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ESCRIBED AND INSCRIBED SIMPLICES AND BEVAN POINT

THEOREM ON n-DIMENSIONAL EUCLIDEAN SPACE WITH

n = 3

KENZI SATÔ

(Communicated by H. Hilmi HACISALIHOǦLU)

Abstract. Escribed and inscribed triangles for a triangle on the plane is

generalized to a simplex on the n-dimensional Euclidean space with n = 3.
As an application, we can get Bevan Point Theorem for a simplex on the
n-dimensional Euclidean space.

1. Introduction.

For a triangle on the plane, three perpendiculars from vertices to the opposite
edges are concurrent and their common point is called the orthocenter of the tri-
angle. Moreover, the common point is consistent with the incenter of the inscribed
triangle, whose vetices are feet of the perpendiculars above. Conversely, the incen-
ter of a triangle is consitent with the orthocenter of the escribed triangle, whose
vetices are excenters. In this paper we generalize it to a simplex on higher dimen-
sional Euclidean space, however, for higher dimensional case, the perpendiculars
from vertices to the opposite faces are not concurrent in general, so there exist sev-
eral ways of generalization. We choose one of these ways of generalization, because
in the way we can calculate the escribed and inscribed simplices explicitly and we
can generalize the following theorem to a simplex on higher dimensional Euclidean
space:

Theorem 1.1. (Bevan point theorem) [2] Let ∆2(q0,q1,q2) be a triangle on the
plane R2 with vertices q0, q1, and, q2, and ∆2(qE

0 ,q
E
1 ,q

E
2 ) the triangle with vertices

qE
0 , q

E
1 , and qE

2 , which are excenters of ∆2(q0,q1,q2). Then, the vector cE − qE
i

is perpendicular to the edge ∆1(qk,qℓ) for distinct i, k, ℓ = 0, 1, 2, and we have

cE = 2c− i, RE = 2R,

where i, c, and R are the incenter, the circumcenter, and the circumradius of
∆2(q0,q1,q2), and cE and RE are the circumcenter and the circumradius of
∆2(qE

0 ,q
E
1 ,q

E
2 ), respectively.
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There exist three ways of generalization of the escribed and the inscribed trian-
gles of a triangle on R2 to the escribed and the inscribed simplices of a simplex on
Rn for n = 3.

(A) For a simplex ∆n(q0, . . . ,qn) on Rn, the inscribed simplex is the simplex
such that the i-th vertex of it is the foot of the perpendicular from the
vertex qi to the opposite face ∆n−1(q0, . . . q̂i . . . ,qn), where the circumflex
indicates that the term below it has been omitted. In overview, the escribed
simplex is the image of the inverse mapping of the mapping from simplices
to their inscribed simplices.

(B) For a simplex ∆n(q0, . . . ,qn) on Rn, the escribed simplex is the simplex
such that the opposite face of the i-th vertex of it is including qi and
perpendicular to the straight line passing through i and qi. In overview,
the inscribed simplex is the image of the inverse mapping of the mapping
from simplices to their escribed simplices.

(C) For a simplex ∆n(q0, . . . ,qn) on Rn, the escribed simplex is the simplex
such that the i-th vertex of it is on the straight line passing through i and
qi and its opposite face is including qi. In overview, the inscribed simplex
is the image of the inverse mapping of the mapping from simplices to their
escribed simplices.
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In this paper we use (B):

Definition 1.1. For a simplex

∆n(q0, . . . ,qn) = {
n∑

j=0

xjqj ∈ Rn :

n∑
j=0

xj = 1, xj = 0 for each j = 0, . . . , n},

the escribed simplex∆n(qE
0 , . . . ,q

E
n) is defined by the simplex with (n−1)-dimensional

face ∆n−1(qE
0 , . . . q̂

E
i . . . ,qE

n) which is including qi and perpendicular to the vec-
tor i − qi. For a simplex ∆n(q0, . . . ,qn) whose circumcenter is an interior of
∆n(q0, . . . ,qn), the inscribed simplex is defined by the simplex whose escribed sim-
plex is ∆n(q0, . . . ,qn) (notice that the inscribed simplex is uniquely determined,
see Theorem 4.1).

The reason why we use the definition above is that we can calculate the escribed
and inscribed simplices explicitly and we can get the following theorem:

Theorem 1.2. (generalized Bevan point theorem) Let ∆n(q0, . . . ,qn) be a sim-
plex on Rn and ∆n(qE

0 , . . . ,q
E
n) its escribed simplex. Then, the vector cE − qE

i is
perpendicular to ∆n−1(q0, . . . q̂i . . . ,qn) for i = 0,. . ., n, and we have

cE = 2c− i, RE =
R2 − |c− i|2

r
,

where i, c, r, and R are the incenter, the circumcenter, the inradius, and the
circumradius of ∆n(q0, . . . ,qn), and cE and RE are the circumcenter and the cir-
cumradius of ∆n(qE

0 , . . . ,q
E
n), respectively.

Remark 1.1. For n = 2, the equation R2−|c−i|2
r = 2R holds. This is a natural

consequence from Theorems 1.1 and 1.2, but we also have it by direct calculation.
See Remark 2.3.

2. Preliminaries.

For a simplex ∆n(q0, . . . ,qn) on Rn, the family of vectors {q0 − qn, . . . ,qn−1 −
qn} is linearly independent, so it is a basis of Rn. Let {t0, . . . , tn−1} be the dual

basis of it, i.e., (qi − qn) . tk = δik for i, k = 0,. . ., n− 1, and let tn = −
∑n−1

k=0 tk.
Then we have the following proposition and lemma.

Proposition 2.1. For each j = 0,. . ., n, the dual basis of {q0−qj , . . . q̂j − qj . . . ,qn−
qj} is {t0, . . . t̂j . . . , tn}, i.e., (qi − qj) . tk = δik − δjk for i, k = 0,. . ., n.
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Remark 2.1. Let

Ṽ = (−1)n−j det(q0 − qj , . . . q̂j − qj . . . ,qn − qj),

which does not depend on the index j = 0,. . ., n, where (v0, . . . ,vn−1) is the matrix
that has v0,. . ., vn−1 as column vectors. Then the signed volume of the simplex

∆n(q0, . . . ,qn) is Ṽ /n! and

Ṽ 2 = det

 (q0 − qn) . (q0 − qn) · · · (q0 − qn) . (qn−1 − qn)
...

...
(qn−1 − qn) . (q0 − qn) · · · (qn−1 − qn) . (qn−1 − qn)


holds. For i = 0,. . ., n, let

t̃i = (−1)i−k⟨⟨q0 − qk, . . . ̂qk − qk . . . q̂i − qk . . . ,qn − qk⟩⟩ =

= (−1)ℓ−i−1⟨⟨q0 − qℓ, . . . q̂i − qℓ . . . q̂ℓ − qℓ . . . ,qn − qℓ⟩⟩,

which does not depend on k = 0,. . ., i−1, and ℓ = i+1,. . ., n, where ⟨⟨v0, . . . ,vn−2⟩⟩
is the unique vector such that

⟨⟨v0, . . . ,vn−2⟩⟩ . vn−1 = det(v0, . . . ,vn−2,vn−1),

for all vn−1 ∈ Rn. Then, t̃i is perpendicular to the face ∆n−1(q0, . . . q̂i . . . ,qn),

the volume of ∆n−1(q0, . . . q̂i . . . ,qn) is |t̃i|/(n− 1)!, and ti = t̃i/Ṽ holds. See [4].

Lemma 2.1. Let x =
∑n

j=0 xjqj be a point in Rn with
∑n

j=0 xj = 1. Then, the

foot of the perpendicular from x to the face ∆n−1(q0, . . . q̂k . . . ,qn) is x − xktk
|tk|2 .

Especially, the foot of the perpendicular from the vertex qk to the opposite face
∆n−1(q0, . . . q̂k . . . ,qn) is qk − tk

|tk|2 .

Proof. The vector tk is perpendicular to ∆n−1(q0, . . . q̂k . . . ,qn), so it is enough to
show that the point x−xktk

|tk|2 is in the affined space spanned by ∆n−1(q0, . . . q̂k . . . ,qn).

In particular, we have

x− xktk
|tk|2

= x− xk

|tk|2

j ̸=k
n∑

j=0

(tk . tj)(qj − qk) =

= x− xk

|tk|2
(

j ̸=k
n∑

j=0

(tk . tj)qj + |tk|2qk) =

j ̸=k
n∑

j=0

(xj −
xktk . tj
|tk|2

)qj ,

where the first equality is from Proposition 2.1 and the second equality is from∑n
j=0 tj = 0. �

Remark 2.2. So the height of x from ∆n−1(q0, . . . q̂k . . . ,qn) is |x− (x− xktk
|tk|2 )| =

|xk|
|tk| . Especially, the height of qk from the opposite face is 1

|tk| .



ESCIBED AND INSCRIBED SIMPLICES AND BEVAN POINT THEOREM. . . 25

q0 qn−1

qn
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q0 qn−1

qn

tn
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We can represent centers and radiuses of the insphere and the circumsphere of a
simplex.

Lemma 2.2. The incenter i, the inradius r, the circumcenter c, and the circum-
radius R of ∆n(q0, . . . ,qn) can be represented by the following:

i = r

n∑
j=0

|tj |qj , r =
1∑n

j=0|tj |
,

c = qi +
1

2

n∑
j=0

d2ijtj , R =

∣∣∣∣∣∣12
n∑

j=0

d2ijtj

∣∣∣∣∣∣ for i = 0, . . . , n,

where dij = |qi − qj |.

Proof. For i =
∑n

j=0 xjqj with
∑n

j=0 xj = 1, notice that xj > 0 for each j = 0,. . .,

n. The height xk

|tk| of i from ∆n−1(q0, . . . q̂k . . . ,qn) does not depend on the index

k = 0,. . ., n, because the height is equal to the inradius r. So xk = |tk|∑n
j=0|tj |

and

r = xk

|tk| = 1∑n
j=0|tj |

. For the circumcenter and the circumradius, it is enough to

notice that the result of the following calculation does not depend on k:∣∣∣∣∣∣qk − (qi +
1

2

n∑
j=0

d2ijtj)

∣∣∣∣∣∣
2

=

∣∣∣∣∣∣(qk − qi)−
1

2

n∑
j=0

d2ijtj

∣∣∣∣∣∣
2

=

= d2ik −
n∑

j=0

d2ij(δkj − δij) +

∣∣∣∣∣∣12
n∑

j=0

d2ijtj

∣∣∣∣∣∣
2

=

∣∣∣∣∣∣12
n∑

j=0

d2ijtj

∣∣∣∣∣∣
2

.

�

The following lemma is useful.

Lemma 2.3. The following equations hold:

x− c = −1

2

n∑
i=0

|x− qi|2ti,(2.1)

ci =
1

2

n∑
k=0

d2jktk . ti + δij for i, j = 0, . . . , n,(2.2)
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R2 =
1

2

n∑
j=0

d2ijcj for i = 0, . . . , n, R2 =
1

2

n∑
i=0

n∑
j=0

d2ijcicj ,(2.3)

(x− c) . (y− c) = −1

2

n∑
i=0

n∑
j=0

d2ij(xi − ci)(yj − cj) = R2 − 1

2

n∑
i=0

n∑
j=0

d2ijxiyj ,

(2.4)

|x− y|2 = −1

2

n∑
i=0

n∑
j=0

d2ij(xi − yi)(xj − yj),(2.5)

n∑
j=0

|tj ||qj − i|2 =
R2 − |c− i|2

r
,(2.6)

for arbitrary x =
∑n

i=0 xiqi and y =
∑n

i=0 yiqi in Rn where c =
∑n

i=0 ciqi with∑n
i=0 xi =

∑n
i=0 yi =

∑n
i=0 ci = 1.

Proof. We have all equations by the following direct calculations. For (2.1):

x− c = 0+ (x− qn)− (c− qn) =

=
n∑

i=0

(− 1

2
|x− qn|2 + (x− qn) . (qi − qn)−

1

2
d2in)ti =

= −1

2

n∑
i=0

|(x− qn)− (qi − qn)|2ti = −1

2

n∑
i=0

|x− qi|2ti,

where the second equality is from
∑n

j=0 tj = 0, Proposition 2.1, and Lemma 2.2.

For (2.2):

1

2

n∑
k=0

d2jktk . ti = (c− qj) . ti =
n∑

k=0

ck(qk − qj) . ti =

=
n∑

k=0

ck(δik − δij) = ci − δij .

For (2.3):

1

2

n∑
j=0

d2ijcj =
1

2

n∑
j=0

d2ij(cj − δjn) +
1

2
d2in =

1

2

n∑
j=0

d2ij(
1

2

n∑
k=0

d2kntk . tj) +
1

2
d2in =

=
1

2

n∑
k=0

d2kntk .
1

2

n∑
j=0

d2ijtj +
1

2

n∑
j=0

d2ij(δjn − δij) =

= (
1

2

n∑
k=0

d2kntk + (qn − qi)) .
1

2

n∑
j=0

d2ijtj =

= ((c− qn) + (qn − qi)) . (c− qi) = R2,

and

1

2

n∑
i=0

n∑
j=0

d2ijcicj =

n∑
i=0

(
1

2

n∑
j=0

d2ijcj)ci =

n∑
i=0

R2ci = R2.
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For (2.4):

(x− c) . (y− c) =

n∑
i=0

x′
i(qi − qn) .

n∑
j=0

y′j(qj − qn) =

n∑
i=0

n∑
j=0

d2in + d2jn − d2ij
2

x′
iy

′
j =

=
1

2
(

n∑
i=0

d2inx
′
i(

n∑
j=0

y′j) + (
n∑

i=0

x′
i)

n∑
j=0

d2jny
′
j −

n∑
i=0

n∑
j=0

d2ijx
′
iy

′
j) = −1

2

n∑
i=0

n∑
j=0

d2ijx
′
iy

′
j ,

where the last equality is from
∑n

i=0 x
′
i =

∑n
i=0 y

′
i = 0 with x′

i = xi − ci and
y′i = yi − ci, and

R2 − 1

2

n∑
i=0

n∑
j=0

d2ijxiyj =

= R2 − 1

2
(

n∑
i=0

n∑
j=0

d2ijcicj +

n∑
i=0

(

n∑
j=0

d2ijcj)x
′
i +

n∑
j=0

(

n∑
i=0

d2ijci)y
′
j +

n∑
i=0

n∑
j=0

d2ijx
′
iy

′
j) =

= R2 − 1

2
(2R2 +

n∑
i=0

2R2x′
i +

n∑
j=0

2R2y′j +
n∑

i=0

n∑
j=0

d2ijx
′
iy

′
j) = −1

2

n∑
i=0

n∑
j=0

d2ijx
′
iy

′
j ,

where the second equality is from (2.3). For (2.5):

|x− y|2 = |x− c|2 + |y− c|2 − 2(x− c) . (y− c) =

= (R2 − 1

2

n∑
i=0

n∑
j=0

d2ijxixj) + (R2 − 1

2

n∑
i=0

n∑
j=0

d2ijyiyj)−

− (2R2 − 1

2

n∑
i=0

n∑
j=0

d2ij(xiyj + yixj)) =

= −1

2

n∑
i=0

n∑
j=0

d2ij(xi − yi)(xj − yj),

where the second equality is from (2.4). For (2.6):

n∑
j=0

|tj ||qj − i|2 = −1

2

n∑
j=0

|tj |
n∑

k=0

n∑
ℓ=0

d2kℓ(δkj − r|tk|)(δℓj − r|tℓ|) =

=
1

2

n∑
j=0

|tj |(r
n∑

k=0

d2kj |tk|+ r
n∑

ℓ=0

d2jℓ|tℓ| − r2
n∑

k=0

n∑
ℓ=0

d2kℓ|tk||tℓ|) =

=
n∑

j=0

|tj |(r
n∑

k=0

d2kj |tk| − (R2 − |c− i|2)) =

=
2(R2 − |c− i|2)

r
− R2 − |c− i|2

r
=

R2 − |c− i|2

r
,

where the first equality is from (2.5) for x = qj and y = i, and third and fourth
equalities are from (2.4) for x = y = i. �

Remark 2.3. The square of the circumradius can be represented by the following
(notice that this fraction is irreducible as a division of polynomials of C[. . . , dij , . . .],



28 KENZI SATÔ

see [3]):

R2 = −(−1

2
)n+1 det

d200 · · · d20n
...

...
d2n0 · · · d2nn

 /Ṽ 2.

It is from §9.7.3.7 of [1] or the following caluculation

det

d200 · · · d20n
...

...
d2n0 · · · d2nn

 = det


d200 · · · d20n −1
...

...
...

d2n0 · · · d2nn −1
0 · · · 0 1

 =

= det


d200 · · · d20n −1
...

...
...

d2n0 · · · d2nn −1∑n
i=0 d

2
i0ci · · ·

∑n
i=0 d

2
inci 1−

∑n
i=0 ci

 =

= det


d200 · · · d20n −1
...

...
...

d2n0 · · · d2nn −1
2R2 · · · 2R2 0

 = −2R2 det


d200 · · · d20n 1
...

...
...

d2n0 · · · d2nn 1
1 · · · 1 0

 =

= −(−2)n+1R2Ṽ 2,

where the third equality is from (2.3) and the last equality is from

1 0 · · · 0 −1 −d20n

0
. . .

. . .
...

...
...

...
. . .

. . . 0
...

...
...

. . .
. . . −1 −d2n−1,n

...
. . .

. . . 0
0 · · · · · · · · · 0 1




d200 · · · d20n 1
...

...
...

d2n0 · · · d2nn 1
1 · · · 1 0

 =

=


d200 − d2n0 − d20n · · · d20n − d2nn − d20n 1− 1

...
...

...
d2n−1,0 − d2n0 − d2n−1,n · · · d2n−1,n − d2nn − d2n−1,n 1− 1

d2n0 · · · d2nn 1
1 · · · 1 0

 =

=


−2(q0 − qn) . (q0 − qn) · · · −2(q0 − qn) . (qn−1 − qn) 0 0

...
...

...
...

−2(qn−1 − qn) . (q0 − qn) · · · −2(qn−1 − qn) . (qn−1 − qn) 0 0
d2n0 · · · d2n,n−1 0 1
1 · · · 1 1 0

 .
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Let n = 2. Then, it means R = d12d02d01/(2|Ṽ |). On the other hand, from Remark
2.2,

|t0| =
d12

|Ṽ |
, |t1| =

d02

|Ṽ |
, |t2| =

d01

|Ṽ |
, and r =

|Ṽ |
d12 + d02 + d01

hold. These and (2.4) for x = y = i imply

R2 − |c− i|2 = d212r|t1|r|t2|+ d202r|t0|r|t2|+ d201r|t0|r|t1| =

= d212
d02

d12 + d02 + d01

d01
d12 + d02 + d01

+ d202
d12

d12 + d02 + d01

d01
d12 + d02 + d01

+

+ d201
d12

d12 + d02 + d01

d02
d12 + d02 + d01

=
d12d02d01

d12 + d02 + d01
.

So we have

(R2 − |c− i|2)1
r
=

d12d02d01
d12 + d02 + d01

d12 + d02 + d01

|Ṽ |
= 2R.

3. Escribed simplices and Generalization of Bevan Point Theorem.

The following theorem is the explicit representation of the escribed simplex.

Lemma 3.1. Let ∆n(qE
0 , . . . ,q

E
n) be the escribed simplex of ∆n(q0, . . . ,qn). Then,

we have

qE
i = 2c− i− R2 − |c− i|2

r

ti
|ti|

, tEi =
r|ti|(i− qi)

R2 − |c− i|2
,

cE = 2c− i, RE =
R2 − |c− i|2

r
, cEi = r|ti|,

n∑
j=0

|tEj |2

cEj
=

1

R2 − |c− i|2
,

n∑
j=0

|tEj |2

cEj
qE
j =

i

R2 − |c− i|2
,

for i = 0,. . ., n.

Proof. First, we have

qE
i = i+ (qE

i − i) = i+

j ̸=i
n∑

j=0

((qE
i − i) . (qj − i))(tj −

|tj |
|ti|

ti) =

= i+

j ̸=i
n∑

j=0

|qj − i|2(tj −
|tj |
|ti|

ti) = i+

n∑
j=0

|qj − i|2(tj −
|tj |
|ti|

ti) =

= i+
n∑

j=0

|qj − i|2tj −
n∑

j=0

|tj ||qj − i|2 ti
|ti|

=

= i− 2(i− c)− R2 − |c− i|2

r

ti
|ti|

,

where the second equality is from the duality of {q0 − i, . . . q̂i − i . . . ,qn − i} and

{t0 − |t0|
|ti| ti, . . .

̂
ti − |ti|

|ti|ti . . . , tn − |tn|
|ti| ti} (this is the special case of the duality of

{q0−x, . . . q̂i − x . . . ,qn−x} and {t0− x0

xi
ti, . . . ̂ti − xi

xi
ti . . . , tn− xn

xi
ti}), the third

equality is from the perpendicularity of vectors qj − i and qE
i − qj for j distinct
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from i, and the last equality is from (2.1) for x = i and (2.6). From the calculation
above, the following equations are obvious:

cE = 2c− i, RE =
R2 − |c− i|2

r
.

Secondly, we can represent the vector of the dual basis:

tEi =
r|ti|(i− qi)

R2 − |c− i|2
,

from the calculation

(qE
k − qE

ℓ ) .
r|ti|(i− qi)

R2 − |c− i|2
=

R2 − |c− i|2

r
(− tk

|tk|
+

tℓ
|tℓ|

) .
r|ti|(i− qi)

R2 − |c− i|2
=

= (− tk
|tk|

+
tℓ
|tℓ|

) . |ti|
n∑

j=0

r|tj |(qj − qi) =

= |ti|
n∑

j=0

r|tj |(−
δkj − δki

|tk|
+

δℓj − δℓi
|tℓ|

) =

= |ti|(−
r|tk| − δki

|tk|
+

r|tℓ| − δℓi
|tℓ|

) = δki − δℓi,

for k, ℓ = 0,. . ., n. Thirdly, we have

cEi − δni = (cE − qE
n) . t

E
i =

R2 − |c− i|2

r

tn
|tn|

.
r|ti|(i− qi)

R2 − |c− i|2
=

=
tn
|tn|

. |ti|
n∑

j=0

r|tj |(qj − qi) =
|ti|
|tn|

n∑
j=0

r|tj |(δnj − δni) =

=
|ti|
|tn|

(r|tn| − δni) = r|ti| − δni.

Fourthly, the results above imply
n∑

j=0

|tEj |2

cEj
=

r

(R2 − |c− i|2)2
n∑

j=0

|tj ||i− qj |2 =
1

R2 − |c− i|2
,

where the last equality is from (2.6). At last, we have

n∑
j=0

|tEj |2

cEj
qE
j =

r

(R2 − |c− i|2)2
n∑

j=0

|tj ||i− qj |2((2c− i)− R2 − |c− i|2

r

tj
|tj |

) =

=
1

R2 − |c− i|2
((2c− i)−

n∑
j=0

|i− qj |2tj) =

=
1

R2 − |c− i|2
((2c− i) + 2(i− c)) =

i

R2 − |c− i|2
,

where the second equality is from (2.6) and the third equality is from (2.1) for
x = i, respectively. �

Remark 3.1. Notice that cEi = r|ti| > 0 for i = 0,. . ., n, so the circumcenter of
∆n(qE

0 , . . . ,q
E
n) is an interior of it.
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The lemma above is essentially including generalized Bevan point theorem.

Proof of Theorem 1.2. We already get two equations cE = 2c−i andRE = R2−|c−i|2
r .

Moreover, the vector cE − qE
i is parallel to ti, so it is perpendicular to the face

∆n−1(q0, . . . q̂i . . . ,qn). �

4. Inscribed simplices.

The following lemma and theorem give us the explicit representation of the
inscribed simplex.

Lemma 4.1. For a simplex ∆n(q0, . . . ,qn) whose circumcenter is an interior of
it (i.e., cj > 0 for j = 0,. . ., n), let ∆n(qI

0, . . . ,q
I
n) be the simplex with vertices

qI
i =

1∑n
j=0

|tj |2
cj

(
n∑

j=0

|tj |2

cj
qj −

ti
ci
).

Then, we have the following equations:

tIi = (

n∑
j=0

|tj |2

cj
)ci(c− qi), |tIi| = R(

n∑
j=0

|tj |2

cj
)ci,

rI =
1

R
∑n

j=0
|tj |2
cj

, iI =
1∑n

j=0
|tj |2
cj

n∑
j=0

|tj |2

cj
qj ,

2cI − iI = c, (RI)2 − |cI − iI|2 =
1∑n

j=0
|tj |2
cj

,

for i = 0,. . ., n.

Proof. The equation

tIi = (
n∑

j=0

|tj |2

cj
)ci(c− qi)

is implied from

(qI
k − qI

ℓ) . (

n∑
j=0

|tj |2

cj
)ci(c− qi) =

− tk
ck

+ tℓ
cℓ∑n

j=0
|tj |2
cj

. (

n∑
j=0

|tj |2

cj
)ci(c− qi) =

= (−tk
ck

+
tℓ
cℓ
) . ci(c− qi) = (−tk

ck
+

tℓ
cℓ
) . ci

n∑
j=0

cj(qj − qi) =

= ci

n∑
j=0

cj(−
δkj − δki

ck
+

δℓj − δℓi
cℓ

) = ci(−
ck − δki

ck
+

cℓ − δℓi
cℓ

) = δki − δℓi,

for k, ℓ = 0,. . ., n. So, it is obvious that

|tIi| = R(
n∑

j=0

|tj |2

cj
)ci.

Hence, we have

1

rI
=

n∑
i=0

|tIi| = R(

n∑
j=0

|tj |2

cj
)

n∑
i=0

ci = R

n∑
j=0

|tj |2

cj
.
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We also have

iI =
n∑

i=0

rI|tIi|qI
i =

n∑
i=0

ci ·
1∑n

j=0
|tj |2
cj

(
n∑

j=0

|tj |2

cj
qj −

ti
ci
) =

=
1∑n

j=0
|tj |2
cj

n∑
j=0

|tj |2

cj
qj −

∑n
i=0 ti∑n

j=0
|tj |2
cj

=
1∑n

j=0
|tj |2
cj

n∑
j=0

|tj |2

cj
qj .

The result of the calculation

|c+ iI

2
− qI

k|2 − |c+ iI

2
− iI|2 = (iI − qI

k) . (c− qI
k) =

=
tk

ck
∑n

j=0
|tj |2
cj

. ((c− qn)− (qI
k − qn)) =

=
tk

ck
∑n

j=0
|tj |2
cj

. (
n∑

j=0

cj(qj − qn)−
1∑n

j=0
|tj |2
cj

(
n∑

j=0

|tj |2

cj
(qj − qn)−

tk
ck

)) =

=
1

ck
∑n

j=0
|tj |2
cj

(

n∑
j=0

cj(δkj − δkn)−
1∑n

j=0
|tj |2
cj

(

n∑
j=0

|tj |2

cj
(δkj − δkn)−

|tk|2

ck
)) =

=
1

ck
∑n

j=0
|tj |2
cj

((ck − δkn)−
1∑n

j=0
|tj |2
cj

((
|tk|2

ck
− δkn

n∑
j=0

|tj |2

cj
)− |tk|2

ck
)) =

=
1∑n

j=0
|tj |2
cj

does not depend on the index k = 0,. . ., n, so we have

cI =
c+ iI

2
, and (RI)2 − |c+ iI

2
− iI|2 =

1∑n
j=0

|tj |2
cj

.

�

Theorem 4.1. ∆n(qI
0, . . . ,q

I
n) is the inscribed simplex of ∆n(q0, . . . ,qn), i.e.,

for arbitrary ∆n(q0, . . . ,qn), the simplex ∆n((qE)I0, . . . , (q
E)In) is consistent with

∆n(q0, . . . ,qn), and for arbitrary ∆n(q0, . . . ,qn) whose circumcenter is an interior
of it, the simplex ∆n((qI)E0 , . . . , (q

I)En) is consistent with ∆n(q0, . . . ,qn).

Proof. We can calculate the vertices of the simplices directly:

(qE)Ii =
1∑n

j=0

|tEj |2

cEj

(
n∑

j=0

|tEj |2

cEj
qE
j − tEi

cEi
) =

= (R2 − |c− i|2)( i

R2 − |c− i|2
− i− qi

R2 − |c− i|2
) = qi,

(qI)Ei = (2cI − iI)− (RI)2 − |cI − iI|2

rI
tIi
|tIi|

= c−R
c− qi

R
= qi.

�
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Remark 4.1. We can consider other types of correspondence. For example, for
ε0 = · · · = εn−2 = 1 and εn−1 = εn = −1,

in−1,n = rn−1,n

n∑
j=0

εj |tj |qj and rn−1,n =
1∑n

j=0 εj |tj |

are the center and the radius of one of spheres touching all affined spaces spanned
by (n− 1)-dimensional faces of a simplex ∆n(q0, . . . ,qn). For ∆

n(q0, . . . ,qn) with
R2 − |c− in−1,n|2 ̸= 0 and

∑n
j=0 εj |tj | > 0, let

q
En−1,n

i = 2c− in−1,n − R2 − |c− in−1,n|2

rn−1,n

ti
εi|ti|

,

for i = 0,. . ., n. Then, ∆n(q
En−1,n

0 , . . . ,q
En−1,n
n ) is the simplex with

∑n
j=0

|t
En−1,n
j |2

c
En−1,n
j

̸=

0 and εic
En−1,n

i > 0 for i = 0,. . ., n (in particular, εic
En−1,n

i = rn−1,n|ti| > 0). On

the other hand, for a simplex ∆n(q0, . . . ,qn) with
∑n

j=0
|tj |2
cj

̸= 0 and εici > 0 for

i = 0,. . ., n, let

q
In−1,n

i =
1∑n

j=0
|tj |2
cj

(

n∑
j=0

|tj |2

cj
qj −

ti
ci
),

for i = 0,. . ., n (notice that the right-hand side above is same to the right-hand

side of the formula of the inscribed simplex). Then, ∆n(q
In−1,n

0 , . . . ,q
In−1,n
n ) is

the simplex with (RIn−1,n)2 − |cIn−1,n − i
In−1,n

n−1,n |2 ̸= 0 and
∑n

j=0 εj |t
In−1,n

j | > 0 (in

particular,
∑n

j=0 εj |t
In−1,n

j | =
∑n

j=0 R|
∑n

k=0
|tk|2
ck

|cj = R|
∑n

k=0
|tk|2
ck

| > 0). Similar

to the theorem above, these mapppings ∆n(q0, . . . ,qn) 7→ ∆n(q
En−1,n

0 , . . . ,q
En−1,n
n )

and ∆n(q0, . . . ,qn) 7→ ∆n(q
In−1,n

0 , . . . ,q
In−1,n
n ) are inverse mappings each other.

q0

q1

q2
qE2
1 qE2

0

i2

qE2
2
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[4] Satô, K., Spherical simplices and their polars, Quart. J. Math. 58(2007), 107-126.

Laboratory of Mathematics, Faculty of Engineering, Tamagawa University, 6-1-1,
Tamagawa-Gakuen, Machida, Tokyo 194-8610, Japan

E-mail address: kenzi@eng.tamagawa.ac.jp


