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ABSTRACT. In this note we present explicit and elementary formulas for the
correspondence between the group of special Lorentz transformation SO (3, 1),
on the one hand, and its spin group SL(2, C), on the other hand.

Although we will not mention Clifford algebra terminology explicitly, it is
hidden in our calculations by using complex 2 X 2-matrices. Nevertheless, our
calculations are strongly motivated by the Clifford algebra gl(4,C) of four-
dimensional space-time.

1. INTRODUCTION

It is well known that for a pseudo-euclidean vector space (V,g) the universal
cover of the special orthogonal group SO(V, g) is given by the so called spin group
Spin(V,g). For the case V. = RPT? and g = diag(1,, —1,) we write SO(p,q)
and Spin(p,q). The covering map is 2:1 for dimV > 2. The theoretic setting in
which spin groups and related structures are best described is the Clifford algebra
CU(V,g), see [2, 3, 8] for example. Although spin groups in general refrain from be-
ing described by classical matrix groups for dimensional reason, there are accidental
isomorphisms to such in dimension three to six, see Table 1. The isomorphisms are
a consequence of the classification of Lie algebras and can for example be seen by
recalling the connection to Dynkin diagrams. We use the notation from [4] and rec-
ommend this book for details on the definition of the classical matrix groups. Due
to the fact that the complexifications of the orthogonal groups are independent of
the signature of the pseudo-Riemannian metric the groups in each column of Table
1 are real forms of the same complex group for fixed dimension.

Infinitesimally, i.e. on Lie algebra level, the 2:1 covering structure cannot be seen.
Therefore, the description on this level is given by fixing bases in the respective Lie
algebras. If we try to take over this to the groups we see that the exponential map
enters in the construction. A useful and manageable description is not obtained
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TABLE 1. The isomorphisms in dimensions 3 < p+ g <6

ptq=3 +q=4 ptg=5 ptqg=6
(3,0) | SU2) | (4,0)| SU2)* | (5,0)| Sp(2) | (6,0)| SU(4)
(2,1) | SL(2,R) || (3,1) | SL(2,C) || (4,1) | Sp(1,1) || (5,1) | SL(2,H)
(2,2) | SL(2,R)? || (3,2) | Sp(4,R) || (4,2) | SU(2,2)
(3,3) | SL(4,R)

in general due to the Baker-Campbell-Hausdorff formula. However, in dimension
four such description is possible and we present explicit formulas for the maps that
connect SO(3,1) and SL(2,C).

2. SOME PRELIMINARIES

We will give some preliminaries on Lorentz transformations, Pauli matrices,
gl(2,C), and SL(2,C), mainly to fix our notation.

By gl,KK we denote the set of all (n x m)-matrices over the field K and by
GL(n,K) C gl,K the group of all regular matrices. The set of Lorentz trans-
formations O(3,1) by definition contains all elements 7" € GL(4,R) that obey
|TZ|? = ||| for T = (2%, 2!, 2%, 23)! € R?. Here we use

3
72 = (@°)2 = (@")? = (@%)? = (@2 = Y gya'al,
i,7=0
where
(21) g = (gij)i,j=0,...,3 :dlag(la_17_17_l)

denotes the Minkowski metric and we write R*! = (R?, g). We denote the matrix

entries of an endomorphism T' by T"; such that (T'Z)" = ) T%;a’.
=0

Remark 2.1. The Lorentz transformations form a subgroup of GL(4,R). As a
submanifold of GL(4,R) the group structure is smooth such that SO(3, 1) is indeed
a Lie group. This follows also from a more general fact stating that closed subgroups
of Lie groups are Lie subgroups, see [4, Theorem 11.2.3].

SO(3,1) admits four connected components that are associated to orientability
and time-orientability of R3!. The connected component of the identity is given
by the Lorentz transformations that obey det(7) = 1 and 7% > 0. The special
Lorentz transformations form a subgroup denoted by SO (3,1).

We use the following Pauli matrices:

e A R B (O

The matrices 01,032, and o3 obey
2 2 2 2
0] =05 =05 =05 =0y,
(2.3) 0102 = —0301, 0103 = —0301, 0203 = —0302,

0'10'222'0'37 0203:i01, 0301:i02.
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This can be combined to
3

(2.4) 0i0; = 6z'j0'0+iz€ijk0'k

k=1
with €;;5 totally skew symmetric and €193 = 1. In particular, for ¢ = 0,1,2,3 we
have the nice relation

1
(25) 51’]’ = itf(O'iO'j),

and, moreover, from (2.4) we get for i =1,2,3

3 3
(2.6) Zajaiaj = —0; and Zajaiaj =0.
j=1

j=0
We consider the natural R-linear map
TR — gl(2,0),

0

(2.7) ! o > i 20+ 23l —ix?

2 H\I](x):%xai:(IlJrizQ z0x3>'
3 i=

8 8 8 8

The image ¥ (7) of # € R* is a Hermitian matrix, i.e.

U(F) € h(2,C):={Acgl(2,C) | A= AT},

and, therefore, of type (Z} 1;) with a,b € R and w € €. The inverse map is

given by 7 sy
(6 o)
3(a—"b)

In particular, each Hermitian matrix B € (2, C) can be written as B = xgog +
T101 + X909 + x303 with x; € R and we have

I1Z]I* = (2°)* = (21)* = (2%) — (2)* = det (T (7))

As noticed in the title the special linear group SL(2,C) C gl(2,C) will play an
important role in the following and we will recall its definition:

(2.8) SL(2,C)={Begl(2,0)| det(B) =1} .

SL(2,C) is a Lie group, that has complex dimension three or real dimension six: in
(2.8) we have one complex equation for the four complex parameters. Each matrix
in SL(2,C) can be written in the form

(29) A:a000+a101 +a202+a303
with
(2.10) det(A) = (a°)? — (a')? — (a*)? — (a®)* = 1.
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Complex generators of SL(2,C) are, for example, 01,09 and 3.1 Therefore, real
generators are o1, 0y, and o3, as well as 101, i03, and i03.
If we omit in (2.9) the condition on the determinant we get all of gl(2, C) by such

3 3
linear combination. The product of two matrices A = )~ a’oj and B = > Vo;
3=0 j=0
expands as

3 3 3
(211) AB = Zajbjdo'f'Z(aobj +b0aj)0j +14 Z €ike ajbk gy .
7=0 j=1 j,k, =1

Given a matrix A € gl(2, C) we define the conjugated matrix by
1 2 3

(2.12) A = a0 —a'oy — a0y — dPos.

This conjugate obeys det(A’) = det(A) and A’B’ = (BA)’. In particular, the
product of a matrix and its conjugated is given by

(2.13) A'A=AA = ((a0)2 —(a")? = (a*)? - ((13)2)00,

such that its trace obeys

(2.14) %tr(A’A) =det(A4) = (a®)* — (a")? — (a®)? — (a®)?.

Moreover, for A € SL(2,C) we have A’ € SL(2,C) and A~! = A’ due to (2.10).
We collect the symmetry properties (2.3) and the symmetry property (2.12) as
follows. We introduce signs ¢; and ¢;; defined by o} = ¢;0; and 0,0, = ;50,05 i.e.

1 1 1 1 1
-1 1 1 -1 -1
(2.15) (Ei)izo,.wg =111 (5ij)i,j:07...,3 =11 -1 1 -1
1 1 -1 -1 1

In particular, in terms of &; Minkowski metric (2.1) reads as

9ij = 5i6ij = &‘J‘(Sij .

3. SO(3,1) IN TERMS OF SL(2,C)

We consider an action ® of SL(2,C) on the set of Hermitian matrices that is
defined by

(3.1) SL(2,C) x h(2,C) > (A, B) — ABAT € p(2,C).

Writing B = W(&) the combination W~ (AW(F)AT) yields an element in R*. This
defines an action ® of SL(2,C) on R* via

(3.2) O(A)(Z) = T 1 (AP(T)AT)
The map ®(4) : R* — R* is R-linear. Furthermore, we have
| (A)(@)]|* = |0 (AP (£)A)[|* = det(AP(£)AT)
= det(A) det(A) det(¥(F)) = det(¥(Z)) = |||

such that ®(A) is a Lorentz transformation.

IBecause of (2.3) we have exp(bloq + b209 + b3o'3) =a% + aloy + a209 + a®o3 with complex
coefficients a* which depend on the 7. This follows from a more general relation between Lie
groups and their tangent space at the identity, i.e. their Lie algebra, see [4, Proposition I11.1.6].
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The Matrix entries of T := (®(A)";); j—o,....3 depend on the complex parameters
a; from the decomposition of A according to (2.9). They can explicitly be expressed
by expanding and rearranging the right hand side of (3.2):

4
U(D(A) (@) = Y T'alo;
i,j=0
= (aoéo +a'al +a%a® + a3&3)m000

—iad%a® + ia3(i2)xlao

—
S
S
+
s
S

'a@® +d’a' —ia’a® + ia’a’) 2oy

IS]

/\/\/\/\/@\/\/\/—\
S
+
s
S
I
s
S
I
S
S
~—
8
Q

=

a’a® + a?a® — iata® + ia3&1)z002

a'a® + a*a' —ia’a® + ia*a®)a' oy

a%a° — ala! + a2a? — *a@3) 20
3

a’a® + a’a® + ialat —ia

1d0)
a’a@® + a’a’ +ia'a® — ia2(_z1)
2 ZdO)

—~
~—

—~

1

2
T 09
00,3
a'a@® + aat +iaa® — ia Log

T
T

—~

—_
IS
[\v]
Ql

34+ a%a? —id’a' + ialdo)zZUg

+ + o+ o+

—
S)
(=

a’ —a'al — a%a® + a363)x303 .

3.

DO

By applying (2.5) directly to
form.

Proposition 3.1. Consider A € SL(2,C) and ® : SL(2,C) — SO(3,1). Then the
image of T = ®(A) has the entries

—~

) we see that (3.3) gets the following compact

(34) Tij = %tr(UiAO'jAT) = %tl‘(AO'jATO'i)

Remark 3.1. As we saw, the map ®(A) is a Lorentz transformation — but is it a
special Lorentz transformation as well? From (3.3) we see directly that ®(A)% >0
— but what about the determinant of ®(A)? Without calculating the determinant
we can see the result as follows: The image of the map ® : SL(2,C) — O(3,1) is
connected because ® is continuous and SL(2,C) is (simply) connected. Further-
more, the identity is in the image of ® such that all of the image of ® is contained

in SO*(3,1).

4. SL(2,C) IN TERMS OF SO(3,1)

By explicitly inverting the system (3.3)we show in this section that for any special
Lorentz transformation 7' € SOT(3,1) their exists a matrix A € SL(2,C) with
T = ®(A). This matrix isn’t unique, because with A its negative —A € SL(2,C)
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obeys ®(—A) = ®(A), too. This 2:1 behavior will be reflected in the existence of a
square root during the process of solving the equation T = ®(A), i.e. (3.3), for a'.

To solve (3.3) we write ®(A) = T and consider (3.2) and (3.4), i.e. ¥(T%) =
AU (Z)AT and T; = Ltr(c?Ag; AT). We define matrices 7(;)(T) € gl(2,C) by

-2
3
(4.1) 75 (T) = Z T olo;oi0y .
4,k=0
For example, ¢ = 0 yields
3 3 3
(4.2) T0)(T) = ZTiiJo + Z(Tio +T%)0; +1i Z T'j€ijk0 -
i=0 i=1 i k=1

Moreover, due to (3.2), we have

3 3 3
) (T) = Z JZ{(Z Tjkoj)aiak = Z ol (T (Ex))oiok
§=0 k=0

0

ES
Il

(4.3)

/
UiAakAToiak .

I
NE

™~
Il
=

3 .
For arbitrary B = _ b'o; we get
i=0

K2

3 3 3 3
(44) ZO’jBO’j :bOZ(Uj)QO'o—‘eriZO'jO'iO'j :4b00'0
=0 =0 i—1  j=0

by using (2.6). Doing the same calculations for Boy, Bos, and Bos we get for
1=0,1,2,3

3
(45) ZUjBO'in = 4bi0'0
§j=0
such that
3 .
(4.6) i) (T) = 0;A Z ojAlo0; = da'olA.

=0

We use (2.12) and consider the following trace

1tl“ (T(i) (T)/T(i) (T)) = %tr((él@ia';A)/(él@iO’iA))

2
(4.7) = 8(di)2tr(AlaiJiA)
=16(a")?
This special combination of 7(;)(T") and 7(;)(T)" yields the following statement.

Proposition 4.1. Consider T € SOT(3,1). Then there exist maps

of) : SO™(3,1) = SL(2,C)
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for i = 0,1,2,3 such that the images <I>( )(T) are the solutions of ®(A) = T if
tI‘(T(i) (T) 75 (T )) # 0. The maps are given by

(4.8) oF(T) =+ ! ojri(T)

\/%tr(ﬂi)(T)’T(i)(T)) 1

We will formulate the result (4.8) in terms of T" alone, i.e. without help of the
map 7(;). By using the signs (2.15) a more explicit way to express (4.1) is

eitiy (T Z Tjkalojalak
7,k=0
3
= (ZEZ] )00+Z 5” 0+T )0'] +1 E €”€]kgT KO0 .
j=1 g,k 0=1

We write T;) for the matrix with entries (T{;))7 = €;;T7, in particular Ty =T
For the expansion e;7(;) = t°0g + t'o1 + t?02 + t>c3 we have

~
[\

%tr(T(i)(T)'T(i)(T)) = (9% —(t")? - (7 - (¢°)°

3 3
2 2
= (tr(T(y))" — Z (aﬂ”o +T% +i Z slkaengz)
j=1 k=1
2 3 . . .
= ((T(p))" = D (T90T0 + TO5T0; + 264,70 T°;)
=1
3
- Z 5ik5i'rn€k€j€manlemn
7,k mmn=1
3
+2i Z enej (e, T 0+ T e TH,
k=1
3
tI‘ T( Z T]()TJO —|—TojToj —|—2<€ijTj0Toj)
i=1

3
+ Z Tjijk — Z EikéijTjkaj

7,k=1 7,k=1
3
— 23 E Ejk/(Elejo + T )5sz 0,
7,k l=1

in the last step. From the fact that T is a

where we used Zz | €ikt€mne = 263K,

Lorentz transformation we have

3
(49) Z Tijgika[ = ng .
i,k=0
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After considering j = ¢ and multiplying by the sign ¢; we take the sum over j and
obtain

3 3 3
(4.10) S OTHTR =N T T =Y 1070 =4 (T%)°.
k,j=1 j=1 j=1
We use this and insert the positive signs ;¢ to simplify
3
1 2 ) )
§tr(7’(/i)7’(i)) = 4 =+ (tI‘(T(l))) — 22 Z Ejkg(é‘ijT]o + Toj)Eikag
3ok, =1

3 3
0 0 i 0 ik
— €060 0170 — 2 E gi€ij 70T — E €ik€ij T7 1 T" ;

i=1 jk=1
3
=4+ (tI‘(T(i)))Q - Z 5ik5ijTjkaj
4,k=0
3
—2i Z eine(eijT0 + T°)ew T,
jikt=1
3
= 4+ (6(T()) — te(T2) — 20 Y ejreleiTo + T°))eiT™s .
Jikf=1

This yields the following Corollary of Proposition 4.1 that contains the announced
explicit description of SL(2,C) in terms of SO(3,1).

Corollary 4.1. In terms of the entries of T formula (4.8) reads

3 3
tr(T)ooJrZ Tig+T% +i Z T ekt | 0

. =1 k=1
(4.80) @5 (1) =+ ’ -
\/4 + (tr(T7))? = tr(T?) = 20 3> €jne(T70+T°;)T",
k=1
fori1 =0, as well as
(4.8:)
R 1
bf(T) =+ X
3
\/4 + (r(T)" = 01(T2) =20 > ejne(eiTIo +T0))eTh
3k e=1
X (TZO —|—T0¢ +iz<€ij€ijkT]k)UO +t1"(T(i))0'i
k=1
3 ‘ ‘ 3
+ (le — €ijT]i 4+ Z €z‘kj(5ika0 + Tok))aj
j=1 k=1
fori=1,2,3.

Remark 4.1. All four combinations in (4.1) are needed to describe full SL(2,C)
because formula (4.8) only works for 7;(T") # 0. For example, the choice ®q
only works for matrices T such that a® # 0. In particular, the matrices oy, o,
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and o3 that correspond to T = diag(1,1,—1,-1), T = diag(1,—1,1,—1), and

T = diag(1, -1, —1, 1), respectively, cannot be described.
Example 4.1. We consider T' € SOT(3,1) such that

cosha sinha cosha sinha
Tiy=T = | sinha cosha ; Ty = |sinha cosha ,
1, -1,
cosha —sinha cosha —sinha
T(2) = | sinha —cosha , T3y = |sinha —cosha
o3 —03

Then

tr(T) = 2(cosh(a) +1), tr(T(1)) = 2(cosh(a) — 1),
tI‘(T(Q)) = tI‘(T(g)) =0.

Furthermore we have

and

2cosh?a—1 2coshasinha

T2:T(21)= 2 cosh ar sinh o 2 cosh? —1 , T(22):T(23):]14,
1,
tr(7(0) (1) 7(0)(T')) = 8(cosh2a + 1),
tr(7(1) (1) 71)(T)) = 8(cosh 2a — 1),
tr(7(2) (1) 7(2) (T)) = tr(7(3)(T) 73 (T)) = 0

Therefore, we can consider i?ﬂo) (T') and @ﬁ)(T) and get

veosha +1

inh
s JO+\/COSha—101).

. 1 inh
ot (T)=— (\/cosha—i— log + smaal) ,
(x/coshozl

Both yield the same Matrix A , namely

@ ginh @
A— c.osh 5 sinh
sinh 3 cosh g/’

[e% [e%

which follows from 2 sinh? 5 = cosha — 1 and 2 cosh? § =cosha + 1.

5. SOME CONCLUDING REMARKS

e The results that we presented here in an elementary way have been dis-
cussed in parts in the literature. The particular choice ¢ = 0 in (4.8) has
been discussed in [6, p. 69] where the author states a variant of formula
(4.80), in [5, p. 53] where the author emphasizes that the formula only
holds in special cases, and in [7, p. 130] with reference to [5] but without
comment on the incompleteness.

e On purpose we neglected the use of the theory of Clifford algebras and
their representations although there is a strong relation. In fact, the Clifford
algebra C'¢(4) is the framework in which the results above can be formulated
and we will shortly recall how Pauli matrices enter into the discussion.
Starting in dimension two we see that the set {01,092} provides generators
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of the Clifford algebra C/(2) because o,0; + 0jo; = 2d;; for i = 1,2. By
adding the volume element o3 = —io109 we get generators {o1, 09,03} of
C?(3) because the same relations as before hold but for 1 < i < 3. As we can
check the set {EO =01R®1,31 = 0201, X9 = 095R®09, 23 = 0203, } obeys
2.3, + X%, = 26;; for 0 <4 < 3 such that it yields generators of C/¢(4).
Such doubling process can always be used when going from C/¢(2k — 2)
to CU(2k). This gives a iterative way to construct C¢(2k) from C¥(2),
see for example [1]. The doubling process, of course, isn’t unique because
with any set of generators {X;} and any unitary transformation Q the set
{QZZ-QT} yields generators, too. Although we restricted to the complex
Clifford algebra above, generators of the real Clifford algebra according to
a metric with signature can easily be obtained by adding some extra ¢ in
front of some of the generators. For more details we again refer to the
literature, for example [2, 3, 8.

e Our choice for C'?¢(4) above is the so called Weyl representation for which
the subspace span{Zij = %(ZZE]» - EjZi)} C C(4) is block-diagonal. This
subspace is isomorphic to the algebra of skew-symmetric (4 x 4)-matrices
and reflects the algebra isomorphism so(4) ~ s0(2) @ s0(2). In terms of
Dynkin diagrams this is Dy = A; @ A; and here sl(2,C) enters as the
standard realization of A;. A more geometric way to interpret the iso-
morphism is the notion of selfduality of two-forms in dimension four. In
this particular dimension the Hodge operator provides an involution on the
six-dimensional space of two-forms and, therefore, it splits into two three-
dimensional eigenspaces, the so called self-dual and anti-self-dual two-forms.

e The introduction of the sign ¢; into (4.9) to get (4.10) is somewhat artificial.
In a more geometric way this is due to the natural isomorphism R* ~ (R*)*
defined by the Minkowski metric g. In terms of index-notation this is raising
and lowering of indices. This isomorphism is needed when we want to
calculate invariant traces of bilinear forms. In fact, (4.9) is a bilinear form
rather than an endomorphism.

e There is a last nice relation we like to mention. The isomorphism ¥ from
(2.7) translates (2.11) to R*. After writing R* = R x R? this reflects the
geometry of R3, i.e. the Euclidean product (-,-) and the cross product x.
For this we write & = (9, x) with x € R®. Then

U (U (@) () = ( roin * ) ) :

Toy +YoX +X Xy

and therefore

é\lf‘l(wa?)\my)—m(y*)wf)):( 0 )

X XYy
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