the conjugacy classes of elements of any nilpotent group G of class 2 in V(FG). In

this direction, the following lemmas play a very crucial role.
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Lemma 3.1. Let F be a field and G be a group. Let H be a normal subgroup of

G. If g is a non-central element of G, then

Cra(g9) = Cru(g9) ® Cu(g),

where FG = FH ® M as an F-module.

Proof. Clearly, Crr(9) ® Cn(g) € Cra(g). Let y € Cra(g) such that y = 5+ 7,
where § € FH and v € M. Consider the projection map

g : FG— FH

defined as

Z agg — Z agg.

geq geH
Therefore, 75 (y) = 8. Further, note that supp(g~'vg)N H = (). Hence the equation
g 'yg = y implies that

mr(y) =9~ By =b.
Therefore, g8 = g and gy = ~vg. Hence the result follows. O

Lemma 3.2. Let F be a field and G be a group. Let g be a non-central element of
G. If FG = FCq(g) @ M, then

Cra(g) = FCal(g) ® Cu(g).

Proof. Let @« = a1+ a3 be an element of Crg(g), where a1 € FCg(g) and agy € M.
Then g~ 'ag = « implies that as € Cpr(g). O

Lemma 3.3. Let F be a finite field of characteristic p and G be a finite p-group

with the lower central series
G=7(G) 27%(G) 2...27%-1(G) 2 7(G) 2 ve41(G) = {e}.
Let g be a non-central element of G. Assume that {e = c1,ca, ..., ¢} is a transversal
of ¥(G) in ve—1(G) and n; = [v.(G) : {(¢i,9))]. Then
Crreaia(9)] = |FIe(@ i,
Proof. Note that Cr,. _,(c)(9) = Cry.()(9) © Cu(g), as an F-module, where
l

M = @ eiFre(G). Tty = coyo + ... + iyt € Cry._,(6)(9), where y; € Fre(G),
then gZing = y implies that

cay2 + c3ys + ...+ oy = ca(c2, 9)y2 + ...+ cla, 9)ui-
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Hence y; = (¢;,9)y; ¥ 2 < i < [. Let {e = t;1,ti2,...,tin,} be a transversal of
the subgroup ((c;,g)) in v.(G). Write y; = yi1 + tioYia + - .. + tin,Yin,, where
vij € F((ci,9)) V1 < j < n;. Now the equation y; = (¢, 9)y; implies that

vij = a;((ci,g)), for some a; € F. Thus for each i,y; has |F|™ choices and so
!

dimp(Cr(g)) = 3 ni. Hence |Cpy,_,(c(g)] = |F|1e(@1FZia i, 0
=2

Proof of Theorem 1.2: If G is a nilpotent group of class 2, from above lemma
we get that |Cra(g)| = |F|I¢ [+Xi-2m . Hence

IC,| = | F|I61-(6 [+ iy ma)

|
In particular, if G is a non-abelian group of order p?, then nilpotency class of G
is 2. Theorem 1.3 can be derived from Theorem 1.2 directly. One can also use the

following lemma to prove Theorem 1.3.

Lemma 3.4. Let F be a finite field of characteristic p. Let G be a finite p-group

with the lower central series
G =7(G) 27%(G) 2 ... 27%-1(G) 2 7(G) 2 Ye+1(G) = {e}.

Let g be a non-central element in v.—1(G) \ 7.(G). If {e = di,ds,...,di} is a
transversal of Cg(g) in G and m; = [Ca(g) : {((di, g9))], then

‘Cpg(g)l = |F|‘CG(9)‘+22:2 mi

Proof. By Lemma 3.2, Crc(g) = FCq(9) ® Cn(g) as an F-module, where M =
!

doFCq(g) ® dsFCa(g) @ ... ® diFCq(g). Let x = Zdixi € Cp(g). Then the
i=2
equation ¢ 'zg = x implies that

Since 7.(G) C Ca(g),{(di,g)) is a subgroup of Cg(g) and so each z; has |F|™
choices. Therefore, |Cpa(g)| = |F|ICe @+ m: O

Corollary 3.5. Let F' be a finite field of characteristic p and G be a finite p-
group. Assume that g is a non-central element of G such that G C Cealg). If
{e = di,da,...,di} is a transversal of Cg(g) in G and m; = [Ca(g) : ((d;, 9))],
then

(Cralg)| = [F||Ce@H i,
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Proof. Since G C Cg(g), the equation g~'zg = x implies (1). Thus the result
follows. a

Proof of Theorem 1.3: Since G is a group of order p3, we have that G is a
central subgroup of order p and so for any non-central element g € G,|Cq(g)| = p*.
Therefore, m is a cyclic group of order p. If {e, h, h?,..., hP~1} is a transversal
of Cg(g) in G, then |{(h?,g))| = p. Hence m; = p V 2 < i < p. Therefore, Crg(g) =
|F|P*+ (=D and the result follows. O

4. Class size of elements of groups of order p* and p° in the normalized

unit group

If nilpotency class of a finite p-group G is 2, then the size of the conjugacy class
of elements of G in V(FG) can be obtained from Theorem 1.2. Let p be an odd
prime. In this section, the length of the conjugacy class of elements of G in V(F'QG)
has been obtained, when G is a group of order p* or p° such that nilpotency class
of G is 3.

Let G be a non-abelian group of order p* with nilpotency class 3. Then |G| = p?

and
g = Cp x Cp.
G / / : !
If o= (9G ) x (hG"), then any commutator (g1, g2) of G can be written as (g, h)'z,

where | € ZT and z € v3(G). Since |y3(G)| = p, for any k € G, either G C Ce (k)
or G NCa(k) = v3(@). So, if G C Cg(g), then h? € G C Cg(g) and by Lemma
2.4,(hP,g) = e implies that (h,g)? = e. Further, if G'n Cc(g9) = ~v3(G), then
g” € 73(G) and hence (g”,h) = (g,h)? = e. Since G is abelian, one can conclude
that order of each commutator is p and so G = Cp x Cp. Now we give a proof of
Theorem 1.4 :

Proof of Theorem 1.4: Let g be a non-central element of G. For an element
h € G,h~tgh = g(g,h). Thus the length of the conjugacy class of g in G is at most
p? and so |Cg(g)| = p? or p?. Since G’ is elementary abelian p-group, Corollary
2.5 implies that |C,| = |F|>=1*P(P+D)  when |Ce(g)| = p? and |Cy| = |F| (= 1)%P"
when |Cq(g)] = 7°. 0

Let G be a non-abelian group of order p° with nilpotency class 3. Then order
of G' can be p? or p3. Since e is not cyclic, it can be isomorphic to either

an elementary abelian group or Cp2 x Cj,. The following result provides the class
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G
length of elements of G in V(F@G), when el

, G
G is a p-group of class 3 such that G is abelian and —; is elementary abelian,

G
then exp(v3(G)) is p; for if g1 € G and gy € G, we have (g1, 2) € 73(G) and then

(91, 92)" = (9f792)((91>92),91)(g) =e.

is elementary abelian. Note that if

Proof of Theorem 1.5: It is known that a non-abelian group of order p° is
metabelian. If |G'| = p?, then |Cq(g)| can be p? or p*. Further, since g is
elementary abelian p-group, using Lemma 2.4, one can easily check that G is
elementary abelian. Therefore, from Corollary 2.5, we have that |Cy| = |F|(e=1)°P°
when |Ca(g)| = p* and |Cy| = |F|P=D*P* @) when |Ca(g)| = p*.

Now suppose that |G'| = p® and |y3(G)| = p?. Then the size of the centralizer
of any non-central element can be either p* or p*. Since v3(G) = C,, x C,, one can
easily check that G s elementary abelian and hence the result can be obtained
from Corollary 2.5. U

Further, assume that

G
a %“sz XOp.

Then G is isomorphic to either Cp2 or C), x C},. We need the following lemma, in

order to prove Theorem 1.6:

Lemma 4.1. Let F be a finite field of characteristic p. Let G be a finite p-group
and H be a normal subgroup of G such that % is a cyclic group of order p™. Then
forany g€ G\ H,

ICra(9)| = Crulg)l”".

G
Proof. Since T = (gH) is a cyclic group of order p", we have that FG =
p"-1 p"-1
@ ¢'FH. Let a = Z g'a;, where o € FH, be an element of Crg(g). Since H
i=0 i=0
is a normal subgroup of G, g~'ag = « implies that a; € Cry(g) V0 <i <p" — 1.

Therefore, |Cra(g)] = |CFH(9)|pn~ B

Proof of Theorem 1.6: Since |Gl| = p?, the size of the centralizer of any non-
central element g in G is p® or p*. In particular, if g € G’, then the length of the
conjugacy class of g in G is p and so |Cs(g)| = p*. Note that if G =~ C)p x Cp, the
result can be obtained from Corollary 2.5. So, consider the case when G Cp2.

Suppose for some g € G, |Ca(g)| = p*. Hence |

G
= p and so for any h €
CG(9)|
G,h? € Cg(g). Therefore, (hP, g) = e and hence from Lemma 2.4, (h,g)? = e. So,
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(gP,h) = (g,h)? = e. Thus ¢g? € Z(G) and from Corollary 2.3, one can obtain that
Col = [P @=D",

Next suppose that [Cg(g)| = p® and so g € G\ G'. Write G _ (9G') x (hG'),

for some h € G. Note that for any non-central element g € G, gther G C Cea(g) or
G NCalg) = v3(G). Assume that o(g) mod G is p and G N Ca(g) = 73(G). Now
gP € v3(@) and so (¢gP,h) = e implies that (g,h)? = e. Therefore, exp(G/) = p,
which is a contradiction. Thus G C Ce(g). Further, if h? € Cg(g), then exp(G) =
p. Therefore, h? ¢ Cg(g). As h?” € Ca(g), we have FG as FCg(g)-module with
the elements {h' | 0 < i < p? — 1} as a free basis. If (i,p) = 1, then from Lemma
2.4, we get that o(hi,g) = p?. Otherwise, o(h',g) is p. Therefore, from Corollary
3.5, |Cra(g)| = [F7"Gr=2),

Further, assume that o(g) mod G is p2. Let H = (G , h). From Lemma 4.1, we
have that |Crg(g)| = |Cru(9)P". Now by Lemma 3.1, Crp(g) = Cper (9)®Cn (9),

p—1 p—1

where N = @hiFG/. If a = Zhiai is an element of Cx(g), then (h%, g)a; =
i=1 i=1

a; V1<i<p-—1. Now Lemma 2.4 implies that for each i, (h?, g) is the generator

of G' and hence we get that a; = ﬂié\', where 3; € F. Hence |Cn(g)| = |F|P~1.
Observe that in this case G ¢ Ca(g), since then Ca(g) = (G, g) and so |Ca(g)| =
p*. Now {(h%,g) | 0 < i < p—1} is a transversal of v3(G) in G . Since |(((h%, g), 9))| =
p, for each 1 < i < p — 1, it follows from Lemma 3.3 that |Cpq ()| = |F|PH®—1).
Thus |Cra(g)| = |[FIP"®P~2) and so |C,| = |F|P"®"=3p+2), O
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