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Abstract
In this paper, we give a new approach to obtain identities for Fibonacci and Lucas octonions.
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1. Introduction

O is an eight-dimensional non-associative and non-commutative division algebra over R. A natural basis of this
algebra as a space over R is formed by the elements

eo=1,e1=1,e2=7, e3=k, e =e, es =ie, eg = je, e7 = ke

where i2 = j2 = k2 = —1, ij = k = —ji, jk =i = —kj, ki = j = —ik and ijk = —1.
The multiplication table for the basis of O is

[ 1t Jer [es [es Jea [es [es [er |
1 1 e1 es es ey es eg er
€1 €1 -1 €3 —€9 €5 —e€4 —er €g
es || ea | —ez | —1 e1 €g er —ey | —e5
€3 €3 €9 —e1 -1 (rd —€g €5 —e€4
eq || e4 | —e5 | eg —e7 | —1 e1 ) es
€5 €5 €4 —er €g —eq -1 —e€s3 €9
es || e | er ey —e5 | —es | e3 —1 —e1
€7 (S1rd —€6 €5 €4 —€3 —€9 €1 -1

Together with this notation, a octonion p takes the form

7
b= Z bi€i
i=0
where p; € R. Every octonion p can be written as the sum of two parts, real and imaginary parts.
p=Re(p) +Im(p).
This definition gives that Re (p) = po and Im (p) = 22:1 p;e;. The conjugate of p, P, is defined
p=Re(p) —Im(p).

For p, g € O, the identities

p=p (p+q)=D+7 PI=77p
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follow.

For n > 2, the Fibonacci and Lucas sequences are defined as
Fo=F, 1+ F, 2, Fy=0F=1

and
L,=L, 1+ Lp2 Lo=2L =1,

respectively. There are lots of amazing identities belongs to Fibonacci and Lucas numbers. For the details, we refer
the book of T. Koshy ([3]).
Kegilioglu and Akkus [2] gave the definitions of the Fibonacci and Lucas octonions as

7 7
Qn = § Fn-l—jeja Hn = E Ln—i—jejy
j=0 j=0

respectively. Moreover, they present several identities about the Fibonacci and Lucas octonions. The binet formulas
of these octonions are used in their paper to get identities.

Up to now, the identities for both Fibonacci quaternion Lucas quaternions and Fibonacci octonion Lucas
octonions are obtained by the using binet formulas or special identities for Fibonacci and Lucas numbers. Irmak [1]
gives an alternative approach to obtain identities. He used the matrix methods for Fibonacci and Lucas quaternions.

In this paper, we give several identities for Fibonacci and Lucas octonions by using Irmak’s approach.

Before going further, we need a square matrix W as

Q1 Qo
W =
( Qo Q-1
Since the algebra O is non-commutative, we need two different determinant definition. Let A be a octonion square
matrix. Denote A by,

where a;; € O for i = 1,2 and j = 1, 2. The determinant of A, det A, is defined by

det A = det | *1 "2
a1 Q22

= a110a22 — a120a21. (1-1)

The above definition is called rule "multiplication from above to down below". Since the set of all quaternion is not
commutative, another product direction can be defined. Namely, The definition

DetA = det| *1 ®12
a1 az9o

= 22011 — 021012 (1-2)

is called the rule "multiplication from down below to above" (For details, see the book [4], section 9.11.)
The Fibonacci matrix U is known that
po(1 1
L1 0

n __ F n+1 F n
vt = < F, n F, n—1 > ’
If we multiply the matrices W and U™, we get Fibonacci octonion matrix (entries are Fibonacci octonions). Namely,
we obtain the following fact

which yields that

n __ n _ Qn+1 Qn
wuU" =U"W = ( 0, O, ) (1.3)
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2. Main Result

First theorem is about the Cassini identity belongs to Fibonacci and Lucas octonions. Since there are two different
determinant definitions of a octonion matrix, we give the different Cassini identities.

Theorem 2.1. (First type Cassini identity) For n > 1, we have the identities
Qn-1Qni1— Q5 = (—1)" (2Q1 — (14e5 + 126 + Tez))

and
Hy 1Hypq — H2 =5(—=1)""" (2Q1 — (14e5 + 12¢6 + Ter)) .

n _ Fopn  Fy Q1 Qo
vtw = ( Fn Fn—l)(QO Q—l)

— QnJrl Qn

follows. After taking determinant (1.2) together with the identity F}, 1 F,—1 — F? = (—1)" , we obtain

anlQThLl - Q?L = (Fn+1Fn71 - Fs) (Q*lQl - Q(z))
(=1)" (2Q1 — (14e5 + 1266+ Ter)).

Proof. By (1.3)

as claimed. Since F,,_1 + F,,+1 = L, then we write

Ut Uty W = <Ln+1 Ly, ><Q1 Qo )

Ln Lnfl QO Q*l
_ Hn+1 Hn
N Hn anl '
Applying the equation (1.2) gives that
H, 1H, — H2 = (Ln+1Ln—1 - Li) (Q—lQl - Q%)
= 5(—=1)""1(2Q1 — (14e5 + 12e6 + Ter)).
O
Now, we use the first definition of determinant (1.1) to obtain the second type Cassini identity.
Theorem 2.2. (Second type Cassini identity) For n > 1, we have the identities
Qni1Qn—1— Q2 = (—1)" (2Q_1 + 14e5 + 18eg + Te7)
and
Hpy1Hyoy — H2 =5(—1)"""(2Q_1 + 14e5 + 18¢4 + Ter) .
Proof. Since the equation (2.1) holds, then the definition 1.1 yields that
Qni1Qn-1— Q2 = (Foo1Fop1— F7) (Q1Q-1— Q7)
= (_1)77, (2Q71 + 14e5 + 18eg + 767) .
Similarly, we get
Hyg1Hyoy — H2 =5(=1)"""(2Q_1 + 14e5 + 184 + Te7) .
O

Theorem 2.3. For n,m > 1 integers, then

Qern = m+1Qn + Fanfl

follows.
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Proof. The fact U™ F = U™ (U"F) yields that
Um—i—nW _ Qm+n+1 Qm—i—n )
( Qm+n Qm+n—1
= U™ U"w)
Fm+1 Fm Qn+1 Qn >
= . 22
< Fm mel ) < Qn anl ( )
Equating the first row second column entries of two matrix in (2.2) yields that
Qern = m+1Qn + Fanfb
O

Since Fp,—2 + Fin—1 = Fp and Qpynt1 + @min—1 = Hpmyrn holds, we get the following identity as a corollary.

Corollary 2.1. For positive integers m and n, we get
Hm+n = Lm+1Qn + Lan,1

Theorem 2.4. For n,m > 1 integers, we have

7
Qm+1Qn + Qanfl = Z Qm+n+i€i~

=0

Proof. The identity F (T™*"F) = (FT™) (T"F) yields that
( Ql QO > < QernJrl Qern >
Qo Q- Qm+n Qm+n—1

_ ( Q7n+1 Qm ) ( QnJrl Qn >
Qm mel Qn anl

If we equalize the first row and second column elements in the equation (2.4), we obtain the claimed result.

We deduce the following matrix equation system by the equation (2.3).

( Hyynyr  Hpgn ) _ ( Lyi1 Ln ) < Qny1 Qn
Qn anl

Hern Hernfl Lm mel

If we multiply the equation (2.5) with the matrix W from left side, we deduce

Ql QO Hm+n+1 Hm-‘,—n
Q() Qfl Hm+n Hernfl

— (( Ql QO > ( Lm—&-l Lm )) ( Q7L+1 Qn
QO Q—l Lm Lm—l Qn Qn—l

— (Hm+1 Hp, )(Qn+1 Qn >
Hm Hm—l Qn Qn—l ’

Equating the first row and second column element, we obtain the following theorem.

Theorem 2.5. For m,n > 1, we get

7
H77L+1Q’VL + H’an—l - § Hm—i—n—i—l—i—iei~
i=0

(2.3)

(2.4)

O
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Let define the conjugate matrix of W as

o @ Qo
Qo Q-
From now on, we give both first and second type Cassini identities for the conjugate Fibonacci and Lucas

octonions.
Theorem 2.6. The identities

Qn1Qni1 — Q2 = (—=1)" (2 — 2e5 — 2e3 — deq — 20e5 — 22e6 — 23e7)

Qni1Qn_1— Q> = (=1)"(2—=2e; — 4ey — bes — 10e4 — 2e5 — 8eg — 35e7)

Hy 1Hypy —H? = 5(=1)"""(2 =2y — 2e5 — dey — 20e5 — 22e6 — 23e7)

n

and
HyorHy oy — H2 =5(=1)""" (2 — 2ey — 4ey — 6e3 — 10e4 — 2e5 — 8eg — 35€7)

holds for n > 1.

Proof. The identity
~ Q1 Qo ( Fopr  Fy )
wur = <l 3
( Qo Q- > Foo Fa

_ éﬂ+1 A;Qvn
Qn Qn -1
After taking determinant according to the first and second rules, we obtain first and second identities. To obtain the
third and fourth ones, we follow the proofs of Theorem 2.1 and Theorem 2.2. O
In order to cut unnecessary repetition, we get the following identities together with the matrices W, W and U.

Theorem 2.7. For the integers m and n,

1) The identity W (U™ ™) W = (WU™ ) (U"W) vields that
y y

7
Qm-i—n-i—l - Z Qm+n+1+ses = Qm+1Qn+1 + QmQn-

s=1
2) The identity (WU”*”) W= (WUm) (U™W) gives

7
> Quiniirss = Qmi1Qnit + QmQn.

s=0
3) By the identities (W U™ ") W = (WU™) (U”W) and W (Um+nW) = (WU™) (U“W)
7
Z ém+n+1+ses = Qm+1©n+1 + Qm@n

s=0

7
Qmtnt1 — Z Qminti+ss = Qmi1Qni1 + QmCn

s=1

hold, respectively.
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