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[lknur Kusbeyzi Aybar ™!

Abstract

In this study, we perform the stability and Hopf bifurcation analysis for two population models
with Allee effect. The population models within the scope of this study are the one prey-two
predator model with Allee growth in the prey and the two prey-one predator model with Allee
growth in the preys. Our procedure for investigating each model is as follows. First, we
investigate the singular points where the system is stable. We provide the necessary parameter
conditions for the system to be stable at the singular points. Then, we look for Hopf bifurcation
at each singular point where a family of limit cycles cycle or oscillate. We provide the parameter
conditions for Hopf bifurcation to occur. We apply the algebraic invariants method to fully
examine the system. We investigate the algebraic properties of the system by finding all
algebraic invariants of degree two and three. We give the conditions for the system to have a

first integral.
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1. INTRODUCTION

Various generalized predator-prey models that
involve quadratic functions which exhibit logistic
behaviour [1-3], cubic functions which show
different rates of reproduction[4,5], Holling type
I functions which state constant
consumption[6,7] and Beddington-DeAngelis
functions which indicate mutual interference and
extinction[8,9] have been shown to overcome
some of the biological problems of the original
Lotka-Volterra model[10,11]. Population

* Corresponding Author: ikusbeyzi@yeditepe.edu.tr

carrying capacities are introduced into these
generalizations by adding the proposed functions
to the self-interaction and the coupling terms [12].
Applications of these generalizations have been
studied in comparison in order to find suitable
functional responses for modeling predation [13].

One of these generalizations include Allee effect
which presents a positive relationship between the
population size and the individual fitness
particularly for invading species [14] and at low
population [15-17]. The individual fitness is
defined as the per capita population growth rate.
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Behaviours such as cooperative predation,
cooperative defense and environmental and
seasonal changes may result in the Allee effect.
W. C. Allee first proposed the Allee effect to
describe the relationship between the population
and the mean of the individual population with the
following cubic model [18].

X
—=ax(l—-x)(x—«a

= (1 -0 - )

Here, x denotes the population density, a denotes
the population growth rate and « is the carrying
capacity.

Allee effect is defined as a positive correlation
between the individual fitness and the population
density [19]. Populations with low densities are
shown to be more likely to extinct [20] in the
population models with the Allee effect. The
carrying capacity of the populations may decrease
below a critical density threshold in the presence
of the Allee effect. In the models representing the
spread of the invading organisms, the threshold
exposed by the Allee effect may increase the
invasion rate [21]. Population models with the
Allee effect have various applications in plants
and animals, hence it is important to understand
the density thresholds to understand the
underlying mechanisms of the propagation and
extinction of these models. In 2008, Courchamp
et.al suggested that Allee effect may even occur at
high population levels for some species [22].

The Allee effect can be induced into the system
in the prey's growth function. Hence there are two
possible versions of inducing Allee effect into a
three-dimensional predator-prey system. The
differences in the dynamical properties of the two
possible three-dimensional predator-prey
generalizations with Allee effect have been given
in this work. In section 2, we investigate the one
prey-two predator system with Allee growth in
the prey. In section 3, we investigate the two prey-
one predator system with Allee growth in the

preys.
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2. THE ONE PREY-TWO PREDATOR
SYSTEM WITH ALLEE GROWTH IN THE
PREY

The one prey- two predator model with Allee
growth in the prey is given by the following set of
differential equations.

dx

—=ax(1—x)(x —a) — bxy —cxz
dt

Y vt (1)
7r = “dytexy

dz N

Tl fz+ gxz

Here x denotes the population density of the prey
and y and z denote the population densities of the
predators. The parameter a denotes the population
growth rate and « is the carrying capacity. b and
c are the consumption rates of the predators y and
z over the prey. On the other hand, e and g are the
growth rates of the predators from the
consumption. d and fare the natural death rates of
the predators. All parameters are positive since
they represent physical values.

Theorem 1. System (1) has at least one stable
singular point.

The Jacobian matrix of system (1) is
J11 —bx —cx
(ey ex —d 0 ) ,
gz 0 gx—f
Jii=a(x(2—-3x)+a(2x —1) — by —cz.
Singular points and corresponding eigenvalues of

the Jacobian matrix of system (1) are given in
Table 1.

1006



ilknur Kusbeyzi Aybar

Stability And Hopf Bifurcation in Three-Dimensional Predator-Prey Models With Allee Effect

Table 1. Singular points and corresponding
eigenvalues of the one prey-two predator system with
Allee growth in the prey

Singular point Corresponding eigenvalue
EO (09070) {_aa' _d' _f}
E, (1,0,0) {a(a —1),ae—d, ag - f}
E, (a,0,0) {—aa(a—1),ae —d,ag — f}
E d a(e-d)(d-ae) dg
I G ) (= [ 2}

E, L 0,80=DU a0, f

e
g’ cg? {; —d, 141,42}

where

/13i =
ad(e(1+a)-2d)++/ ad(4e2(d—e)(d—ae)+ad(e(1+a)—2d)?)
2e?

and

/14i =
af (g(1+a)-2f)+\af (4g2(f-9)(f—ag)+af (g(1+a)—2f)?)
292

The eigenvalues of the Jacobian matrix of system
(1) at E, are all negative which shows that system
(1) is always stable at the origin.

According to the eigenvalues of the Jacobian
matrix, E; is a stable singular point when e < d,
g < f and a < 1 are satisfied together.

According to the eigenvalues of the Jacobian
matrix, system (1) is stable at E, when e < d and
one of the following cases is satisfied.

. d
1. gsiand1<a<—
d e

il. %<g<fand1<a<

!
g
System (1) is stable at E5 if e < 2d, g < % and

a<2—1.
e

E, is a stable singular point of system (1) when
e<2d,%<g <2fanda<2;f—1.

Therefore, system (1) is guaranteed to have at
least one stable singular point which is at the
origin.
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Theorem 2. Hopf bifurcation occurs in system (1)
if one of the following conditions is satisfied.

1. e<d
ii. d<e<?2d
. g<f
iv. f<g<2f

According to the eigenvalues of the Jacobian
matrix at E3, system (1) shows Hopf bifurcation

) 2d . .
if = — - 1 and one of the cases 1 or ii is
satisfied.

Furthermore, system (1) has Hopf bifurcation at
Ejif a = ngf — 1 and one of the cases iii or iv is

satisfied.

Remark 1. The Hopf bifurcation at E5 is stable if
g << additionally.

Remark 2. The Hopf bifurcation at E, is stable if
one of the following cases 1is satisfied
additionally.

. e<d and%<g<f

. f<g<?2f
ii. d <e<2dand< < g <2f

Theorem 3. System (1) has a first integral if one
of the following conditions is satisfied.

. a=d=f=0
ii.a=b=f=0
lm.a=c=d=0
iv.a=b=c=0

v. d=e=0
viet+g=d+f=0
vi. f=g=0

Proof. System (1) has the first integral

b c e b 5

Ii=1+x+zy+§Z+%x +xy+%y
ce c c a

+EXZ+§yZ+2bg2

2

Z2

when case 1 holds. System (1) has the first
integrals  I;;, =1+y, I;,=1+z and
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Ii, =1 e _pe
iis = +x+zx +§z+xz+gz

when case ii is satisfied. For case iii, system has
the first integral

Ly=1+ +ez+b+ +b2
i = 1+ X+ oo Xt + oy +xy+ooys

The first integrals of the system is

I, =1+ x+ x? forcaseivand I, = 1+ y + y?
for case v. System has the first integral [,; = 1 +
yz for case viand I;;; = 1 + z + z? for case vii.

3. THE TWO PREY-ONE PREDATOR
SYSTEM WITH ALLEE GROWTH IN THE
PREYS

The two prey-one predator system with Allee
effect in the preys’ growth functions’ is given by
the following set of equations where x and y
denote the population densities of the prey species
and z denotes the population density of the
predator species.

dx
—=ax(1—x)(x —a) — bxy

dt (2)

—=-dy(1—-y)(y—p) —eyz

dz i

Pl fz+ gxz + hyz

The parameters a and d denote the population
growth rates and a and [ are the carrying
capacities of the prey population densities. b and
e are the consumption rates of the predator z over
the preys. On the other hand, g and h are the
growth rates of the predator from the
consumption. f is the natural death rate of the
predator. All parameters are positive since they
represent physical values.

Theorem 4. System (2) can be stable at given
singular points.

Proof. The Jacobian matrix of system (2) is

Sakarya University Journal of Science 23(5), 1005-1011, 2019

J11 0 —bx
0 dy(2-3y)+pdQ2y—1)—ez —ey
9z hz hy — f

Jii=a(x(2—-3x)+a(2x — 1) — bz.

The singular points and corresponding
eigenvalues of the Jacobian matrix of system (2)
is given in Table 2.

Table 2. Singular points and corresponding
eigenvalues of the two prey-one predator system with
Allee growth in the preys

Singular point Corresponding eigenvalue

E, (0,0,0) {—aa,—dp,—f}
E, (1,0,0) {a(a —1),—dB, g - f}
EZ (07130) {_aa! d(.B - 1)! h— f}
E3 (1’1’0) {a(a—l),d(ﬁ _E)j;}g'i_h
E, («,0,0) {aa(l —a),—dB,ga — [}
Es (@.1,0) {aa(l —a),d(B —_;)},ga+h
Eg (0, B,0) {—aa,dB(1—pB),hB — f}
E; (poy  CE@DABA-Po+is
Eg (. B.0) {aa(1 - a), dﬁ(1+—hl;3):9?}
Eq (i’ 0, a(g—i);f—ag)) {ae(f—i)](zf—ga) —dB, Aoy}
Eq (f_]’ 0, a(g—i);f—ag)) {bd(f—:’)lgf—hﬁ) — ad, Aos}
Eqq (%11, Y11, Z11) ({A,B £iC}
Eqp (%11, Y11, Z11) {A,BtiC}

where
Aot

1
=2—g2(af(g(1 +a) = 2f)

+ of (492 ~ 9)F - 90) + af (91 + @) — 2)2)

/110J_r1
=ﬁ(df(h(1 +B) — 2f)

inf(4h2(f —W)(f =) +df (R(1 + B) — 2)?))

1
e (bdg(2f —h(1+p))
— aeh?(1+ a) —/b,),

¥11 = 5 bd g2
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Y11 = Zh(bdgzl— aeh?) (h(bdg?*(1 + B)
+aeh(g(1+ a) — 2f) + g\/A_l)
11 = 5t ey 04° (260 - N
—ag)
—h(1+B(g(1+ ) —2f)
— h2(1+ )

—g(@(l+a)+h(1+p)
—2f)/A; + aeh?(2f (g(1 + @)
+h(1+B)—-2f2—g?’(1 + a?)
—gh(1+a)(1+pB) —2Bh?)

A, = (aeh?(1 + @) + bdg(h(1 + B) — 2))"
— 4(bdg*
— aeh®)(bd(f —h)(f — Bh)

— aaeh?),

A, = h2(bd(bdg?(B — 1)?
+4ae(f — g)(f —ag)
— 2abdeh(1 + B)(2f — g(1a))
+ ae(4bfd + aeh?(a — 1)?))

E, is a stable singular point of system (2) when
one of the following set of conditions are satisfied

in addition to § < 22 — 1.

bdf(f—h)

aeh?
2

. h<f,a<
aah

bdh(f—h) <k

ii. h<f anda>2LLN
aeh

iii. f<h<2f

and£ —
h

System (2) is stable at E; wheng < fanda < 1
both hold.

At E, system (2) isstable when< f .h < f — g
,1<a<%and B < 1 hold.

E; is a stable singular pointif g < f ,h < f — g,
a <land f <1 hold.

E, is a stable singular point if g < f and 1<
@ <Zhold.
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System (2) is stable at Es when< f ,h < f —g

,1<a<%" and f < 1 hold.
The singular point Eg is stable when h < f and
p < 1 hold.

E, is a stable singular point when g < f,h < f —
g.a<land1<p <TZhold

System (2) is stable at Egwhen g < f, h < f —
g, 1<a< fg%h and1 < pB < f_%are satisfied.

System (2) is stable at Eq when one of the
following cases holds.

1. g<f,a£§and
8> aef(f — g) —aaeg(f + g)

bdg?
il. g<fand§<a<

¥_1
g
iii. f<g<2f anda<2;f—1

System (2) is stable at E;o when h < f and 1 <
B <Lhnold

Since the expressions of system (2) at
E;, and E;, are complex, it is not possible to
calculate the eigenvalues of the Jacobian matrix at
these singular points. In order to analyse the
system at these points, the method of algebraic
invariants can be applied.[23,24]

Theorem 5. Hopf bifurcation at

E, is stable if it exists.

Proof. System (2) has Hopf bifurcation at
E, when [ = % — 1 and one of the following
conditions is satisfied.

i. h<f
ii. f<h<2f

These conditions coincide with the stability of
Hopf bifurcation.

Theorem 6. System (2) has a first integral when
one of the following holds.
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Proof. For case i, system (2) has the first integral
;=1 +%x+§y+z.

The first integral of system (2) for case iiis [; =
1+x+ gz.

System (2) has the first integral I;;; = 1+ y + %z
for case iii. When case iv holds, the first integral
of system (2)is I, = 1+ z.

Theorem 7. System (2) has an algebraic invariant
when b = 0 or e = 0 holds.

Proof. We look for an algebraic invariant of the
form

L=ay+ax+ay+azz
with the corresponding cofactor

k =sq+ 51X+ S,y + 53z + 54x% + 552
+ 522 + S;xy + SgXZ + SqyZ

When b = 0 holds, system (2) has the algebraic
invariants [; = 1 — x with the cofactor k; =
aax —ax?andl, =1 — gwith the cofactor k, =
ax — ax?. When e = 0, The algebraic invariants
of system (2) are [; = 1 —y with the cofactor
ky = Bdy —dy? and 1,=1 —% with the

cofactor k, = dy — dy?.
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