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Abstract

The Phi-4 equation plays an important role in mathematical physics and it is particular form of the Klein-Gordon
equation that models the phenomenon in particle physics. This significant equation has been studied by many
researchers and many solutions to this equation have been obtained by using different methods. In this study, the
solutions obtained by three important methods have been focused on: The modified simple equation method, the ansatz
method and He's variational method. Reconsidering the phi-4 equation, the same solutions and new trigonometric,
hyperbolic and elliptic function solutions have been obtained by using the sn-ns method. The similarities and
differences of the obtained solutions have been compared with each other. In addition to its easy applicability, the sn-ns
method was shown to be highly effective and reliable method.

Keywords: Ansatz method, He's variational method, Modified simple equation method, Phi-four equation, Sn-ns
method

Oz

Matematiksel fizikte énemli bir rol oynayan Phi-4 denklemi, bu olguyu par¢acik fiziginde modelleyen Klein-Gordon
denkleminin 6zel bir halidir. Bu énemli denklem bircok arastirmact tarafindan ¢alisilmig ve bu denklemin bir¢ok
coziimii farkli yontemler kullanilarak elde edilmistir. Bu c¢alismada, ii¢ onemli yontemle elde edilen ¢oziimlere
odaklanildr: Modifiye edilmis basit denklem yontemi, ansatz yontemi ve He'nin varyasyonel yontemi. Phi-dort denklemi
veniden goz éniine alinarak, daha dnce elde edilmis ¢oziimlerin yaninda yeni trigonometrik, hiperbolik ve eliptik
fonksiyon ¢oziimleri sn-ns yontemi kullanilarak elde edildi. Elde edilen ¢oziimlerin benzerlikleri ve farkliliklar
birbirleriyle karsilastirildi. Kolay uygulanabilirliginin yaninda, sn-ns metodun oldukca etkin ve giivenilir bir yontem
oldugu gosterildi.

Anahtar kelimeler: Ansatz metodu, He'nin varyasyone! metodu, Modifiye edilmis basit denklem metodu, Phi-four
denklemi, Sn-ns metodu
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1. Introduction

One of the well-known Phi-4 equations is given
by

D)

where a, f and A are real constants. Its name
being due to the expression

Upp — AUy — AU+ fud =0,

K = 2(¢? + ¢2) —5 2+ ¢* )
of the corresponding Hamiltonian density. This
equation has been the subject of intensive
investigation in the context of classical and
guantised field theory and it has been mainly
investigated as the simplest non trivial relativistic
invariant field theoretical model (Calogero and
Degasperis, 1982). Several forms of the phi-four
equation have been studied extensively by many
researchers and obtained different solutions. In
this study, we have focused on the solutions
obtained by three important methods: The
modified simple equation method, the ansatz
method and He's variational method.

Akter and Akbar have considered the Phi-4
equation in the form

3)

where a and b are real valued constants (Akter
and Akbar, 2015). By applying the modified
simple equation method and using the wave
variable = x + ct , they have found the following
solutions:

u (x,t) = + /— ‘;—2 tanh (% /sz_l a(x + ct)), 4
uy(x,t) = + /—‘;—Z coth (% /Cf—_la(x + ct)). (5)

In Cao at al. (2014), the authors have obtained the
topological 1-soliton solution or kink solution of
the equation

Upe — Usy + a?u + bu3 = 0,

(6)

by the ansatz method where parameters k, a and b
are all real-valued constants. In order to obtain
soliton solution of (6), they have taken the ansatz

(")

Upe — KUy — au — bu = 0,

u(x,t) = AtanhPt

where
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T=B(x+ct) (8)
Here in (7) and (8), the parameters A and B are
known as free parameters of the soliton or the
kink and c is the velocity of the soliton. Thus, they
have given the 1-soliton solution to the equation
(6) as follows:

u(x, t) = Jj% tanh( ’—2(C+k2)(x + ct)). ©)]

Najafi, by means of the He's variational method,
has obtained solitary solutions of the following
phi-four equation:

Upe — AUy — U+ u3 =0, (10)
where a is an arbitrary constant (Najafi, 2012).
The author has used the ansatz
u(x,t) = Asech(x + ct) (12)
in variational formulation and consequently,
obtained the following solitary solutions:

u(x,t) = —“”Jrzgcz_“) sech(x + ct), (12)
uy (x,0) = = Y2 D sech(x + c), (13)

where c¢ and « are arbitrary constants.

The projective Riccati equations can be used to
obtain powerful methods that allow us to solve
many nonlinear ordinary and partial differential
equations in closed form. The sn-ns method is one
of the methods mentioned and it provides elliptic
function solutions as well as trigonometric,
complex and hyperbolic solutions.

Motivated by the above valuable works, we will
study a generalized form of the phi-four equation
given by

Upe — AUy — AU+ fud =0, (14)
where a,  and A are real constants. In this study,
we will apply the sn-ns method for solving the
phi-four equation and obtain new exact solutions.

The similarities and differences of the obtained
solutions will be compared with each other.

2. A Brief Introduction to Jacobi Elliptic
Functions

The Jacobi elliptic functions are standard forms of
elliptic functions and they can be defined with
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respect to certain integrals. The sn-ns method @ = amu. (16)
provides an exact solution to differential equations
in terms of the three basic Jacobi elliptic functions Taking into account 0 < m* < 1, we define the
cn(u, m),dn(u, m) and sn(u, m). Thus if standard Jacobi elliptic functions
¢ 0 sing = sn(u, m) (17)
u= —_— (15) cosp = cn(u,m) (18)
—m2¢in2f)z 1
(1-m?sin®6)2 (1 — m?sin?¢)z = dn(u, m) (19)
and the basic relations between these functions
the angle ¢ is called the amplitude and its shown can be written as follows:

as

sn?(u,m) + cn?(u,m) = 1,

m?sn®(u, m) + dn®(u,m) = 1, (20)
m2cn®(u,m) + (1 — m?) = dn?(u, m),

cn?(u,m) + (1 — m*)sn?(u, m) = dn®(u, m).

The basic jacobian elliptic functions also hold the following identities in the special cases:

sn(u, 0) = sinu, cn(u, 0) = cos u, dn(u,0) =1, sn(u,1) =tanhu

cn(u, 1) = sechu, dn(u,1) =sechu, sn(0,m)=10, cn(0,m)=1 (21)
dn(0,m) =1, sn(u,1) =tanhu, cn(u, 1) = sechu, dn(u, 1) = sechu

These functions are derivable and the derivatives of the three basic Jacobi functions with respect to variable
u can be expressed through other basic Jacobi functions:

BRI — en(u, m)dn(u, m),
aCna(Z;m) — _Sn(u' m)dn(u, m)y (22)
5d“a(;"m) = —m?sn(u, m)cn(u, m).

The combinations of the letters s,c,d,n give a total of 12 functions: cd, cn, cs, dc, dn, ds, nc, nd, ns, sc, sd, and
sn. Generally if p, q, r are any three of the letters s, ¢, d and n,these 12 functions can be derived as follows:

pqu = 2=, (23)

qru

Thus, relation of the Jacobian functions to the snu, cnu and dnu can be written as follows:

cnu dnu snu dnu snu
cdu = — dcu = — sdu = — dsu =— scu = — (24)
dnu cnu dnu snu cnu
cnu 1 1 1
csu = — nsu = — ncu = — ndu = —
snu snu cnu dnu

For more details on the Jacobian elliptic functions we refer the interested readers to Abramowitz and Stegun
(1972).

3. The sn-ns method method (Salas, 2011). We can summarize the
method as follows:
The sn-ns method has been introduced by Salas

and Castillo (Salas and Castillo, 2011). Salas has Step 1. First, consider a general form of the
considered the Ito equation and obtained some nonlinear equation
solutions of the equation by using the sn-ns P(u, Ug, Uy, Uy, Ut Uty - ) = 0. (25)
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Step 2. To find the traveling wave solution of
equation (25), we use wave transformation

u(x,t) =U(&) and & = x + ct,
where c is a constant.

(26)

Step 3. Using (26) changes PDE (25) to an ODE

Q,U,U",...) =0, (27)

Step 4. If necessary we integrate (27) as many
times as possible. Adhering to the boundary
conditions for & —» +oo,

UE 05250 (n=123,.), (28)

the integration constants should all be set zero.

Step 5. To obtain the solutions of (27) we try one
of the following ansatz:

U(§) = XL, assn'(k§,m) + XiL, bins'(k&,m)  (29)
ue = Zlivio aicni(kf' m) + Zf.wzl binci(kf, m) (30)
ue = Qio aidni (k&,m) + Zi‘il bindi(kf, m) (31)

where k, a; , b; are constants and M is an integer
in most cases. If M is not an integer, this problem
can be solved by using a transformation formula.

Step 6. Before we look for the solutions we must
first determine the parameter M. To determine the
parameter M, the linear terms of highest order in
the resulting equation with the highest power
nonlinear terms are balanced. When M
determined, using (29), (30) or (31) and (22) in
(27), we get a polynomial of Jacobian elliptic
functions. All the coefficients of powers of elliptic
functions in the resulting equation must be zero.
This yields a set of algebraic equations for k, a;
,b;and ¢ (i =0,1,2,..., M). Solving the equation
system we obtain an analytic solution in a closed
form.

4. The Exact Solutions of the Phi-four Equation
by using the sn-ns method

We now consider the generalized form of the phi-
four equation
Upe — AUy — AU+ fud =0, (32)

where o, and A are real constants. Using the
following transformation
ulx,t) =U(),E=x+ct (33)

we can carry (32) into the following ODE
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(c?—a)U" —AU +BU3 =0. (34)
Balancing U"" with U3, we find M + 2 = 3M and
M = 1. In view of the sn-ns method we could
assume the solution of (34) has the ansatz form

U(&) = ap + aysn(ké, m) + byns(k&é, m). (35)

Substituting (35) with the derivatives

d%sn _
g2
2m?k?sn3(k&, m) — (m? + 1)k?sn(k&, m), (36)

P 0 = 2ns®(kg,m) — (m® + Dns(kg,m),  (37)

into (34) and considering nsu = 1/snu, we obtain
a polynomial equation with respect to the variable
¢ = sn(k&, m). If we collect the coefficients of
each power of ¢ and set each coefficient to zero
then find a system of algebraic equation system
for a; , b;, k and c. Solving the resulting system
of algebraic equations, we find the following
exact solutions:

(38)

2
(\/ (m?2+1)(c2-a) Cx + Ct)'m>'
-1
(m2+1)(c%2-

-1
sn (\/ (m2+6m+1)(c2—a) (x+ ct)_m) +

(40)

2Am?
Uy, = i\/ﬁ(m2+1) sn

B 22
Uz = i\/ﬁ(mzﬂ) ns - (x + ct),m), (39)

Ue o = 2Am?
567 B(m?+6m+1)

-1
ns (\/ (m2+6m+1)(c?2-a) (r + Ct)'m)'

21
B(m2+6m+1)

- 2Am?
78~ B(m?—6m+1)

21 -1
\/B(m2—6m+1) ns (\/ (m2-6m+1)(c2-a) Ce + Ct)'m>'
where c is left as a free parameter. We can use

any other useful ansatz to obtain other solutions of
(34). Now, we try the following ansatz:

)
sn (\/ P (x+ ct),m) +

(41)

U(§) = ag + aycen(ké, m) + bync(ké, m). (42)

Using the same procedure we obtain following
solutions to equation (34):

u =+ 24m? cn
910 =~/ g(2m2-1)

(\/ (ZmZ—f)(cZ—a) e+ Ct)'m)' (43)

2(1-m2)A
Uq1,12 = i\lﬁ(l_mz) nc

A
(2m?2-1)(c%2-

where c is left as a free parameter.

- (x+ ct),m), (44)
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5. Comparison of the solutions

In this section, we have compared the solutions
obtained by the sn-ns method in this study with
those obtained by modified simple equation
method, the ansatz method and He's variational
method.

We first consider the solutions (38) and (39)
obtained by the sn-ns method in this work:

2Am?
Upp = iJB(m2+1) sn (\/ (m2+1)(c2 (x + ct), m)

! )
Usa = I gD S\ mtrnc-o

Setting @ = 1,1 = —a? and B = b, we get the
following solutions respectively:

~ __2a*m? a?
g = iJ Preerehl <\/ Ty (x+ ct),m);

2

~ __2a’m? a
Uz = iJ sz 1S <\/ TDE=D (x + ct),m).

As stated before in (21) and (24) when m — 1 the
following equalities hold:

(x+ Ct),m).

sn(u,m) = tanh u
ns(u,m) = cothu

Thus, the solutions u; , and u3 4 degenerate into
the solutions (4) and (5) obtained by the modifed
simple equation method.

Also, setting @ = kA =a,f = —b in (38) we
get

~ __2am?
Use = i\I bm+n) o0 («f (m? +1)(c2 ) (e +ct), m)

Taking m — 1, the last solution reduces to the
solution (9) obtained by the ansatz method.

We next consider the solution (43) obtained by the
sn-ns method in this work:

2Am? A
Ug,10 = BGm?—1) cn (2m2?2-1)(c?-a)

Setting 4 = 8 = 1, we obtain following solutions:

2m?2 1
fig10 = £ ’2 > 1cn( ’(Zmz_l)(cz_a) (x+ ct),m).

From (21), in the limit case m — 1, we can write
cn(u, m) = sechu.

(x+ ct),m),

So, the solution (43) turns into the solution:

u = ++/2sech (\/_) (x + ct). (45)

It can be seen easily that (45) degenerate into the
solutions (12) and (13) for ¢* = a + 1.

6. Conclusion

We have given a brief introduction to Jacobi
elliptic functions. Using basic Jacobi elliptic
functions sn,cn and dn we have summarized the
sn-ns method. The method has been successfully
implemented to find travelling wave solutions for
the Phi-4 equation. Although we have had the
same solutions found by the modified simple
equation method, the ansatz method and He's
variational method, the sn-ns method have given
trigonometric and elliptic function solutions in
addition to hyperbolic solutions. Therefore, the
sn-ns method is useful and trustworthy method to
get more solutions to NLPDEs. Throughout the
work, Maple and Mathematica have been used to
overcome the tedious algebraic calculations.
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