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ABSTRACT. In the present paper, we study hemi-slant submanifolds of a locally
conformal K&hler manifold. We give conditions for the integrability of anti-
invariant and slant distributions which are involved in the definition of hemi-
slant submanifold. We also get necessary and sufficient conditions for these
distributions to define totally geodesic foliations. The paper ends with some
results for hemi-slant submanifolds with parallel canonical structures.

1. INTRODUCTION

Study of slant submanifolds was initiated by B.Y. Chen [4], as a generalization
of both holomorphic and totally real submanifolds of a K&hler manifold. Slant
submanifolds have been studied in different kinds of structures of both almost
Hermitian and almost contact manifolds by several geometers. N. Papaghiuc [6]
introduced semi-slant submanifolds of a Kéahler manifold as a natural generalization
of slant submanifold. These types of submanifolds have been studied in different
types of structures, for example, see [7] and [12]. On the other hand , A. Carriazo
[2], introduced the notion of bi-slant submanifold as a generalization of a semi-
slant submanifold. One of the classes of bi-slant submanifolds is that of anti-slant
submanifolds which are studied by A. Carriazo [2], but B. Sahin [9] named these
submanifolds as hemi-slant submanifolds because of that the name anti-slant seems
to refer that they have no slant factor. It is also seen that a hemi-slant submanifold
is a special case of generic submanifold which was introduced by G.S. Ronsse [8].
Since then many geometers have studied hemi-slant submanifolds in different kinds
of structures. For example, see [1] and [13]. In the present paper, we study hemi-
slant submanifolds of a locally conformal Kahler manifold.

The paper is organized as follows. Section 2 is devoted to preliminaries. Actually,
in subsection 2.1 we present the basic background needed for a locally conformal
Kahler manifold. Theory of submanifolds and distributions needed for the study are
placed in subsection 2.2. In subsection 2.3, we define hemi-slant submanifolds and
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observe their effect to the tangent bundle of the submanifold and canonical projec-
tion operators. We begin to study hemi-slant submanifolds of a locally conformal
Kéhler manifold in section 3. Integrability of anti-invariant and slant distributions
of the hemi-slant submanifold are studied in this section. We also give necessary
and sufficient conditions for these distributions to define totally geodesic foliations
in section 3. The last section deals with parallelism of the canonical projection
structures on the tangent bundle of the hemi-slant submanifold.

2. PRELIMINARIES

2.1. Some background for a locally conformal Kéhler manifold. A smooth
manifold M is called almost Hermitian [15] if its tangent bundle has an almost
complex structure J and a Riemannian metric g such that

(2.1) g(U, V) =g(JU,JV)

for any vector fields U,V € TM, where T M is the tangent bundle of M. The mani-
fold (M, g, J) is called a locally conformal Kihler manifold (briefly Lc. K. manifold),
if every point of M has a neighborhood U such that the restriction gl of g to U
is conformal to a Kéhler metric gj, of U : g/, = e 7g|y for some C*-function
o:U—R. (M,g)is a globally conformal Kdihler manifold (briefly g.c.K. manifold)
if one can choose U = M; then ¢’ is a Kéhler metric on M, and hence (]\_4, g)isa
Kahler manifold.

Let © be 2-form on M. Then M is a L.c.K. manifold if and only if there is a
global 1-form w on M (the Lee form of M) such that [14]

dQY=wAQ, dw=0

and M is a g.c.K. manifold if w is also exact. For a l.c.K. manifold the Lee vector
field B is given by

(2.2) 9(B,U) = w(U)
for any vector field U on M. We denote by V (resp. V) is the Riemannian connec-
tion of e~7gly (resp. g). Then we have [14]
S | _ _ _
(2.3) VgV =VgV — i{w(U)V +w(V)U —g(U,V)B}

for any vector fields U,V on M. The connection V is a torsionless linear connection
on M which is called the Weyl connection of g. It is easy to see that the Weyl
connection V satisfies the condition

(2.4) VJ=0.
For more details on l.c.K. manifolds we refer to [5].

2.2. Submanifolds. Let M be a submanifold of a Riemannian manifold M with
a Riemannian metric g. Then Gauss and Weingarten formulas with respect to V
are given respectively by

(2.5) VuV =VyV +h(U,V)
and

(2.6) Vi€ = —AU + Vi€
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for all U,V € TM and ¢ € T+M, where and V and V' are respectively the
induced Riemannian, and induced normal connection with respect to V in M and
the normal bundle 7+M of M and h is the second fundamental form related to
shape operator A corresponding to the normal vector field & by

(2.7) g(h(U,V),€) = g(AcU, V) .

A submanifold M is said to be totally geodesic if its second fundamental form
vanishes identically, that is, h = 0, or equivalently A = 0. We say that M is totally
umbilical submanifold in M if for all U,V € TM we have

(2.8) hU,V) =g(UV)H

where H is the mean curvature vector field of M in M.

Let M be a submanifold of an almost Hermitian manifold (M,g,J). For any
U € TM we write

(2.9) JU =PU+FU |

where PU is the tangential part of JU, and F'U is the normal part of JU. Similarly,
for any & € T+ M, we put

(2.10) JE=tE+ f¢
where t¢£ is the tangential part of J¢, and f€ is the normal part of JE.

A distribution D on a manifold M is called autoparallel if VxY € D for any
X,Y € D and called parallel if Vi X € D for any X € D and U € TM. If a distri-
bution D on M is autoparallel, then it is clearly integrable, and by Gauss formula
D is totally geodesic in M. If D is parallel then the orthogonal complementary
distribution D' is also parallel, which implies that D is parallel if and only if D+
is parallel. In this case M is locally product of the leaves of D and D+. For two
distributions D; and D, on a submanifold M of M, we say that M is (Dy,Ds)-
mixed totally geodesic, if for all X € Dy and Y € Dy we have h(X,Y) = 0, where
h is the second fundamental form of M [11, 15].

2.3. Hemi-slant submanifolds of an almost Hermitian manifold. Let M
be a submanifold of M. A distribution D on M is said to be a slant distribution
if for X € D,, the angle 6 between JX and D, is constant, i.e., independent of
p € M and X € D,. The constant angle ¢ is called the slant angle of the slant
distribution D. It is well-known that holomorphic and totally real distributions
on M are slant distributions with § = 0 and ¢ = 7, respectively. A submanifold
M of M is said to be a slant submanifold if the tangent bundle TM of M is slant [4].

A hemi-slant submanifold [2, 9] M of an almost Hermitian manifold M is a sub-
manifold which admits two orthogonal complementary distributions D+ and DY
such that

(a) TM admits the orthogonal direct decomposition TM = D+ @ D?

(b) The distribution D+ is anti-invariant, i.e., JD+ C T+ M.
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(c) The distribution DY is slant with slant angle 6.

We say that the hemi-slant submanifold M is proper if d # 0 and 6 # 0, 5, where
d denotes the dimension of D+. In this case, we have

(2.11) P2Z = —cos*0Z
(2.12) g(PZ, PW) = cos?0g(Z, W)
and

(2.13) g(FZ,FW) = sin®0g(Z, W)

for any Z, W € DY [9].

Lemma 2.1. Let M be a proper hemi-slant submanifold of an almost Hermitian
manifold M. Then we have,

(2.14) JD+ 1 FDY .
Proof. For any X € D+ and Z € DY, using (2.1) and (2.9), we have
9g(JX,FZ)=g(JX,JZ) = g(X,Z) = 0. This completes the proof. O

In view of Lemma 2.1, for a hemi-slant submanifold M of a l.p.R. manifold M,
the normal bundle T+M of M is decomposed as

(2.15) T M =FD’® JD+ du

where 1 is the orthogonal complementary distribution of FD? @ JD+ in T+ M and
it is invariant subbundle of T+ M with respect to J. Using (2.9), (2.10) and the fact
that J2 = —I, we have the following facts.

(a) P?+tF = —1I, (b) f?+Ft=—I,

(2.16) (¢) FP+fF=0, (d) tf+Pt=0.

Lemma 2.2. Let M be a proper hemi-slant submanifold of an almost Hermitian
manifold M. Then we have,

(2.17) (a) PD+ ={0}, (b) PDY =D .

Proof. Since D+ is anti-invariant with respect to J, (a) follows from (2.9). For
any Z € DY and X € D*, using (2.1) and (2.9), we have g(PZ,X) = g(JZ,X) =
9(Z,JX) = 0. Hence, we conclude that PD? | D+. Since PD? C TM, it follows
that PDY C DY. Let W be in DY. Then using (2.11), we have W = —L(cos?0W) =

cos26
— 35 P2W = —35P(PW). So, we find W € PD?. It follows that D’ C PD’. Thus,
we get the assertion (b). O

3. HEMI-SLANT SUBMANIFOLDS OF A LOCALLY CONFORMAL KAHLER MANIFOLD

Let M be a (proper) hemi-slant submanifold of a l.c.K. manifold M with anti-
ir}variant distribution D+ and slant distribution D?. For the Lee vector field B of
M, we put

(3.1) B=B"+ BN (along M) ,

where BT and BY are respectively tangential and normal part of B.

First, we give an example.
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Example 3.1. Consider the almost Hermitian manifold (R°\{0}, g, J),

where g = A1 (dz? + ... + dzd), (A = 2% + ... + 2) is a Riemannian metric and
the almost complex structure J defined by

JOL = 0y, J0y = —0,..., JOs = De, JOs = —0s.

Finally, consider on R\{0}, the Riemannian metric § = Ag. Then it is easy
to see that (R°\{0},g,J) is a Kéhler manifold. So, (RS\{0},g,J) is a globally
conformal Kéhler manifold with the Lee form

w=—2X"Y(x1dry + ... + 26d76) .
Consequently, the Lee vector field
B=—-2\"Y2101 + ... + 7605) .
Now, let M be a submanifold of (R®\{0}, g, J) defined by

U u U
U, V,w) = (—= cosv, —= sinv, —, 0, w, 0
F,v,0) = (5 cosv, o sinv, Z.0,,0
where u, w # 0. Then, a local frame of T'M is given by
1
Z = —(cosvOy + sinwdy + 03),
\/5( 1 p) 3)
U
W = —(—sinv0; + cosvds),
\/5( | 2)
X = 0s.

By using the almost complex structure J and the Riemannian metric g above, we
see that JX is orthogonal to TM, thus D+ = span{X}. Moreover, it is not difficult
to see that DY = span{Z,W} is a slant distribution with slant angle § = 7/4.
Thus, M is a proper hemi-slant submanifold of (R\{0}, g, J).

Now, we study the integrability of anti-invariant distribution D+ and slant dis-
tribution DY.

Lemma 3.1. Let M be any submanifold of a l.c. K. manifold M. Then we have
VuPV — ApyU — 2w(JV)U + 29(U, PV)BT

(3.2) = PVyV +th(U,V) - Lw(V)PU + Lg(U,V)(PB" +tBN)
and
33) VEFV 4 h(U,PV) + %g(U, PV)BY

= FVyV + fh(U,V) = 3w(V)FU + Lg(U, V)(FBT + fBV)

for any U,V € T M.

Proof. Substituting V' by JV in (2.4) and using (2.9) and (2.5) we obtain
VuPV +h(U,PV)+ VEFV — ApyU

—3w(U)JV = Jw(JV)U + Lg(U,JV)B

= PVyV + FVyV +th(U, V) + fh(U,V)

—w(U)JV = Jw(V)JU + 39(U,V)JB

(3.4)
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Thus, (3.2) and (3.3) follow from (3.4) by using (2.10), (2.11) and identifying the
components from TM and T+ M. (I

Proposition 3.1. Let M be a hemi-slant submanifold of a l.c.K. manifold M. Then
the anti-invariant distribution D is integrable if and only if

(3.5) ApxY + tw(FX)Y = Apy X + $w(FY)X

for any X,Y € D+.

Proof. Let X,Y be in DL. Then using (2.17)-(a), we have

(3.6) —ApyX — Lw(FY)X = PVxY +th(X,Y) + 29(X,Y)(PBT + tB")

from (3.2). Since h and g are symmetric (0,2)-type of tensor fields, it follows from
(3.6) that

(3.7) PIX,Y]=ApxY — Apy X + H{w(FX)Y —w(FY)X} .
With the help of (2.17)-(a), we see that D+ is integrable if and only if P[X,Y] =0
for X, Y € D+. So, our assertion follows easily from (3.7). O

Proposition 3.2. Let M be a hemi-slant submanifold of a l.c. K. manifold M. Then
the slant distribution DY is integrable if and only if

(3.8) VzPW —VwPZ+ ApzW — Apw Z + g(Z, PW)BT ¢ DY
for any Z,W € D°.

Proof. The slant distribution D? is integrable if and only if [Z, W] € DY, for any
Z, W € D?. On the other hand [Z, W] € DY if and only if P[Z, W] € D?, because
of (2.17)-(b) and the fact that TM = D+ @ DY. For any Z, W € D, using (2.10),
we have

VyPW — ApwZ — 30(IW)Z + g(2Z, PW)BT

(3.9) = PV W +th(Z,W) — sw(W)PZ + $g(Z,W)(PBT +tB")

from (3.2). Since h and g are symmetric (0,2)-type of tensor fields, it follows from
(3.9) that

P[Z7 W] = VZPW - VV[/PZ + Apzw - AFWZ +g(Z, PW)BT
—3w(JW)Z + 3w(JZ2)W + tw(W)PZ — sw(Z)PW.

Using (2.17)-(b) from (3.10), we find P[Z, W] € D? if and only if (3.8) holds. O

(3.10)

We also proved the Lemma 3.1 and Proposition 3.2 for semi-slant submanifolds
of a l.c.K. manifold in [12].

Let M be a hemi-slant submanifold of a l.c.K. manifold M. Then Gauss and
Weingarten formulas with respect to V are given respectively by

(3.11) VoV =VyV+hUV),
and
(3.12) Vué = —AU + Vit

for all U,V € TM and ¢ € T+M, where V and V= are respectively the induced
Riemannian and induced normal connection with respect to V in M and the normal
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bundle T+M of M, and h is the second fundamental form of M with respect to V.
Moreover, the second fundamental form h is related to the shape operator A by

(3'13) g( (Uv V)a 5) = g(AEUv V) :
Using (2.5), (2.6), (3.11) and (3.12) from (2.3) we have the following lemma.
Lemma 3.2. Let M be a hemi-slant submanifold of a l.c.K. manifold M. Then we

Zi) VoV = ViV — HwU)V +w(V)U - g(U,V)BT}
(3.15) WU, V) = h(U, V) + 3g(U,V)BN

(3.16) AU = AU + Jw(OU

(3.17) V§E = Ve — Jw(U)E

for any U,V € TM and £ € T+ M.

We remark that Lemma 3.2 was also given as Lemma 2.1 in ([10]) for generic
submanifolds (in the sense of Chen [3]) of a l.c.K. manifold.

From Proposition 3.1 and (3.16), we have the following result.

Corollary 3.1. Let M be a proper hemi-slant submanifold of a l.c.K. manifold M.
Then the anti-invariant distribution D+ is integrable if and only if

(3.18) ApxY = Apy X
for any X,Y € D-.

Lemma 3.3. Let M be a hemi-slant submanifold of a l.c.K. manifold M. Then we
have

(3.19) —P(VyX) = ApxU + th(U, X)
for any X € D+ and U € TM.

Proof. From (2.5), we have Vy JX = JVyX for any X € D and U € TM. Using
(2.17)-(a) and (3.11), we obtain

VuFX = J(VyX)+ JhU,X) .
Hence, it follows that
—ApxU +VEFX = P(VyX) + F(VyX) + th(U, X) + fh(U, X) .
Taking the tangential part of this equation we find (3.19). O

Theorem 3.1. Let M be a proper hemi-slant submanifold of a l.c.K. manifold M.
Then the anti-invariant distribution DL is integrable.

Proof. With the help of (2.17)-(a) and (2.17)-(b), for any X,Y € D+ and U € TM,
we have

0= g(—P(VyX),Y) = g(ApxU,Y) 4 g(th(U, X),Y) from Lemma 3.3. After
some calculation, we find g(leXY, U) = g(flpyX, U). Tt follows that ApyY =
flpyX . Thus our assertion follows from Corollary 3.1. O
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Next, we are going to study the problem when a proper hemi-slant of submanifold
of a l.c.K. manifold is a Riemannian product of a totally real submanifold and a
slant submanifold.

Theorem 3.2. Let M be a proper hemi-slant submanifold of a l.c.K. manifold M.
Then the slant distribution D? defines a totally geodesic foliation on M if and only

if
(3.20) G(ArxW + L(FX)W, Z) = g(Apw X, 2)
for all Z,W € D? and X € D+.

Proof. We know that (M, ¢’,J) is a Kihler manifold. Thus, from Theorem 3.7 [9],
we have the distribution D? defines a totally geodesic foliation on M if and only if

g(ApxPW,Z) = ¢'(Appw X, Z)

for all Z,W € D% and X € D+. Putting W = PW in this equation and using
(2.11), we get

(3.21) 9 (ApxW,Z) = g (Arw X, Z) .
Thus, our assertion follows from (3.16), (3.21) and the fact that g(X,Z) =0. O

Theorem 3.3. Let M be a proper hemi-slant submanifold of a l.c.K. manifold M.
Then the anti-invariant distribution D+ defines a totally geodesic foliation on M if
and only if

for all XY € D+ and Z € DY.

Proof. Since (M, g, J) is a Kihler manifold, it follows from Theorem 3.8 [9] that
the distribution D+ defines a totally geodesic foliation on M if and only if

§(ApxPZY) =g (ArpzX,Y)

for all X,Y € D+ and Z € DY. Putting Z = PZ in this equation and using (2.11),
we get

(323) g/(Asza Y) :g/(Asza Y) .

Thus, our assertion follows from (3.16), (3.23) and the fact that ¢(Y,Z) =0. O

Corollary 3.2. Let M be a proper hemi-slant submanifold of a l.c.K. manifold M.
Then M is a locally Riemannian product manifold M = Mp1 x Mpoe if and only if

(3.24) ApxZ + tw(FX)Z = ApzX + 3w(FZ)X

for X € ?L and Z € DY, where Mp. is a totally real and Mpe is a slant subman-
ifold of M.

Proof. Tt follows easily from (3.21), (3.23) and (3.16). O
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4. HEMI-SLANT SUBMANIFOLDS WITH PARALLEL CANONICAL STRUCTURES

In this section, we study hemi-slant submanifolds of a l.c.K. manifold with par-
allel canonical projection structures on the tangent bundle of the submanifold.

Let M be a submanifold of a l.c.K. manifold M. For the endomorphism P :
TM — TM we put

(4.1) (VuP)V =VyPV — PVyV

for any U,V € TM. We say that P is parallel if (Vi P) = 0 for any U € TM. From
(2.5), (3.11) and (3.12), we have

VuPV + WU, PV) — ApyU + VEFV

4.2 A . . [
(42) = PVyV + FVyV +th(U, V) + fh(U,V)

Hence, we obtain } 3 }
(VUP)V = th(U, V) + ApyU.
Thus, for any U, V,W € T M, we get
(4.3) 9(VuP)V,W) = g(Apy W — ApwV,U) .

Proposition 4.1. Let M be a submanifold of a lc.K. manifold M. Then P is
parallel if and only if

1
AFUV — Ava = §{w(FV)U — w(FU)V}
for any U,V € TM.
Proof. 1t follows immediately from (3.16) and (4.2). O

Theorem 4.1. Let M be a hemi-slant submanifold of a l.c.K. manifold M. Then
P is parallel, i.e., VP = 0, if and only if the anti-invariant distribution D+ is
autoparallel.

Proof. Let P be parallel. For any X,Y € D+, using (2.17)-(a), we have

(4.4) 0= (VxP)Y = PVxY
from (4.1). Again, using (2.17)-(a), we deduce that VxY € D+ from (4.4). Tt
means that D+ is autoparallel. Converse is clear. (I

Now, we give a characterization theorem for totally umbilical hemi-slant sub-
manifolds of a l.c.K. manifold.

Theorem 4.2. Let M be a totally umbilical hemi-slant submanifold of a l.c.K.
manifold M. If P is parallel and dim(D+) > 2, then the mean curvature vector
field H of M belongs to distribution .

Proof. Since dim(D?) > 2, we choose Z,W € D’ such that g(Z,W) = 0 and
IZ]| = 1. Then, using (2.4) and (3.13), we have

g(H,FW) = g(M(Z,2),FW) = g(Apw Z, Z).

Here, from Lemma 3.5 of [4, p.23], we know that Apy Z = ApzW. Thus, we get
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g(H,FW) = g(ApzW, Z) = g(h(Z, W), FZ) = 0. It means that
(4.5) H 1 FD’ .

On the other hand, we can choose X,Y € D+ such that g(X,Y) =0 and ||V =1
from the hypothesis. Again, using (2.5) and (3.13), we have

g(H,FX) = g(h(Y, Y), FX) :~g(/~1FXY, Y'). Here, by Theorem 4.1 and Corol-
lary 3.1, we know that ApxY = Apy X. So, we get
g(H,FX) = g(Apy X,Y) = g(h(X,Y),FY) = 0. It follows that
(4.6) H 1 FD- .
Thus, our assertion follows from (4.5), (4.6) and (2.15). O
For the normal-bundle 1-form F, we put
(4.7) (VuF)V =VEFV —FVyV .

for any U,V € TM. We say that F is parallel if (VyF) = 0 for any U € TM. By
using (3.11) and (3.12), for any U,V € T M, we have

(4.8) (VuF)V = fh(U,V) — h(U, PV)
from (4.7). Hence, for any ¢ € T+ M, we obtain
(4.9) 9(VuF)V,€) = =g(AseV + AcPV,U) -

for any U,V € TM and & € T+ M.

Proposition 4.2. Let M be a submanifold of o l.c.K. manifold M. Then F is
parallel if and only if

1
AeU + AcPU = —{w(fOU + w()PU}
for any U € TM and £ € T+ M.
Proof. Tt follows immediately from (3.16) and (4.9). O

Theorem 4.3. Let M be a proper hemi-slant submanifold of a l.c.K. manifold M.
If F is parallel, then M is mixed totally geodesic.

Proof. Let F be parallel. Then, from (4.8), we have

(4.10) fh(U, V) =h(U,PV) .
for any U,V € T'M. Hence, we obtain
(4.11) f2h(U, V) = fh(U, PV) = h(U, P?V) .

In particular, if we put V = X € D+ and U = Z € DY in (4.11), with the help of
(2.17)-(a), we obtain

(4.12) f2h(Z,X) =hZ,P2X)=0 .
On the other hand, using (2.11), we have
(4.13) f2h(Z,X) = WX, Z) = h(X, P*Z) = — cos*0h(X, Z)

from (4.11). Since § # Z, for any X € D+ and Z € DY, we deduce that

(4.14) MX,Z)=0
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from (4.12) and (4.13). Thus, our assertion easily comes from (3.15) and (4.14). O

s

9]

(10]

(11]
(12]
(13]

(14]
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