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ABSTRACT

In this paper, we study pseudo-slant submanifolds of a Cosymplectic manifold. We research
integrability conditions for the distributions which are involved in the definition of a pseudo-slant
submanifold. The necessary and sufficient conditions are given for a pseudo-slant submanifold to
be pseudo-slant product.
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1. Introduction

The differential geometry of slant submanifolds has shown an increasing development since B.Y. Chen
defined slant submanifolds in complex manifolds as a natural generallization of both invariant and anti-
invariant submanifolds [9, 10]. After then many research articles have been appeared on the existence of these
submanifolds in various know spaces. The slant submanifols of an almost contact metric manifolds were
defined and studied by A. Lotta [15]. After, such submanifolds were studied in [5] and by ]. L. Cabrerizo et al,
of Sasakian manifolds [6].

Semi-slant submanifolds of Kaehler manifold N. Papaghich [16], as a naturel generalization of slant
submanifolds. After then, bi-slant submanifolds was introduced in a almost Hermitian manifold. Recently,
Carriazo defined and studied bi-slant submanifolds in an almost Hermitian manifold and gave the notion
of pseudo-slant submanifold in an almost Hermitian manifold. After then, V. A. Khan and M. A. Khan [12],
defined and studied the contact version of pseudo-slant submanifold in a Sasakian manifold. Recently, M.
Atgeken [2] studied slant and pseudo-slant submanifold in (LC'S), —manifolds.

The present paper is organized as follows.

In this paper, we study the geometry of the pseudo-slant submanifolds of a Cosymplectic manifold. In
section 2, we review basic formulas and definitions for a Cosymplectic manifold and their submanifolds. In
section 3, we recall the definition and some basic results of a pseudo-slant submanifold of almost contact
metric manifold. We deal with the integrability of the distributions on the pseudo-slant submanifolds of
a Cosymplectic manifold and then we obtain analogous results for these submanifolds in the setting of
Cosymplectic manifolds. The necessary and sufficient conditions are given for a pseudo-slant submanifold
to be pseudo-slant product.

2. Preliminaries

In this section, we give some notations used throughout this paper. We recall some necessary fact and
formulas from the theory of Cosymplectic manifolds and their submanifols.
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Let M be a (2m + 1)-dimensional C>°— differentiable manifold with the almost contact metric structure
(¢,€,m,9), where ¢ is a tensor field of type (1,1), £ is a vector field, n 1-form and g Riemannian metric on

M, satisfying

P*X = —X +n(X)E, (2.1)
P =0, nog =0, n(§) =1, n(X)=g(X,§) (2.2)

and
9(¢X,9Y) = g(X,Y) —n(X)n(Y), g(¢X,Y) = —g(X, oY) (2.3)

for any vector fields X,Y on M.

An almost contact structure (¢, &, ) is said to be normal if the almost complex structure J on the product
manifold M x R given by.
d

d
&)= (6X — f&u(X) %)

J(X, f =

where f is the C>°— function on M x R. The condition for normality in terms of ¢, { and nis [, ¢] +2dn ® £ =0
on M, where [, 8] (X,Y) = ¢? [X,Y]+ [¢X,0Y] — ¢ [¢X,Y] — ¢[X, ¢Y] is the Nijenhuis tensor of ¢. Finally
the fundamental 2—form @ is defined by ®(X,Y) = g(X, ¢Y).

An almost contact metric structure (¢, &, n, g) is said to be Cosymplectic, if it is normal and both ® and are
closed, and structure equation of Cosymplectic manifold is given by

(Vx)Y =0 (2.4)
for any vector fields X,Y on M.

Then, M is called a Cosymplectic manifold, where V is the Levi-Civita connection of g. We have also on a
Cosymplectic manifold M

Vx&=0 (2.5)
forany X,Y € F(T]Tf).
Now, let M be a submanifold of a contact metric manifold M with the induced metric g. Also, let V and V+

be the induced connections on the tangent bundle 7'M and the normal bundle T+ M of M, respectively. Then
the Gauss and Weingarten formulas are, respectively, given by

VxY = VxY + h(X,Y) (2.6)
and
VxV = —AyX + ViV, 2.7)

where h and Ay are the second fundamental form and the shape operator (corresponding to the normal vector

field V), respectively, for the immersion of M into M. The second fundamental form and shape operator are
related by formula

9(Av X, Y) = g(h(X,Y),V) (2.8)
forall X, Y e I(TM)and V € I(T+M).

If h(X,Y) =0, for each X,Y € I'(T'M) then M is said to be totally geodesic submanifold.
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3. Pseudo-Slant Submanifolds of a Cosymplectic Manifold

In this section, we will obtain the integrability condition of the distributions of pseudo-slant submanifold
of a Cosymplectic manifold. Also, the necessary and sufficient conditions are given for a pseudo-slant
submanifold to be pseudo-slant product.

Now, let M be a submanifold of an almost contact metric manifold M. Then for any X € I'(TM), we can
write

X =TX + NX, 3.1)

where TX is the tangential component and NX is the normal component of ¢.X. Similarly, for V € I'(T+M),
we can write

oV =tV 4+ nV, (3.2)
where tV is the tangential component and nV is also the normal component of ¢V'.
Thus by using (2.1), (3.1) and (3.2), we obtain
T? = -T+n®&—tN, NT+nN=0 (3.3)
and
Tt+tn=0, Nt+n?=—-I (3.4)
Furthermore, for any X,Y € I'(TM), we have g(TX,Y) = —g(X,TY) and V,U € I'(T+ M), we get g(U,nV) =
—g(nU, V). These show that T" and n are also skew-symmetric tensor fields. Moreover, for any X € I'(T'M) and
V € T(T+M), we have
g(NX,V) = —g(X,tV), (3.5)

which gives the relation between N and ¢.

Furthermore, the covariant derivatives of the tensor field T, N, ¢ and n are, respectively, defined by

(VxT)Y = VxTY —TVyY, (3.6)
(VxN)Y = VxNY — NVyY, (3.7)
(Vxt)V = VxtV —tVxV (3.8)
and
(Vxn)V = VxnV —nVxV. (3.9)

A submanifold M is said to be invariant if NV is identically zero, that is, X € I'(T'M) for all X € I'(TM). On

the other hand, M is said to be anti- invariant if 7" is identically zero, thatis, ¢.X € I(T M) forall X € T(TM).
By an easy computation, we obtain the following formulas

(VxT)Y = Ayy X +th(X,Y) (3.10)
and
(VxN)Y =nh(X,Y) - h(X,TY). (3.11)
Similarly, for any V € I'(T+ M) and X € I'(T M), we obtain

(Vxt)V = Apv X — TAy X (3.12)
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and

(Vxn)V = —h(tV,X) — NAy X. (3.13)

Since M is tangent to £, making use of (2.5), (2.6), (2.8) and (3.1), we obtain

forall V e I(T+M) and X € I'(TM).
In contact geometry, A. Lotta introduced slant submanifold as follows [15].

Definition 3.1. A submanifold M of an almost contact metric manifold M is said to be a slant submanifold if for
any z € M and X € T, (M) — &, the angle between ¢.X and T, (M) is constant. The constant angle 6(z) € [0, 5]
is called slant angel of M in M. 1If 6 = 0 the submanifold is invariant submanifold, if 0 = 7 then it is anti-invariant
submanifold, if 0 # {0, 7 } then it is proper slant submanifold. [15]. The tangent bundle 7'M of M is decomposed as
TM = D @ &, where the orthogonal complementary distribution D of £ is know as the slant distribution on M.
We have the following result in the setting of almost contact manifolds given by Cabrerizo et.al.

Theorem 3.1. Let M be a slant submanifold of an almost contact metric manifold M such that & € T(TM). Then, M is
slant submanifold if and only if there exists a constant X € [0, 1] such that

T? = -\I-n®¢) (3.15)
furthermore, in this case, if 0 is the slant angle of M, then X\ = cos® 0 [6].

Corollary 3.1. Let M be a slant submanifold of an almost contact metric manifold M with slant angle 6. Then for any
X, Y e (T M), we have

g(TX,TY) = cos” 0 {g(X,Y) —n(X)n(Y)} (3.16)
and
g(NX,NY) =sin? 0 {g(X,Y) —n(X)n(Y)}. (3.17)

It is well known that th = 0 plays an important role in the geometry of submanifolds. This means that the
induced structure 7' is a cosymplectic structure on M. By using ( 3.10) and (3.14), we obtain

n((VxT)Y)=0 (3.18)
for X,Y € I'(Dy).

Definition 3.2. Let M be a submanifold of an almost contact metric manifold M. M is said to be pseudo-slant

of M if there exist two orthogonal distributions D+ and Dy on M such that:

i) TM has the orthogonal direct decomposition TM = D+ @& Dy, £ € I'(Dy).

ii) The distribution D+ is an anti-invariant, thatis, ¢D+ c T M.

iii) The distribution Dy is a slant, that is, the slant angle between of Dy and ¢(Dy) is a constant.

If 6 = 0 then, the submanifold becomes a semi-invariant submanifold.
Let my =dim(D*) and me=dim(Dy). We distinguish the following five cases.
i) If my = 0 or § = 7, then M is an anti-invariant submanifold.
ii) If my = 0 and 6 = 0, then M is invariant submanifold.
iii) If m; = 0 and 6 # 0,7, then M is a proper slant submanifold.
iv) If mom, # 0 and 6 = 0, then M is a semi-invariant submanifold.
v) If mamy # 0and 6 # 0,7, then M is a pseudo-slant submanifold [12].
If we denote the projections on D+ and Dy by P, and P, respectively, then for any vector field X € I'(T'M),
we can write
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Now operating ¢ on both sides of equation (3.19), we have
X =P X + o X

and

TX+NX=NPX+TPX+ NPX.
We can easily to see

TX =TPX, NX=NPX+NPX
and

¢PIX = NP X, TPX =0, P2 X =TP,X + NP, X, TP,X € I'(Dy).

If we denote the orthogonal complementary of ¢(T'M) in T+M by u, then the normal bundle 7+ M can be
decomposed as follows

T+M = N(D*) @ N(Dy) @ p. (3.20)

We can easily see that the bundle 4 is an invariant subbundle with respect to ¢. Since D+ and Dy are orthogonal

distribution on M, g(Z, X) = 0 for each Z € F(DL) and X € I'(Dy). Thus, by equation (2.3) and (3.1), we can
write

g(NZ,NX) = g(¢Z,¢X) = g(Z,X) =0

that is, the distributions N (D) and N(Dy) are also mutually perpendicular. In fact, the decomposition (3.20)
is an orthogonal direct decomposition.

Theorem 3.2. Let M be a submanifold of an almost contact metric manifold M. Then Dy is slant distribution if only
and if there is a constant X € [0, 1] such that

(TP2)?X = —)\X. (3.21)
for any X € T'(Dy). In this case, the slant angle 6 satisfies A = cos® 0 [6].
Now, we construct on example of a pseudo-slant submanifold in an almost contact metric manifold.
Example 3.1. Let M be a submanifold of R” defined by the equation
(u,v,8,t,2) = (V3u,v,vsina, v cos a, s cost, —s cost, z).

We can easily to see that the tangent bundle of M is spanned by the tangent vectors

0 0 0
\/7871‘1 2:871+Sln0[872+c()80é872
0
= t— — t— = — t— t—
€3 = CoS 92 coSs 8y3 eq = —ssin oz 3Jrssm 93
0
€5 = g = &
For the contact structure ¢ of R, choosing
0 0 0 0
= — ) = 1<, 7<3
0 0
o(52) = 075257 n=dz.

0z
For any vector field W = p; 52~ 3 -+ v 8 -+ Ay a € T(R7), then we have

0 0

0 0
OW = b G) 4 1305 ) 4 AGE) = g = vy
i 7
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o i Vi) = 47
8%— 8yj axl ¢ J

0 0,0 0
02" 0w;, "oy, T o2

0 0 g 0
W(W)—Q(I/Vag)—g(ﬂiaimﬁ‘%@‘f' 92 az)

0
g(eW, oW) = g(ui@ -
J

AN

0
gW,W) = gwi@ + v ay,

—u§+1/]2+)\2,

A

and
0 0 0 0
2 —_— e — . [— —_— = —
»W = Mgy Vjayj /\82+Aa W +n(W)¢
for any i,j = 1,2, 3. It follows that g(¢W, W) = g(W, W) — n?*(W). Thus (¢,&,n,g) is an almost contact metric
structure on R”. We call the usual contact metric structure of R”. Then we have

0 0 0 0
qSel—\/ga—yl, pey = — T —|—smaa—2—cosaa—z2

é 10 +cost—, ¢ 19 t
€3 = COSl— COS s eq = —Ssint— — ssint——
° dys3 Oz3 ‘ Jys3 Oz’

By direct calculations, we can infer Dy = span{e;, e2} is a slant distribution with slant angle

cos ) = dlezden) 2 0 = 45°. Since
lezNger] — ’ :

g(¢63761) = g(¢63762) = g(¢63764) = g(¢63765) = 07

g(ges,e1) = g(des, e2) = g(peq, e3) = g(pea,es5) = 0,

¢es and ¢e, are orthogonal to M and D+ = span{es,eq} is an anti-invariant distribution. Thus M is a 5 -
dimensional proper pseudo-slant submanifold of R” with it’s usual almost contact metric structure.

Moreover, for any Z, W € I'(D*) and U € I'(T M), also by using (2.4), (2.7) and (2.8), we have
9JANzW — Ayw 2, U) = g(h(W,U),NZ) — g(h(Z,U), NW)
9(VuW.62) = g(VuZ, W)
= 9(OVuZ W) — g(¢VuW. 2)
= 9(VuoZ — (Vue)Z,W)
+9(Vud)W = VyoW, 2)
9(VuoZ. W) — g(VuoW, 2)
—9(AnzU, W)+ g(AnwU, Z)
g(ANwZ — AnzW,U).

It follows that

Theorem 3.3. Let M be pseudo-slant submanifold of Cosymplectic manifold M, then
ViyNZ —V-NW e N(D1)
forany Z,W € T'(D%).
Proof. For any Z,W € I'(D*) and V € p, we have
J(VigNZ = VZNW.V) = g(VwoZ + AgzW = VzoW — AgwZ,V)
= 9(VwoZ —Vz6W,V)
= 9(Vwo)Z + ¢VwZ,V)
~g(V2$)W + ¢V W, V)
= 9(OVwZ.V) - g(¢VzW.V)
= 9(VzW.0V) ~ g(VwZ.6V)
= 9(VzW,0V) —g(VwZ,¢V)
+9(W(Z, W), ¢V) = g(h(W, Z),¢V) = 0.
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Thus the proof is complete. O

Theorem 3.4. Let M be a pseudo-slant submanifold of a Cosymplectic manifold M. Then the anti-invariant distribution
D+ is completely integrable and its maximal integral submanifold is an anti-invariant submanifold of M.

Proof. For any Z,W € I'(D*) and X € I'(Dy), by using (2.4), (2.6), (2.7) and (2.8), we have

g([(Z,W],X) = g(VzW —VwZ, X)=g(VwX,Z) — g(VzX,W)

= g(¢VwX,02) — g(6Vz X, W)

= g(VwoX,$Z) — g(Vz6X,¢W)
~9(Vwe)X,6Z) + g((V29) X, W)

= g(VwTX +VwNX,NZ)
—g(VzTX +VzNX,NW)

= g(h(TX,W),NZ) — g(h(TX,Z),NW)
+9(ViwNX,NZ) — g(V,NX,NW)

= g(AnzW — ANwZ,TX) + g(Viy NX,NZ)
—g(V,NX,NW)

by using (3.7), (3.11) and (3.22), we have

9(ZW].X) = g(VwNX,NZ)-g(V,NX,NW)

= g(VwN)X + NVwX,NZ)
—g((VzN)X + NVzX,NW)

— g(nh(W, X) — h(W,TX),NZ)
—g(nh(Z,X) — W(Z,TX),NW)
+9(NVwX,NZ) — g(NVzX, NW)

= —g(h(W,TX),NZ)+ g(h(Z,TX), NW)
+9(NVwX,NZ) — g(NVzX,NW)

by using (3.17), we obtain

9([Z,W],X) = sin®0g(VwX,Z) —sin®0g(Vz X, W)
= sin?0g(VzW, X) —sin? 0g(Viw Z, X)
= sin?0g([Z, W], X)

hence
cos? 0g([Z, W], X) = 0.

Thus [Z, W] € T(D1) for any Z, W € I'(D4), that is, anti-invariant distribution D+ is always integrable and its
integral submanifold is an anti- invariant submanifold of M. Thus the proof is complete. O

Now, by using (2.4), we have
(Vx9)Y = VxoY —¢VxY =0.
Hence, by using (2.6), (2.7), (3.1) and (3.2), we obtain
—AnyX +VxNY —TVxY — NVxY — th(X,Y) — nh(X,Y) = 0.
forany X,Y €T (D1). From the tangent components of this last equation, we obtain
ANyX+TVXY+th(X, Y) =0. (323)
By interchange roles of X and Y in (3.23), we have

AnxY + TVy X +th(X,Y) =0 (3.24)
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which is equivalent to
T[X,Y]=AnxY — Anyv X.

From (3.22), we can easily to see that the anti-invariant distribution D+ is always integrable.
Since the ambient manifold M is Cosymplectic, for any Z, W € I' (D4)

(6Z¢)W =0
which implies that
VoW — ¢NVzW =V ZNW — (VW + h(W, Z)) = 0.

So we have
—ANwZ +VENW =TV W — NV W — th(W, Z) — nh(W, Z) = 0.

From the tangent components of the last equation, we obtain
ANwZ +TV zW +th(W, Z) = 0.
From the above equation, we conclude
TW,Z) = AxwZ + TVwZ + th(W, Z).

The anti-invariant distribution D+ is in integrable, ¢ [Z, W] = N [Z, W] because of the tangent component of
¢ [Z, W] is zero. So we have
AnwZ +TVwZ +th(W,Z) = 0. (3.25)

Similarly, we obtain
AngW + TV ;W + th(Z, W) = 0. (3.26)

Here, by using (3.22), (3.25) and (3.26), we obtain

(VoT)W = (VwT)Z
Lemma 3.1. Let M be a pseudo-slant submanifold of a Cosymplectic manifold M. Then we have

(VD)W = (VwT)Z (3.27)
forany Z,W €T (D).

Theorem 3.5. Let M be a pseudo-slant submanifold of a Cosymplectic manifold M. Then the slant distribution Dy is
integrable if and only if
PL{VXTY —TVyX — Ayy X — th(X,Y)} =0 (3.28)

forany X, Y € T'(Dy).

Proof. For any X,Y € I'(Dy), by using (2.4) and considering the tangential component, we obtain
TX,Y]|=VxTY —TVyX — Any X —th(X,Y). (3.29)

Applying P; to (3.29), we get (3.28) O

Theorem 3.6. Let M be a pseudo-slant submanifold of a Cosymplectic manifold M. Then the slant distribution Dy is
integrable if and only if
VENW — Vi NZ +hZ,TW) — h(W,TZ) € u @ N(Dy)

forany Z,W € T'(Dy).
Proof. For any Z,W € I'(Dy) and X € I'(D1), by using (2.3), we have
(12, W], X) = 9(V2W, X) = g(Vw Z, X)
= g(0V2W.6X) + (VW )n(X)
~9(6VwZ,6X) = n(Vw Z)n(X).
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Thus we obtain
9([Z, W], X) =g(V26W,NX) — g(V2¢)W, NX)
~ g(VwoZ,NX) + (Vwe)Z,NX).

Taking into account (2.4) and (3.1), we have

9([Z. W], X) = g(Vz(TW + NW),NX) - g(Vw(TZ + NZ),NX).
Then from the Gauss and Weingarten formulas the above equation takes the form, we have
9([Z, W], X) = g(h(Z,TW),NX) + g(VzNW, NX)
—g(h(W,TZ),NX) — g(Vi;NZ,NX).
Since, we have NX € N(D+) C T+ M we conclude
VENW = Vi NZ +h(Z,TW) — h(W,TZ) € u @ N(Dy).

O

Theorem 3.7. Let M be a pseudo-slant submanifold of a Cosymplectic manifold M. Then the slant distribution Dy is
integrable if and only if

TAnuX + ANuTX =0
forany U €T (D) and X € T'(Dy).

Proof. Forany U € T' (D+) and X,Y € I'(Dy), by direct calculation, we have

g([X,YLU) ny VYX U)

9(

= g(¢VxY, ¢U) — g(¢Vy X, 6U)

= g(¢VxY,NU) — g(¢Vy X,NU)

= g(VxoY,NU) — g(Vy X, NU)

— 9((Vx9)Y, NU) + g(Vy¢) X, NU).

Hence, by using (2.4) and (3.1), we obtain

9([X,Y],U) = g(VyNU,$X) — g(VxNU, ¢Y)
= g(VyNU,TX) 4 g(Vy NU,NX)
— g(VxNU,TY) — g(VxNU, NY).

On the other hand, from (2.4), (2.6) and (2.7), we have
(Vx$)U = VxoU — ¢VxU
0=VxNU—TVxU — NVxU — th(X,U) — nh(X,U)
that is,
—ANuX + VA NU =TV U + NVxU + th(X,U) + nh(X, U).
From the tangential components, we obtain
—AnuX =TV XU + th(X,U)

and
(VxN)U =nh(X,U). (3.30)
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Also, by using (3.7) and (3.30) we conclude that
9([X,Y],U) = g(Axu X, TY) — g(AnvY, TX) + g(Vy NU,NX) — g(Vx NU,NY)

= —g(TANuX,Y) — g(AnuTX,Y) + g((VyN)U + NVyU, NX)
—g((VxN)U + NVxU,NY)
= —g(TANUX,Y) — g(ANuTX,Y) + g(nh(Y,U), NX) + g(NVyU, NX)
— g(nh(X,U),NY) — g(NVxU, NY)
= —g(TANuX,Y) — g(ANuTX,Y) + g(NVyU,NX) — g(NVxU, NY)
= —g(TANuX,Y) = g(AnuTX,Y) +sin* 0 {g(VyU, X) — g(VxU,Y)}
= —g(TANUX,Y) = g(ANuTX,Y) +sin? 0 {g(VxY,U) — g(Vy X,U)}
= —g(TANuX,Y) — g(ANuTX,Y) +sin? 0 {g([X,Y],U)}.

So we conclude
cos?0{[X,Y],U} = —g(TANu X,Y) — g(ANuTX,Y)

which verifies our assertion. 0
For a pseudo-slant submanifold M of M, the slant and anti- invariant distributions are totally geodesic in
M, then M is called pseudo-slant product.
The following theorem characterize the pseudo-slant product in Cosymplectic manifolds.

Theorem 3.8. Let M be a pseudo-slant submanifold of a Cosymplectic manifold M .Then M is a pseudo-slant product if
and only if the second fundamental form h satisfies

th(X,Z) =0 (3.31)
forall X e I'(Dg) and Z € T(T'M).
Proof. Forall X,Y € I'(Dg) and U,V € I'(D'), we have
g(VxY,U) = —g(VxU,Y) = —g(VxU,Y)
= —g(¢VxU,Y) —n(VxU)n(Y)
= 9(Vx®)U — VxoU, ¢Y)
—9(VxU + h(X,U),&n(Y)
= —9(VxoU.8Y) = g(VxU.En(Y)
= —9(VxU,9Y) +g(Vx&,U)n(Y)
= —g(Vx U, TY) — g(VxoU, NY).
¢U = NU and using (3.14), we obtain
9(VxY,U) = —g(VxNU,TY) — g(VxNU,NY).
Using (2.6) and (2.7), we have
9(VxY,U) = g(Anu X — VxNU,TY) + g(Ayu X — Vx NU,NY)
=g(Anu X, TY) = g(VxN)U,NY) — g(NVxU,NY)
=g(Ayu X, TY) — g(NVxU,NY) — g(nh(X,U),NY)

hence using (3.14) and (3.17), we have
g(VxY,U) = g(Anu X, TY) — g(NVxU, NY)
= g(ANu X, TY) —sin? 0 {g(VxU,Y) = n(VxU)n(Y)}
(h(X,TY),NU) —sin? 0g(VxU,Y) + sin® 0g(V x U, &)n(Y)
(h(X,TY),NU) +sin® 0g(VxY,U) — sin® 0g(Vx &, U)n(Y)
(h(X,TY),NU) + sin® 0g(VxY,U)

I
Q v
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that is
cos?0g(VxY,U) = g(h(X,TY), NU) = —g(th(X,TY),U).

In the same way, we obtain

9(VvU, X) = g(Vy U, X) = —g(Vy X, U)
= —g9(¢Vv X, oU) = n(VyX)n(U)
For U,V € I'(D%), since the tangent component of ¢U and TU are zero, we have
9(VvU, X) = —g(VyoX, NU) + (Vv )X, NU)
= —g(VvoX,NU) = —g(VyTX,NU) — g(VyNX,NU)
= —g(VvTX + hTX,V),NU) + g(AnxV — VENX, NU)
— —g(W(TX,V),NU) - g(VENX, NU)
= —g(W(TX,V),NU) - g((VyN)X + NVy X, NU)

hence using (3.14), we have

that is
cos? 0g(Vy U, X) = —g(nh(V, X), NU) = g(th(V, X), U).

(3.32)

(3.33)

From equation(3.32) and (3.33). Thus Dy and D+ are totally geodesic in M if and only if (3.31) is satisfied. [

Theorem 3.9. Let M be a pseudo-slant submanifold of a Cosymplectic manifold M. If N is parallel on Dy, then either
M is a Dy— geodesic submanifold or h(X,Y’) is an eigenvector of n* with eigenvalue — cos? 8, for any X, Y € T'(Dy).

Proof. For any X,Y € I'(Dy), from (3.11), we have
nh(X,Y) — h(X,TY) = 0.
On the other hand, since Dy is a slant distribution, we obtain

0 = nh(X,Y =n(Y)§) = (X, T(Y —n(Y)S))
= nh(X,Y —n(Y)E) — h(X,TY),

that is
nh(X,Y —n(Y)€) = h(X,TY).

Now, applying n to (3.35), we have
n?h(X,Y —n(Y)¢) = nh(X,TY).
On the other hand, by interchanging of Y and T'Y in (3.34), we have
nh(X,TY) = h(X,T?Y).

Hence, using (3.15), we obtain

n?h(X,Y —n(Y)E) = nh(X,TY) = h(X,T?Y) = —cos® Oh(X,Y — n(Y)E).

(3.34)

(3.35)

This implies that either h vanishes on Dy or h is an eigenvector of n? with eigenvalue — cos? 6. O
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