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THE M-POLYNOMIAL OF LINE GRAPH OF SUBDIVISION
GRAPHS

SOURAV MONDAL, NILANJAN DE, AND ANITA PAL

ABSTRACT. Three composite graphs Ladder graph (Ly), Tadpole graph (T, i)
and Wheel graph (W,,) are graceful graphs, which have different applications
in electrical, electronics, wireless communication etc. In this report, we first
determine M-polynomial of the Line graph of those three graphs using subdi-
vision idea and then compute some degree based indices of the same.

1. INTRODUCTION

Throughout this article we use molecular graph, a connected graph having no
loops and no parallel edges where vertices and edges are correspond to atoms and
chemical bonds of the compound. Consider a molecular graph G having V(G) and
E(G) as vertex set and edge set respectively. The degree of a vertex v € V(G) of
a graph G, denoted by d,, is the total number of edges incident with v.

Mathematical modelling play significant role to analyze important concepts in
chemistry. Mathematical chemistry has excellent tools such as polynomials, func-
tions which can predict properties of chemical compounds successfully. Topological
indices are functions 7' : Y — RT with the property T(G) = T(H) for every
graph G isomorphic to H, where ) is the class of all graphs. These numerical
quantity corresponding to a molecular graph are effective in correlating the struc-
ture with different physicochemical properties, chemical reactivity, and biological
activities. These indices are evaluated by formal definitions. Instead of calculating
different topological indices of a specific category [T} 2], we can use a compact gen-
eral method related to polynomial for calculating the same. For instance, Wiener
polynomial is a general polynomial in the field of distance-based topological indices
whose derivatives at 1 yield Weiner and Hyper Weiner indices [2]. There are many
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such polynomials such as Pi polynomial [3], Theta polynomial [] etc.

In the area of degree-based topological indices, M-polynomial [I] perform similar
role to compute closed expressions of many degree based topological indices [I1 [5].
Thus computation of degree based topological indices reduce to evaluation of a
single polynomial. Moreover, detailed analysis of this polynomial can yield new
insights in the knowledge of degree based topological indices.

The subdivision graph [6],[7, 8] S(G) is obtained by inserting an additional vertex
to each edge of G [9]. The Line graph [10] L(G) is the simple graph whose vertices
are the edges of G and ejey € E(L(Q)) if e1, e2 € E(G) share a common end point
in G. The Ladder graph L,, is obtained by the Cartesian product of the Path graph
P,, and the complete graph K,. The Tadpole graph T, j[I1] is obtained by joining
a cycle C,, to a path P,. Wheel graph is obtained by joining K; to C,.

Ranjini et al.[T2] investigate the Zagreb indices of the Line graphs of those three
graphs using the subdivision concepts. G Su et al.[I3] derived topological indices
of the same graphs. Here we calculate the degree based topological indices of
L(S(Ly)), L(S(Tw.k)), L(S(W,,)) using M-polynomial.

2. BASIC DEFINITIONS AND LITERATURE REVIEW

Lemma 1. (Handshaking lemma) For a graph G, we have
> d,=2|E(G)
veV(G)
Definition 1. The M-polynomial of a graph G is defined as,
M(G;z,y) = Z mij(G)xiyj.
<i<j

where m;;(G) is the number of edges uv € E(G) such that {d,,d,} = {i,}.

For a graph G, a degree-based topological index is a graph invariant of the form

I(G) = Z f(duadv)z

weE(G)

where f = f(z,y) is a function appropriately selected for possible chemical appli-
cations [I4]. Collecting edges with the same set of end-degrees we can rewrite the
above result as
I(G) =Y mij(G)f(i,5).
i<j<
Gutman and Trinajsti¢ introduced Zagreb indices [15].
The first Zagreb index is defined as,
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The second Zagreb index is defined as,
> dud,.
wweE(G)

For more details about this indices see.
The second modified Zagreb index is defined as,

™ Mo (
2( dud
uveE(G)

Bollobas and Erdos [I6] and Amic et al. [I7] presented the idea of the generalized
Randi¢ index and discussed widely in both chemistry and mathematics [18]. For
more discussion, readers are referred [20], 19].

The general Randi¢ index is defined as,

R (G) = Z (dudy)”
wweE(G)
The inverse Randi¢ index is defined as,

RR,(G) = Z (du;)a

wweE(G)

symmetric division index of a connected graph G, is defined as:

min(d,, d,) maw(du,dv)
DD(G .
S Z {ma:c (du,dy) min(du,dv)}
weEE(Q)

The Harmonic index [2I] is defined as,

2
H(G) =
uveE(G) du + do
The inverse sum index [22] is given by:
d +d

weEE(G)
The augmented Zagreb index of G proposed by Furtula et al. [23] is defined as,
= > g
uveE(G) du + d -2

The relations of some degree-based topological indices with the M-polynomial are
shown in the table below.
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TABLE 1. Derivation of some degree based topological indices

Topological Index ‘ f(x,y) ‘ Derivation from M(G;z,y) ‘
First Zagreb Index x+y (Dz + Dy)(M(G; 2,9))|a=y=1
Second Zagreb Index xy (DyDy)(M(G;z,y)) |p=y=1
Modified Second Zagreb Index % (S2Sy) (M (G z,Y)) |a=y=1
Randi¢ Index(a € N) (xy)™ (Dg DY) (M (G 7, y))le=y=1
Inverse Randi¢ Index(a € N) ﬁ (SE Sy ) (M(G;2,y))|a=y=1
Symmetric Division Index % (DgSy + SeDy)(M(G; 2, y))|z=y=1
Harmonic Index Tery 28, J(M(G;2,y))|z=1
Inverse sum Index % 25, DDy (M(G; z,y))|z=1
Augumented Zagreb Index % 255Q_2J DD (M (G; x,y))|o=1

where,
Do) = o2, b 10, gy) =y 2L,
5.0 = [ D s (1w = [0y

J(f(xvy)) = f($7x)v Qa(f(m7y)) = $af(a:,y).
3. MAIN RESULTS

In this part, we give our main computational results and divide the section in

three subsections.

FiGURE 1. The line graph of subdivision graph of the Ladder graph.

3.1. Computational aspects of the Line graph of subdivision of Ladder
graph. We compute the M-polynomial of the line graph of subdivision graph of
the Ladder graph in the following theorem.
Theorem 1. Let L(S(L,)) be the line graph of subdivision graph of the Ladder
graph. Then we have,

M(L(S(Ly,))) = 6z%y*+42%y® + (9n — 20)z3y>.
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Proof. From the figure of L(S(L,)), we can say that its vertices have two partitions,
Vizy| = {du € V(L(S(Ln))) : du = 2}| = 8.
[Visy| = Hu € V(L(S(Ly))) : du = 3} = 6n — 12.

By handshaking lemma, we have |E(L(S(Ly,)))| = 9n—10. The edge set of L(S(L,,))
can be partitioned as,

|Eq2,23] = {uv € E(L(S(Ln))) : du = 2,d, = 2}| = 6.

|Eq2,33| = {uv € B(L(S(Ln))) : du = 2,dy = 3}| = 4.

|E3,33] = [{uv € E(L(S(Ly))) : du = 3,d, = 3}| = 9n — 20.

From the definition, the M-polynomial of L(S(L,)) is obtained bellow,

M(L(S(Ln))) = me )ty
S LS+ Y ma (ST
2<2 2<3
+ mi(L(S(Ly)))z*y*
3<3

= |Epaye®y® + |Epsyl2®y’ + | Essyl2’y’
= 622y + 422> + (9n — 20)23y3
This completes the proof. [l

Now using this M-polynomial, we calculate some degree based topological index
of the line graph of subdivision of the Ladder graph in the following theorem.

Theorem 2. Let L(S(Ly)) be the line graph of subdivision of the Ladder graph.
Then we have,

1. My (L(S(Ly))) = 54n — 76.

2. My(L(S(Ly))) = 1n— 132.

3. M3 (L(S(Ln))) = 55

4 R ( (S(L,))) = 6(4)* + 4(6)° + (9n — 20)(9)°
5. RRa(L(S(Ln))) = gx + ga + 5220

6. SDD(L(S(Ly))) = 18n — 2.

7. H(L(S(L,))) = 3n — 3L

8. I(L(S(Ly))) = 218,

9. A(L(S(Ln))) — 6561%4—9460'

Proof. Let M(L(S(Ly,));z,y) = f(z,y) = 622y + 422y + (9n — 20)z3y3
Then we have,
D, (f(z,y)) 1222y% + 822y> + 3(9n — 20)z3y®
Dy(f(z,y)) = 122%y* + 122%y% + 3(9n — 20)z°y°.
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DyDy(f(z,y))
Sa(f(@,y))
Sy(f(z,y))

SzSy(f(z,y))

DDy (f(z,y))

S5y (f(z,y))

D Sy(f(377

Schy(f(x7

Sad (f(,

Sed Dy Dy (f(,y

S3Q 2 JDID}(f(x,y))

Using Table 1.we have,

(1) Mi(L(S(Ln))) = (Dz +
(2) Ma(L(S(Ln))) = (DzDy)
(3) M3*(L(S(Ln))) = (S25y)
(4) Ro(L(S(Ln))) = (DgDy)
(5) RRa(L(S(Ln) ) = (S?SE
(6)

(7)

(8)

2422y? + 2422y> + 9(9In — 20)z3y3.
In—20 5 4
3 xy°.
4 9n — 20
3x2y2 + gxzys + n . x3y3.
3 2 9n — 20
§x2y2+ §x2y3+ n 5 x3y3.

322y + 202¢° +

6(4%)2%y? + 4(6%)zy> + (9n — 20)(9%)a3y>.

6 5 o 4 55 9IN—20 5 4

4axy+6aa:y+ 9o oy,
8

62%y* + §x2y3 + (9n — 20)z3y>.

62%y? + 622> + (9n — 20)x3y>.
24z*y? + 202° + 6(9n — 20)a".
24 5 3(9n—20) 4

4, 4% 5
6x+5m+ 2

2
4822 + 322% + 76—49(971 —20)z*.

Y
Sny)(f(l',y)”m:y:l = 18n - 5378

7) H(L(S(Ln))) = 2(S:)(f(2,9))|a=1 = 3n — .
8) I(L(S(Ln))) = Sud Do Dy(f(w,y))|pr = 21248
(9) A(L(S(Ln))) = S3Q_2 I D3D3(f (2, y))| o=y = 261070460,

This completes the proof.

2109

(f(2,9))|r=y=1 = 81n — 132

(f (. 9))lrmymr = 122

(@, 9)|omym1 = 6(4)* + 4(6)° + (9n — 20)(9)°
Y ) amymr = i+ g + 2220

O

3.2. Computational aspects of the Line graph of subdivision of Tadpole
graph. We compute the M-polynomial of the line graph of subdivision graph of
the Tadpole graph in the following theorem.

Theorem 3. Let L(S(T, x)) be the line graph of subdivision graph of the Tadpole

graph. Then we have,
M(L(S(Tn.x)))

zy® + 2(n + k — 3)z%y? + 3223 + 32395

Proof. The graph of L(S(T, ) has 2(n + k) vertices, having three partitions of

vertices,
Vil =Hue

V(L(S(Ly))) : dy = 1}| = 1.



2110 SOURAV MONDAL, NILANJAN DE, AND ANITA PAL

F1GURE 2. The line graph of subdivision graph of the Tadpole graph.

Vioy| = {u € V(L(S(Ln))) : du = 2}| = 2n + 2k — 4.
Vil = Hu € V(L(S(Ln))) : du = 3} = 3.

This shows that L(S(T), %) has 9n-10 edges. The edge set of L(S(T}, )) has parti-
tions as follows,

|Eq1,0y] = Huww € E(L(S(Tak))) s du = 1,dy, =2} = 1.
|E2,01| = {uv € E(L(S(Thk))) : du = 2,dy = 2}| = 2(n + k — 3).
|Eg2,3y] = Huww € E(L(S(Tak))) : du = 2,d, = 3} = 3.
|Ez.3y] = Huw € E(L(S(Tak))) : du = 3,dy = 3} = 3.
From the definition, the M-polynomial of L(S(T), x)) is obtained bellow,
M(L(S(Tur) = Y mu(L(S(Tur)))a'y’
i<j
= > mi(LS(Tu )y + > mij (L(S(Tor)))2y” +

1<2 2<2

+ Y mi(L(S(To )’y

2<3
+ 3 mig (LS (Tn.i))a’y?
3<3
= |E~{172}|5'3ZJ2 + \E{2,2}|352y2 + |E{273}|5'32f93 =+ |E{3,3}|3332J3
= xy? +2(n+k — 3)2%y® + 322> + 3235,
This completes the proof. (I

Now using this M-polynomial, we calculate some degree based topological index
of the Line graph of subdivision of the Tadpole graph in the following theorem.
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Theorem 4. Let L(S(T), 1)) be the line graph of subdivision of the Ladder graph.

Then we have,

My (L(S(Ton k)
Ma(L(S(Ton k)
Mm(S k)
(((,))

n,

SDD( (S(Tn.k)
H(L(S(Tn.k))
I(L(S(To,k)))

@N@P‘PP"!\’!—‘

.©

) =
)=
) =
)= 2% 4 (n+ k — 3)221 1 3(6%) + 32+
( (S( n,k )) =

)
)

8n + 8k + 12.

8n + 8k + 23.
3n+3k 1

=+ MR 4+ 24
=4n + 4k — 1.

n+k—1—5

=2n+ 2k — 37.
A(L(S( 7Lk)))_16n+16k+ 1163,

Proof. Let M(L(S(Tnx));x,y) = f(z,y) = 2y® +2(n+k — 3)z%y? + 322y + 323y3.

Then we have,
Dy (f(x,y
Dy(f(lUy
(f(

=(f(z,y

&

Sy(f(z,y))

SzSy(f(x,y))
DDy (f(z,y))

Sy (f(z,y))
S DDy (f(,y))
S3Q_2JDID;(f(x,y))

Using table 1.we have,

(1) My(L(S(Tn1))) =
(2) Ma(L(S(Thk))) =

(3) M3*(L(S(Tnx))) =

zy? + 4(n 4+ k — 3)z?y? + 627y + 923y,
22y + 4(n + k — 3)x?y? + 922y + 92393
22y + 8(n + k — 3)x?y? + 182233 + 27233

3
zy? + (n+ k= 3)2%y? + Sy + 235

2
xy? 2 2 2.3 3,3
7+(n+k—3)m yr+xy’ + vy
2 2,3 3,3
Ty m+k—-3) 5 o =% 2y
5 + 5 r7YyT + 9 + 3
2azy2Jr(n+k73)(22a+1)1’2y2+3(6a)1’2y3+32a+11‘3y3.
2
Ty (n+k—3) 2202 3 23 1 53
2701 220171 Ty + 604'1j Y + 32(1713j Y-

2
% +2(n + k — 3)2%y? + 222y> + 3233

9
229% + 2(n + k — 3)z?y? + 53321/3 + 32333,

Lo, n+k=3, 35 1

3 2 5 2

2 L 18 o 27

Z28 42 - a5 4 Zab

3x+(n+k 3)x+5m+6x
2187

8z 4 16(n + k — 3)a? + 242 + = ol z?.

(Dy + Dy)(f(2,9))|e=y=1 = 8n + 8k + 12.
(DaDy)(f(@,y))|o=y=1 = 8n + 8k + 23.
(SeSy)(f (@) pmy=1 = 2L,
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(4) Rza(f(S(Tn,k))) = (D2D)(f (2, y))la=y=1 = 2%+ (n+k—3)22T1 4+ 3(6) +
32atl,

(5) RRa(L(S(Tnr))) = (SISO (f(2,9)|amymr = o + B3 4+ 2 4 51
(6) SDD(L(S(Tn))) = (DaSy + Sy Dy) (f(2,9))|omy=1 = dn + 4k — 1.

(1) H(L(S(Top)) = 2S:)(f (@)oo =0+ k— &

(8) I(L(S(Ty,x))) = Szd Dy Dy (f(x,y))|o=1 = 2n + 2k — 5.

(9) A(L(S(T))) = S2Q-aJ DED3(f(2,y))]omr = 16n + 16k + 1155,
This completes the proof. O

F1GURE 3. The line graph of subdivision graph of the wheel graph.

3.3. Computational aspects of the Line graph of subdivision of Wheel
graph. We compute the M-polynomial of the line graph of subdivision graph of
the Wheel graph in the following theorem.

Theorem 5. Let L(S(Wy,41)) be the line graph of subdivision graph of the Wheel
graph. Then we have,

—1
M(L(SWy,y1))) = 4na®y® +nay™ + %m”y” + 32393,
Proof. 1t is easy to see that the order of the graph L(S(W, 1) is 4n out of which
3n vertices are of degree 3 and n vertices are of degree n. By handshaking lemma,
2

the size of the graph L(S(W,41)) is 522, The edge set of L(S(W,41)) can be
partitioned as,

| B33 = H{uv € E(L(S(Wny1))) : du = 3,d, = 3}| = 4n.

|Efnsy] = [{uv € E(L(S(Wyq1))) : dy = n,dy = 3} = n.
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n(n—1
B = [ € BSWoa)) ¢ d = mody =) = "),

From the definition, the M-polynomial of L(S(W,,+1)) is obtained bellow,
M(L(S(Wat1))) = D mij(L(S(Ws))a'y’

i<

= D mig(LSWas)y® + 3 mig (LSWasn)))y" +
3<3 3<n
+Zm7,] ’n-‘rl))) nyn
nn

= |E@syla®y’ + |Egany 2y + By l2"y"

nin—1)
2
This completes the proof. [l

= dnz’y’ + nady" + Y™ + 3x3y?

FIGURE 4. The M-polynomal for line graph of subdivision graph
of (a) Ladder graph, (b) Tadpole graph, and (c) Wheel graph.

Now using this M-polynomial, we calculate some degree based topological index
of the Line graph of subdivision of the Wheel graph in the following theorem.

Theorem 6. Let L(S(W,,41)) be the line graph of subdivision of the Wheel graph.
Then we have,

2. Ma(L(S(Wis1))) = —"(” o bonta),
3. M3 (L(S(Wny1))) = W-

2041 (),
4 Ro(L(S(Wiya))) = 4n(3) + n(3n)e 4 2=t
5. RRa(L(S(WnJrl))) 32a + 32’() + ZEZQQ1))
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SDD(L(S(W41))) = dntt20n49
H(L(S(Wyi1))) = ﬁ
I(L(S(Wn+1))> == +2n4(-;i35 +72n
A(L(S(Wn 1)) = toimye + iy + 220

© ® N>

Proof. Let M(L(S(Wp41));2,9) = f(z,y) = 4nm3y3—|—nm3y”+%x”y"+3x3y3
Then we have,

2
—1
Dm(f(mvy)) = 121’L$3y3—|—3n1‘3y"+(#) n,n
2
-1
Dy(f(%y)) = 12n33 Y —|—n2x3y” + (nf)xnyn.
3
-1
DrDy(f(%y)) = 36nx3y3 -+ 3n2$3y” + %xnyn
_ 4n 3 5 R
4n -1
S = 3,3 TL n
5.8, (fmy) = Py Y Pl
2a+1 -1
DEDS(fma) = n(E)%y +n@neaty + o Dny,
o 4n 3. 3 3 n TL(’I’L—I) non
Sy @) = gV GVt T Y
-1
2
—1
_ 2n g no a3 o n—1 5,
Sed(fley) = Fa®+ —a 4+ — =™
7y 20— 1)
DD = 6, “° pnt3 VP ) 2n
Sz J Dy y(f(as,y)) 6nx +n+3$ + i z
729n 27nt n?
2 3 3 = 4 ’I’L+1 2n—2
LJD3D _ o

Using table 1.we have,

(1) My(L(S(Why1))
(2) Ma(L(S(Why1))
(3) M5"(L(S(Wn+1)
(4) Ro(L(S(Wn+1))

) = (Da + Dy)(f(2,9))|smyer = n® + 27n.

) = (DyDy)(f (@, y))|omymy = PEnot6n4T2)

) = (SzSy)(f(mvy)”z:y:l = %#-

) = (DEDS)(f(@,y))amyer = 4n(32)+n(3n)o+ 222202,



THE M-POLYNOMIAL OF LINE GRAPH OF SUBDIVISION GRAPHS 2115

) RRG(L(S(Whs1))) = (5355)(F (0,9) mymr = 8 + g0 + B2t
) SDD(L(S(Woi1))) = (DS, + 8:Dy) (F(,9) oy = 421859,
7) H(L(S(Wasn)) = 2(S:) (f(2,9)lomn = L2,
)
)

6(n+3)
4 3 2
8) I(L(S(Wn41))) = Sod DuDy(f(x,y))|amy = 24280510
7 4
(9 A(L(S(Wn-i-l))) = SgQ—2JD§D2(f($ay))|w:1 = 16(:—1)2 + (3_7,_711)3 + %
This completes the proof. ([l

4. CONCLUSION

We obtained many topological indices for line graph of Ladder graph, Tadpole
graph, Wheel graph using subdivision concept. Firstly, we commuted M-polynomial
of these graphs and later recovered many degree-based topological indices applying

it.

These results can play an important role in Electrical, Electronics, Wireless

communication, Cryptography etc.
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