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ABSTRACT. We prove that if an almost parahermitian structure of the ambient
space induces the identity endomorphism of the radical distribution on a para-
complex lightlike submanifold, then there exists the global lightlike transver-
sal bundle, which is uniquely determined with respect to a screen distribution
and a screen transversal bundle of the lightlike submanifold. As an applica-
tion, we give a sufficient condition that paracomplex lightlike submanifolds in
a parakéhler manifold are minimal.

1. INTRODUCTION

Let M be a submanifold in a semi-Riemannian manifold (M ,g). Let g be the in-
duced symmetric (0, 2)-tensor field on M from g. Then if the intersection Rad (T'M)
of the tangent bundle T'M and normal bundle TM~ of M is a smooth r-dimensional
distribution, then (M, g) is called an r-lightlike submanifold in (M, g). The distribu-
tion Rad (T'M) is called the radical distribution of (M, g). We note that 0-lightlike
submanifolds are semi-Riemannian. The geometry of r-lightlike submanifolds with
r > 0 is much different from that of semi-Riemannian submanifolds.

In the case of r > 0, we can take a semi-Riemannian complementary distribution
S(TM) (resp. vector bundle S(TM™)) of Rad (TM) in TM (resp. TM+*), which
is not uniquely determined in general. The fixed distribution S(T'M) (resp. vector
bundle S(T'M~)) is called the screen distribution (resp. screen transversal vector
bundle). Following Duggal and Bejancu [3], we can take a lightlike transversal
bundle ltr (TM) on an open subset U of M, which depends on S(TM), S(TM™)
and a local basis £ = (&1, ...,&.) of Rad (M) on U. In general, ltr (T M) is locally
constructed on M. Then we obtain the decomposition TM |y = TM|y & tr (T M),
where tr (TM) := S(TM+) @ ltr (T M) is called a transversal bundle. The theory
of lightlike submanifolds is to study properties of (M, g) which are independent of
S(TM) and S(TM™), using the decomposition above. As one of such properties,
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Sakaki introduced the notion of minimal lightlike submanifolds in [5], modifying
the definition of minimal lightlike submanifolds in Bejan and Duggal [2].

In this paper, we study a paracomplex lightlike submanifold M of an almost
parahermitian manifold (M, g, j) Let J be the induced endomorphism of T'M
from J. In Section 2, we give notions and results we need from paracomplex
geometry, and recall some basic facts on lightlike submanifolds following [3]. We
prove in Section 3 that if J|gad (7ar) = £1Rad (rar), then there exists the uniquely
and globally determined lightlike transversal vector bundle ltr (T'M) with respect
to fixed S(TM) and S(TM=). As an application, in Section 4, we can see that
co-isotropic paracomplex lightlike submanifolds with J|gad (rar) = £IRad (7ar) in a
parakdhler manifold are minimal in the sense of Sakaki [5].

2. PRELIMINARIES

In this paper, we assume that all manifolds are connected, paracompact and dif-
ferentiable of class C*°. Let E be a vector bundle over a manifold N and End (E)
be the vector bundle of which the fiber on p € N is End (E,). The identity endo-
morphism of F is denoted by Ir. We denote the algebra of smooth functions on NV
by F(N), and the F(N)-module of smooth sections of E by I'(E). For a section
P € T'(End (E)) and a linear connection V¥ of E, we define the differential V£ P
of P with respect to V¥ by

(VEP)(s) := VE(P(s)) — P(VEs), VX e T(TN), Vs € T(E),

where T'N is the tangent bundle of N.

An endomorphism J € End (T'M) is an almost product structure of a manifold
M, if J? = I.57 and J # +1.5;. If there exists a nondegenerate metric on M such
that

E(JXﬂ]Y):_g(XaY)a VX,YGF(TM),

then we say that (JT/.?, g, j) is an almost parahermitian manifold. If J is integrable,
we say that (M, g, J) is a parahermitian manifold. We note that J is integrable, if
and only if the Nijenhuis tensor N of J given by

N(X,Y):=[JX,JY] - JJX,Y] - J[X,JY] + [X,Y],

vanishes identically on M. For a torsion-free affine connection V on M , putting
(VI)(X,Y) := (VxJ)(Y) for any X,Y € TM, we obtain

N(X,Y) = (VI)(JX,Y) = (VIY,X)+ J(VI)(Y, X) = J(VI)(X,Y).

We say that an almost parahermitian manifold (M ., J ) is a parakahlerian manifold
if J is parallel with respect to the Levi-Civita connection V of the semi-Riemannian
manifold (]\7,5): (Vx)(Y) = 0 for any X,Y € TM. Thus, if (M, J,g) is
parakahlerian, then J is integrable.

Let (E,g¥) be a semi-Riemannian vector bundle over a manifold M, that is,
g¥ is a nondegenerate bundle metric of E. An endomorphism JZ € End (E) is
a parahermitian structure, if (J¥)2 = Ig and gF(JFsy, JFsy) = —gF(s1,52) for
any s1, 52 € I'(E). The triplet (E, g%, JF) is called a parahermitian vector bundle.
We note that the rank of a parahermitian vector bundle is even and the metric is

neutral. Thus, it follows that any almost parahermitian manifold (M ., J ) has even
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dimension, say 2m, and the index ind M is equal to m. Thus (M,§) is a neutral
semi-Riemannian manifold.

Putting E* := Ker (JPF 1) for a parahermitian vector bundle (E, g%, J¥) with
rank 2k, we obtain the non-orthogonal direct decomposition E = ET @ E~, where
E?* is the eigenspace of JF corresponding to the eigenvalue 1. Then rank E+ = k
and the subbundles are totally lightlike (isotropic), that is, g¥ vanishes on each of
them. Then we denote the E*-component of s € E by s*.

A tangent vector v of (M, g) is said to be spacelike, timelike, or null according as
we have v = 0 or g(v,v) > 0, g(v,v) <0, or g(v,v) =0 and v # 0. It is easy that
J(v) is perpendicular to v for any v € TM, and J(v) is timelike (resp. spacelike)
for any spacelike (resp. timelike) tangent vector v € TM.

We recall some basic results on lightlike submanifolds of a semi-Riemannian
manifold. With respect to this class of submanifolds, we refer the monograph by
Duggal and Bejancu [3]. (See Duggal and Sahin [4] also.)

Let (M ,g) be an n-dimensional semi-Riemannian manifold with index ¢. An
m-~dimensional submanifold M of (M ,g) is said to be r-lightlike if the subset of
TM:

Rad (TM) := | ] Rad (7,M), where Rad(T,M):=T,M NT,M",
peEM

is a smooth distribution on M of rank r called the lightlike distribution. Then we
see that the rank r of Rad (T'M) satisfies

(2.1) r <min{t, n—t, m, n—m}.

It follows that M is r-lightlike if and only if the induced tensor field g on M by g
has a constant rank m — r. In the case of r = 0, i.e., the distribution Rad (T'M) is
zero, (M, g) is a semi-Riemannian submanifold.

By the definition above, we see that the normal bundle 7'M + of M is not com-
plementary to TM in TM along M if r > 0. Then we take two vector bundles
S(TM) and S(TM+), whose existences are consequences of the paracompactness
of M, such that

TM = S(TM) ®oren Rad (TM)  and TM* = Rad (TM) ®open S(TM*),

which @,tn stands for orthogonal direct sum of vector bundles. We call S(T'M)
and S(TM™) a screen distribution and a screen transversal vector bundle of M,
respectively. We note that both S(TM) and S(TM*) are nondegenerate vector

subbundles of TM along M.
For a fixed screen distribution S(T'M), we can take the complementary orthog-
onal vector subbundle S(T'M)* in TM along M:

TM|M = S(TM) Dorth S(TM)J_a

which is automatically nondegenerate. Since another fixed object S(TM™) is a
vector subbundle of S(TM)*, we can take the complementary orthogonal vector
subbundle S(TM*)* in S(TM)* such that

S(TM)* = S(TM™*) @open S(TM*)*-.
We note that Rad TM C S(TM*)*,.



10 KOUHEI MIURA

For a local basis £ = (&1,...,&.) of Rad (T'M) on an open subset U of M, we
can take local sections Ny, ..., N, of S(TM*)* on U such that

E(fi,Nj)Zéij and g(Ni,Nj)ZO for any i,j:l,Q,...,r.

Then we obtain a complementary vector bundle ltr (T'M) := Span {Ny, ..., N,.} to
Rad (TM) in S(TM*+)* on U (cf. [3]). We call ltr (T M) the lightlike transversal
bundle. This enables us to consider the vector bundle:

tr (TM) := S(TM™*) @open 1tr (T M),

which is a complementary vector bundle to TM in TM along U C M. We call
tr (T'M) the transversal vector bundle. Then we have the following decompositions:

TM|y = TM & tr (TM)
= (S(TM) @oren Rad (TM)) © (S(TM™) @open, Itr (TM))
= S(TM) @ortn S(TM)* Soren (Rad (TM) @ ltr (TM)),

where @ stands for non-orthogonal direct sum of vector bundles. We note that
tr (T M) is never orthogonal to TM, if r > 0.

Let M be a submanifold of an almost parahermitian manifold (M ., J ). We say
that M is a paracomplex submanifold if the tangent space T, M at any point p of M
is J-invariant in TPM, that is, j(TpM) = T,M for any p € M. Then the normal
vector bundle TM> is also J-invariant.

For a paracomplex r-lightlike submanifold M of (M ) ), M has the induced
symmetric (0, 2)-tensor field g from g and the induced endomorphism J from J on
M. We note that J is not necessarily J # +Iry.

3. PARACOMPLEX LIGHTLIKE SUBMANIFOLDS OF ALMOST PARAHERMITIAN
MANIFOLDS

Let (M ., J ) be a 2n-dimensional almost parahermitian manifold with index
n. Let M be an m-dimensional paracomplex r-lightlike submanifold of (M . d, J )
and J (resp. g) the induced endomorphism from .J (resp. symmetric (0,2)-tensor
field from g) on M. We note that the dimension m of M is not necessary even,
in contrast to the theory of nondegenerate paracomplex submanifolds in almost
parahermitian manifolds.

Theorem 3.1. Let (M, J,g) be a paracomplex r-lightlike submanifold of an almost
parahermitian manifold (M, j7 g). Then we have the following assertions:
(i) The lightlike distribution Rad (T'M) is J-invariant.
(ii) There exists a J-invariant screen distribution S(TM) on M.
(iii) There exists a J-invariant screen transversal bundle S(TM=L) on M.

Moreover, the induced metrics of S(TM) and S(TM*) are parahermitian. Thus
these are neutral.

Proof. (i) Since TM and TM~ are J-invariant, the intersection Rad (T M) := TMN
TM* is also J-invariant in TM.

In order to prove (ii) (resp. (iii)), we take a positive definite metric I (resp. [+)
of TM (resp. TM+) whose existence is a consequence of the paracompactness of
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M. Put
K(X,Y):
(resp. k=(V,W):

(X, Y)+1(JX,JY),
(VW) + 1V, JW)),

where X,Y € TM (resp. V,W € TM=). Since TM (resp. TM~) is J-invariant
(resp. J-), k (resp. kL) is also a positive definite metric. We can take as a screen
distribution S(T'M) (resp. screen transversal bundle S(TM1)) of M the comple-
mentary orthogonal distribution to Rad (T'M) in TM (resp. the complementary
orthogonal subbundle to Rad (TM) in TM~) with respect to k (resp. kt). It is
easy to see that

k(JX,€) = k(X,JE) =0, kH(JV,€) = kH(V, J€) = 0,

where any X € S(TM), ¢ € Rad(TM), V € S(TM*). Therefore S(TM) (resp.
S(TM™)) is J-invariant (resp. J-invatiant). This completes the proof of our asser-
tion (ii) (resp. (iii)). Since S(T'M) (resp. S(T'M~)) is complementary to Rad (T M)
in TM (resp. TM™), the induced tensor from § is nondegenerate. In particular,
S(TM) and S(T M) are parahermitian bundles with respect to the induced objects
from g and J. (]

Remark 3.1. Theorem 3.1 is a generalization of Theorem 4.2 in [1].

By Theorem 3.1, since S(T'M) and S(T M=) are parahermitian, the rank of both
S(TM) and S(TM+) are even. Thus, we obtain the following corollary:

Corollary 3.1. Let (M,g,J) be a paracomplez r-lightlike submanifold of an almost
parahermitian manifold (]T/[/, g, j) If the dimension of M is odd (resp. even), then
r is odd (resp. even). Hence, there exist no odd-dimensional paracomplex semi-
Riemannian submanifolds.

In this paper, we call submanifolds with real codimension one hypersurfaces.
From the inequality (2.1), we have

Corollary 3.2. Any paracomplex r-lightlike hypersurface (M,g,J) of an almost
parahermitian manifold (M, g, J) is 1-lightlike.

Remark 3.2. corollary 3.1 and 3.2 are generalizations of Theorem 4.1 in [1]. We note
that lightlike submanifolds with real codimension two are called “hypersurfaces” in
Section 4 of [1].

Lemma 3.1. Let (M,g,J) be a paracomplex r-lightlike submanifold of an almost

parahermitian manifold (M,g,J). There exists a local basis £ = (&1,...,&) of
Rad (T M) such that J(&) = +& or —&;, that is, & is a local eigensection of J.

Proof. For an everywhere nonzero local section ¢ € I'(Rad) on an open subset
Uc M, if (ANJ() =0 on U, then we take & := (. Otherwise, we can put
& :=C+ J(¢). Forl (1 <1< r), we assume that &,&,...,& are eigensections
which are linearly independent on an open set U’ C U, that is, & A--- A& # 0 on
U’. There exists a local section ¢ € I'(Rad(T'M)) such that ¢ ¢ Span{&1,...,§} on
U'. I ¢AJ(C) =0o0n U, then we take &1 := (. Otherwise, we put &4 := (+J(().
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Then, it follows that £ ¢ Span{&;,...,&}or &_ ¢ Span{&y,...,&} on U’. Indeed,
in case of £y € Span{&;,...,§}, we can see
0= ANGA NG
=CAGAANGHI(OAG AN
therefore, we get J(O)AE A AN =—CNE N ANE #0. Thus, we get
ENGNA-NGE=2CNEGA---NE)F#O on U’

So &_ ¢ Span{¢y,...,&} on U'. By the inductively way, we can obtain a required
local basis £ = (&1, ...,&,) of Rad(T'M). O

Theorem 3.2. Let (M, g,J) be a paracomplez r-lightlike submanifold of an almost
parahermitian manifold (]/\>[/, G, J). For (M,g,J,S(TM),S(TM%L)) and a local basis
&= (&,..-,&) of Rad(TM)|y as in Lemma 3.1, where U is an open set of M,
there exist local smooth sections ny,...,n. of S(TM*)*|y such that

where €; € {+1,—1} is an eigenvalue of & for J, that is, the signature defined by
J(&) =¢i&, and i,5 € {1,...,r}.
Proof. By [3], for a local basis & = (£1,...,&.) of Rad (TM) on U C M, we can
take local sections Ny, ..., N, of S(TM*)L on U such that
g(gl, NJ) = 5@', g(NZ, Nj) =0 for any Z,j S {]., 27 e ,T}.
We define 1
7w=;M—%MW)bM€ﬂww@

It is easy to check J(n;) = —e;n; for any i € {1,...,r}. Moreover, we have

25(¢i,m) = §(&, N; — g5 J(N})) = §(&, N;) — ;5(&, J(N))
= 9(&, Nj) +¢€;9(J (&), Nj) = 26;5.
Thus g(fi,’l?j) = 51‘]' for any 4,5 € {1, . ,’I“}.
With respect to the local null frame &, ..., &, Ny, ..., N, of S(TM+)*+,
TV = 3 (G0N, )& +GT(N:), &) )
j=1

s

(32) = G(J(Ni), N))g; — &N
j=1
Applying J to the above equation, we have

(3.3) Ni=> ¢ GT(N:), Nj)E — eid (N3).
=1

Substituting (3.3) into (3.2), we obtain

T

3 (1 - eie5) GI(N), Ny)E; = 0.

Jj=1
Consequently we can see

(3.4) ﬁ(j(Ni),Nj) =0 for any %, j such that €; = —¢;.
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On the other hand,
4g(ni,nj) = G(N; = i T (N:), Nj — ;T (N))
= (g5 — i) 9(J(Ni), Nj)
{0 for any ¢, j such that ¢; = ¢,

2e; g(J(N;), Nj) for any i, j such that ¢; = —¢;.

By the equation above and (3.4), we obtain g(n;,n;) = 0 for any 4,5 € {1,...,r}.
This completes the proof of our assertion. O

For a paracomplex r-lightlike submanifold (M, g, J, S(TM),S(TM*)) and a lo-
cal basis £ = (£1,...,&,) of Rad (T'M) as in Lemma 3.1, by virtue of Theorem 3.2,
we can define over U:

ltr (TM) := ltr (TM,€) := Span {n1,...,n.},

tr (TM) := tr (TM,¢) := S(TM™*) @ ltr (TM).
We obtain the following:
Theorem 3.3. Let (M, g/,:/]) be~a paracomplex r-lightlike submanifold of an almost
parahermitian manifold (M,g,J). For (M,g,J,S(TM),S(TM~')) and a basis £ =

(&1y...,&) of Rad (TM)|y as in Lemma 3.1, where U is an open set of M, there
exist local decompositions of vector bundles over U:

TM|y = TM & tr (TM)
= (S(TM) ®oren Rad (TM)) @ (S(TM™) @open It (TM))
= S(TM) ®orenn S(TML) ®oreny (Rad (TM) @ ltr (TM)),

where S(TM), S(TM*L), Rad (T M) and ltr (TM) are J-invariant, and S(TM),
S(TM*) and (Rad (TM) @ ltr (TM)) are parahermitian vector bundles over U.

According to the J-invariant decomposition over U: TM lu =TM & tr (TM) as
in Theorem 3.3, we have the Gauss formula and the Weingarten formula:

VxY = VxY +h(X,Y), X,Y e T(TM),
VxV = —AyX + ViV, V e D(tr (TM)),
where VxY (resp. h(X,Y)) is the tangential (resp. transversal) component of

VxY, and —Ay X (resp. V% V) is the tangential (resp. transversal) component of

Vx V. We note that the induced connection V is not necessary a metric connection
in case of r > 0 and refer details for [3] and [4].

We note that J|gaa (rar) is not necessary J|gada(rary # Elraa(rm)- We put
k := rank (Ker (J|gad (ra) — IRad (rar))). Hereafter we use the induces 4,5, a, 3
and A, B for the following range respectively:

L,i=1....k o B=k+1,....r; A B=1,...,r
From now on, we take a local basis of Rad (T'M) as in Lemma 3.1 as follows:

£:(£+;£7) = (gf_a'“ag]j;gk__t,_p"'vg;)v
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where J|rad (ran (&) = &, Jlrad (ran (§5) = —&, . Furthermore, we denote the
local basis of ltr (T'M) constructed corresponding to £ in Theorem 3.2 by
n= (77_a77+) = (7717»’771;77;2;1’777;«‘_)

It follows that J|gaa (ray(n; ) = —n; and J|gada (ran(nd) = nd. We denote the
local basis of S(TM*+)* = Rad (T'M) @ ltr (T M, €) by (&n).
Lemma 3.2. Let (M,g,J,S(TM), S(TMJ-)) be a paracomplex r-lightlike submani-
fold of an almost parahermitian manifold (M g, J) Forlocal bases (§;m) and (¢';7)
of S(TMY)Y on U and U’ respectively, the transition matriz at p € U NU' is
AL, O O By
’ ’ ’ ’ O A_ B_ O
e - ) — (¢t = = ot
35) (€ & - at), =" & o ), 15 o o ol
O O 0 04
where Ay,C_ € GLE(R), A_,C; € GL,_(R) and B4,'B_ € My ,—,(R), and
these matrices satisfy

C_='A7', Cy='A7', B_=-A_'B.fAT"
Proof. Since £ and £’ are bases of Rad (T'M),, and eigenvectors of J, we obtain

T

k
= Zaijfj’ gﬁ_ = Z aaséy
i=1

a=k+1
where j € {1,...,k} and § € {k+1,...,7}. Then it follows that A} := (a;;) €
GLk(R) and A_ := (aap) € GLr—1(R). Since et §;4i, n% and n:f (Aed{l,...,r})
are eigenvectors of .J in S(TM )5, we obtain

Z bajén +Zczj7717 775 *szﬁf + Z Caﬁnom

a=k+1 a=k+1
where j € {1,...,k} and g € {k+1,...,r}. We put B_ := (baj), B+ = (bip),
C_ = (¢;j) and Cy = (cqp). From §(§i+,77j7) = §;j, §(§a_,775+) = 0qp and

g&t ) =g& n7) =0,

dij = 9(&; ’77J Za”clﬂ’ Sap = 9(&a ’nﬁ Z Gy Cyp-
y=k+1

Thus we obtain C_ = 'A7" and C; = 'A”". Furthermore, using §(n;+,n;‘) =0,
we have

0=g(n"\n.) Z bjacsi + Z bgica-
B=k+1
Hence, we consequently get B_ = —A,tB+tA+1. O
In case of k(r—k) # 0, for (§;1) and (&’;n') of which is non-vanishing My, ,_x(R)-
valued function By on U NU’, we see

Itr (TM,€) # ltr (TM,&') on UNU.

In the other hand, when k(r — k) = 0, we can obtain the uniquely determined
lightlike transversal bundle on M as follows:
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Theorem 3.4. Let (M, J, g) be a paracomplex r-lightlike submanifold of an almost
parahermitian manifold (1\7, g, j) If (M, g,J,S(TM),S(TM™)) satisfies

(3.6) JlRad (ra) = Iad (rar) 07 J|Rad (M) = —IRad (T M),

then there uniquely exists the lightlike transversal vector bundle ltr (T M) over M
such that J-invariant. Moreover, if J|rad (rm) = EIrad (7o), then jhtr (TM) =
Flier (7))

Proof. By the assumption: J|rad (7ar) = IRad (1) OF J|Rad (7a1) = —IRad (701), We
have k(r — k) = 0. Then, from Lemma 3.2, it follows By = O or/and B_ = O for

any (&;m) and (£';n") on U and U’ respectively. Therefore, we obtain
Itr (TM, &) =ltr (TM,¢') on UNU'.
Thus the lightlike transversal bundle is globally and uniquely determined on M.

When J|gad (rar) = Irad (7, since all signatures ¢; (i = 1,...,k) in equations
(3.1) in Theorem 3.2 are equal to +1, we obtain j|1tr(TM) = —hy(rm)- By a
similar way, we can see jhtr () = e (ranys i JIRad (7ar) = —IRad (rar)- We have
proved the theorem. O

4. PARACOMPLEX LIGHTLIKE SUBMANIFOLDS IN PARAKAHLER MANIFOLDS

In this section, we consider minimal lightlike submanifolds in semi-Riemannian
manifolds. Sakaki [5] gives a definition of minimal lightlike submanifolds which
is independent of the choice of the screen distribution and the screen transversal
vector bundle as follows:

Definition 4.1. We say that a lightlike submanifold (M, g) in a semi-Riemannian
manifolds (M, ) is minimal if:
(a) h(X,&)=0for any X e T(TM), £ e T'(Rad (T M)), and
(b) trace (h) = 0, where the trace is written with respect to g restricted to
S(TM).

Remark 4.1. We also refer Bejan and Duggal [2] for another (original) definition of
minimal lightlike submanifolds.

From now on, we take a parakéhler manifold (M ., J ) as the ambient space.

Moreover, for a paracomplex r-lightlike submanifold M of (M,q,J), we choose
vector bundles S(TM), S(T M=) and ltr (T M) are J-invariant ones given in The-
orem 3.3.

Proposition 4.1. Let (M, g,J,S(TM),S(TM™)) be a paracomplex r-lightlike sub-
manifold of a parakdhler manifold (M, g, j) Then J is parallel with respect to the
induced connection V and the second fundamental form h satisfies h(X,JY) =
Jh(X,Y) for any X,Y € T(TM).

Proof. Taking a local basis € = (&1, ..,&,) as in Lemma 3.1, we fix the J-invariant
lightlike transversal bundle ltr (T'M). Then, for the induced connection V, we have

Vx(JY) = (Vx ) (Y)+ J(VxY) = J(VxY) + J(h(X,Y)).
On the other hands, we get
Vx(JY) = Vx(JY) +h(X,JY) = (VxJ)(Y)+ J(VxY) + h(X, JY).
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Because T'M and tr (T'M) are J-invariant, we obtain (Vx.J)(Y) = 0 and h(X, JY) =
Jh(X,Y), which complete the proof. O

The decomposition tr (TM) = S(TM=) @ ltr (T M) introduces
h(X,Y) = h*(X,Y) + R{(X,Y) for X,Y € TM,

where h* (resp. h!) is called the screen (vesp. lightlike) second fundamental form of
M. Since S(TM+~) and ltr (T M) are J-invariant, we obtain the following lemma:

Lemma 4.1. Under the above notations,
hS(X,JY)=Jh*(X,Y), Rh(X,JY)=Jh(X,Y) forX,Y € TM.

Lemma 4.2. Let (M,g,J,S(TM),. S(TMJ-)) be a paracomplex r-lightlike subman-

ifold in a parakdhler manifold (M g, J). When J|gad (rary = IRrad (T (e8P
J|Rad (ra) = —IRad (T01)), we have for X, Y € T(TM),

RU(X,JY) = —hY(X,Y) (resp. h'(X,JY) = h'(X,Y)).
In particular, we obtain
A(XT,YT)=0 for XT €T(TM™) and Y~ € T(TM™).

Proof. When J|Rada (rar)y = Irad (7, @ local basis n = (n1,...,m,) of Itr (TM)

as in Theorem 3.2 satisfy Jn; = —n; (4 = 1,...,7). Writing the lightlike second
fundamental form h! as follows

h’l(X7 Y) = Zhi(Xa Y)ni:

i=1
we have
KX, JY) = Jh'(X,Y) (Z hL(X,Y) )
_Zhl (X,Y)Jn; = — Zhl n = —h'(X,Y).
=1
We can similarly prove, in the case of J|rad (rar) = —IRad (7M)- (]

We call a r-lightlike submanifold (M, g) co-isotropic if r = codim M. Then we
recognize S(T M) as the zero vector bundle, hence h* = 0.

Theorem 4.1. Let (M,g,J, S(TM)) be a co-isotropic paracomplex submanifold
of a parakdhler manifold (M g, J). If JlRad (ray = Elrad (ran), then (M, g) is
minimal in the sense of Definition 4.1.

Proof. Without a loss of generalities, we can assume J|gad (rar) = IRad (7M)- BY
the assumption, S(T'M) is a parahermitian vector bundle. Thus, we can take a local
orthonormal basis X1, Xo, ..., Xa5_1, Xos of S(T'M) such that g(X;, X;) = (—1)%d;;
fori,j=1,...,2s, and Xo; = J(Xg,—1) for i =1,...,s, where rank (S(T'M)) = 2s
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and index (S(T'M)) = s. Then we obtain

trace (h) = (—h(Xai—1, X2i—1) + h( X2, X24))

@
Il
-

(—h(Xai—1, X2i—1) + h(J(X2i-1), J(X2i-1)))

Il
'M"’

s
I
-

(=h(X2i—1, X2i-1) + h(X2i—1, X2;-1)) = 0.

I
KM“

&
Il
-

Hence the condition (b) in Definition 4.1 holds.

Since (M, g) is co-isotropic, we have h® = 0. In general, we can see that the
lightlike second fundamental form h' is vanishing on Rad (T'M), from [3, p.157,
Proposition. 2.2] or [4, p.199. Proposition. 5.1.3]. According the decomposition:
TM = S(TM) ®Rad (TM), we decompose X € TM as X = Xg + Xp. Moreover,
for any X € S(TM), we decompose X as X = X 4+ X~ where J(X¥*) = £X.
Then we obtain

hX, &) =h'(X,€) = h(Xs + Xg, &) = h'(Xs,€) + h(XR, &) = h'(Xs,€)
=h(Xd + X5,6) = hN(XE,6) + 1l (Xg,9).

By virtue of Lemma 4.2 and ¢ € Rad (T'M) = Rad (TM)*, h!(Xg,£) = 0. From
Lemma 4.2 and J|gad (ram) = Irad (rar) again, we have RU(XE,€) = h(XE,JE) =
—hH (X, €), thus hY(XE, €) = 0. Hence the condition (a) in Definition 4.1 holds. O

Remark 4.2. Sakaki gives examples of minimal lightlike submanifolds in [5, Theorem
5.1]. The examples satisfy the conditions as in Theorem 4.1.

From Corollary 3.1 and Theorem 4.1, we obtain

Corollary 4.1. Any paracomplex lightlike hypersurfaces in a parakdhler manifold
are 1-lightlike and minimal.
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