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ABSTRACT. In this article, we derive some inequalities for second fundamental
form and warping functions for multiply warped product submanifolds of a
generalized Sasakian space form.

1. INTRODUCTION

It is known that the notion of CR~-warped product manifold was first introduced
by B. Y. Chen([3],[4]). In these papers he obtained the certain sharp inequalities
involving warping functions and the squared norm of second fundamental form.
After that B. Sahin [11] extended the Chen’s result for warped product semi-slant
submanifolds of Kaehler manifold. Later I. Mihai [7] improved the same type of
inequality in case of contact CR-warped products in Sasakian space form. Moreover
Marian-Toan Munteanu [8] also studied warped product contact CR-submanifolds of
Sasakian space form. Some non-existence results were also obtained by M. Atceken
[2] for certain class of submanifolds of a Kenmotsu manifold. In the present article
we will calculate the inequalities of same kind for different types of multiply warped
product submanifolds of generalized Sasakian space form.

Let N1, No,..... , Ni. be Riemannian manifolds and let N = N; X Ny X ... X Nj be
the cartesian product of Ny, No, ..., Ni. For each a, denote by 7, : N — N, the
canonical projection of N onto N,. We denote the horizontal lift of N, in N via
m, by N, itself.

If 09,...,01 : Ny — R™ are positive valued functions, then

k
(X)) = (mX,mY)+ Z(O“ o) (Mg X, TanY)
a=1

defines a Riemannian metric g on IV, called a multiply warped product metric. The
product manifold NV endowed with this metric is denoted by Nj X5, N2 X ... X5, Np.

For a multiply warped product manifold Ny X, Na X ... X5, Ni, let D, denote
the distributions obtained from the vectors tangent to N,.
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Let z : Ny X4, N2 X ... Xop, N — M be an isometric immersion of of a multiply
warped product Ny X4, Ny X ... X4, Ny into a Riemannian manifold M. Denote by
h the second fundamental form of . Then the immersion x is called mixed totally
geodesic if h(Dg, Dp) = 0 holds for distinct a,b € {1,2, ..., k}.

Denote by trace h, the trace of h restricted to INV,, that is

trace hy = Z h(ea, €a)
a=1

for some orthonormal frame fields ey, s, ..., ey, of D,.

A submanifold M of an almost contact manifold M is called invariant if the
almost contact structure ¢ of M carries each tangent space of M into itself whereas
it is said to be anti-invariant if the almost contact structure ¢ of M carries each
tangent space of M into its corresponding normal space.

A multiply warped product Ny X, N2 X ... X4, N in an almost contact metric
manifold M is called a multiply CR-warped product if N7 is an invariant subman-
ifold and N; =45, N2 X ... X4, N is an anti-invariant submanifold of M.

In [6] Chen and Dillen obtained the following inequality for warping functions:

Theorem 1.1. Letx : Ny X5, NoX... X5, N, — M ™ be an isometric immersion of
a multiply warped product N™ = N1 X5, No X... X, Ny, into an arbitrary Riemannian
manifold M. Then we have

" Ao;  n? b
an J §Z||HH2+nl(n—n1)maxK, n:an,
j=1

= %
where max K (p) denotes the mazimum of the sectional curvature function of M™
restricted to 2-planes sections of the tangent space T,N of N at p = (p1, ..., Pk)-
The equality holds identically if and only if the following two statements hold:
(1) x is a mized totally geodesic immersion satisfying trace hy = ..... = trace hy,
(2) at each point p € N, the sectional curvature function K of M satisfies
K(u,v) = max K(p) for each unit vector u in Ty, (N1) and each unit vector v in
pk)(NQ X ... X Nk)

,,,,,,

They also derived inequality between the squared norm of the second fundamen-
tal form h and the gradient of warping functions.

Recently, in [9][10] A. Olteanu achieved the similar results in case of multiply
CR-warped product submanifolds of a Kenmotsu space form and doubly warped
product submanifolds of generalized Sasakian space form. In the present article we
obtain the similar inequalities for multiply CR-warped product submanifolds of a
generalized Sasakian space form.

2. PRELIMINARIES

A (2m + 1)-dimensional Riemannian manifold M is said to be an almost contact
metric manifold if it admits an endomorphism ¢, a vector field &, a 1-form 1 and a
Riemannian metric g satisfying the following properties:

¢2:—1d+77®§7 77(5):1a ¢§:07 7]°¢:0a

9(¢X,0Y) = g(X,Y) —n(X)n(Y), n(X)=g(X,$),
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for any vector fields X,Y on M.

A plane section 7 in TpM is called a ¢-section if it is spanned by X and ¢ X, where
X is a unit tangent vector orthogonal to £. The sectional curvature of a ¢-section
is called a ¢-sectional curvature. A Sasakian (resp. Kenmotsu and cosymplectic)
manifold with constant ¢-sectional curvature is a Sasakian (resp. Kenmotsu and
cosymplectic) space form. In 2004 [1] Alegre, Blair and Carriazo introduced a space
form called generalized Sasakian space form which generalized Sasakian, Kenmotsu
and cosymplectic space forms.

An almost contact metric manifold M (¢, £, 7, g) is said to be generalized Sasakian
space form if there exist three functions f;, fo and f3 on M such that the curvature
tensor R is given by [1]

R(X,Y)Z = fi{g(Y, 2)X - g(X, 2)Y}
+f2{9(X,02)¢Y — g(Y,02)0X + 29(X, Y)dZ}

(2.1) +3{n(X)n(2)Y —n(Y)n(Z2)X + g(X, Z)n(Y)E — g(Y, Z)n(X)S}.

Let V denote the connection on generalized Sasakian space form M. If M is a
submanifold of a generalized Sasakian space form M, we denote the induced metric
on M by the same symbol g whereas the induced connection on M by V. The Gauss
and Weingarten formulae are given by

VxY =VxY +h(X,Y),

VxN = —-AxX + V%N
for each X,Y € TM and N € T+M, where V' denotes the induced connection
on the normal bundle 7-M, h and Ay are the second fundamental form and the

shape operator of the immersion of M into M. The relation between h and Ay is
given as

g(h(X,Y),N) = g(AnNX,Y).
The covariant derivative of the second fundamental form A is defined as
(Vxh)(Y,Z) = VWY, Z) = h(VxY, Z) = h(Y,Vx Z)

for any X,Y,Z € TM.If R and R are the curvature tensors of the connections V
and V on M and M respectively, the Gauss and Codazzi equation are mentioned
as

(22) R(X,Y,Z,W) = R(X,Y,Z W) —g(h(X, 2),g(Y,W))+g(h(X, W), MY, Z))

(2.3) (R(X,Y)2)* = (Vxh)(Y, Z) - (Vyh)(X, 2),

respectively.

Let N = Ny X4, No X... X, Ny, be a multiply C R-warped product submanifold of
a generalized Sasakian space form. Let D be the invariant distribution (i.e. TNy =
D) such that its orthogonal complementary distribution D= is anti-invariant (i.e.
TN, =T(Ngy x ... x Ni,) = D1). We take {¢} to be tangent to TN.Then we have
the following decompositions

(2.4) TN = D& D* @ {¢},
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(2.5) TN = ¢D* @ ),

where A denotes the orthogonal complementary distribution of ¢D' and is an
invariant normal subbundle of T+N.
For any vector field X € TN we put

(2.6) (Vx¢)Y = PxY 4+ QxY,

where PX (resp. QX) denotes the tangential (resp. normal) component of ¢X.
Also let p € N and {ey, .., €n,€n41, .-, €2m+1} an orthonormal basis of the tangent
space Tp]\Zf, such that e, ...e,, are tangents to N at p and . We denote by H the
mean curvature vector, that is

Hp) = 3 hewsen)

N is minimal if H vanishes identically. We also set

n

1017 = > g(hleises), hleie5).

i,j=1
Let K(e; Aej), 1 <i,j <n, denote the sectional curvature of the plane section
spanned by e; and e;. Then the scalar curvature of NV is given by

(2.7 T=ZK(ei/\ej).
i<j
For a differentiable function f on N, the Laplacian Af of f is defined as

Af =Y "{ejlejf) = Ve,eif}

j=1

A submanifold N tangent to ¢ is said to be invariant (resp. anti-invariant)
submanifold if ¢(T,N) C T,N, Vp € N (resp. ¢(T,N) C TPLN, Vp € N).

Lemma 2.1. [5] Let aq, ...., a, ben real numbers and let k be an integer in [2,n—1].
Then for any partition (ny,....,ng) of n, we have
E i, aj, + E AjpQjy + o+ E Qi) Gy
1<ii<ji<ni n1+1<ia<ja<ni+na ni+...tng_1+1<ip<jp<n

1
> % {(al +otan)’ —k (af+ ...+ ai)} ,

with the equality holding if and only if a1 + ... + ap, = ..... = Qnyt.tnp_+1 T+
et ag.

3. MuLtipLY CR-WARPED PRODUCT SUBMANIFOLDS OF GENERALIZED
SASAKIAN SPACE FORM

In 2008, Chen and Dillen [6] studied an interesting inequality between the warp-
ing functions o5, ...., o, and the squared norm of the second fundamental form ||A||>
of a multiply CR-warped product submanifold N = Np X,, Na X ... X5, Np in
a general Kaehler manifold. Later in 2010, A Olteanu [10] established the same
inequality in case of a multiply CR-warped product submanifolds in a Kenmotsu
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space form. In the present article we achieve the inequality for multiply CR-warped
product submanifolds in a generalized Sasakian space form.
From the decomposition (2.5) we may write

WMX,Y) = hypi (X,Y) + ha(X,Y).

Also it is known that for multiply CR-warped submanifold of a Riemannian mani-
fold we have

k
(3.1) VxZ =Y (X(logo,))Z",
a=2

for any vector fields X in D and Z in D+, where Z% denotes the N,-component of
Z.

For proving the main inequality we need the following lemmas.

Lemma 3.1. Let N = Np X4, Na X ... X4, Ny be a multiply CR-warped product
submanifold of a generalized Sasakian space form M. Then we have

(i) hyp (60X, Z) = 31 _, (X (log 0,))$Z% + ¢ P2 ¢ X,

(it) 9(Qz X, oW) = g(Pz9p X, W),

(iii) g(h(¢X, Z),oh(X, Z)) = |ha(X, Z)|* — 9(Qx Z, ohx (X, Z))

for any wvector fields X in D and Z,W in D*, where Z® denotes the N,-
component of Z.

Proof. From Gauss formula we can write

V20X +hopX,Z) =Pz X +QzX + ¢V X + oh(Z, X)

k
h(¢X,Z) = PzX + QzX + ¢(> (X (logoa)) Z°)
a=2
k
(3.2) +Oh(Z, X) =Y (¢X (logo,))Z*.

Comparing tangential parts in the above equation and then taking inner product
with W € D+, we get

k
hypi(Z,X) =~ Z(¢X(10g0a))¢za + Pz X,
a=2
which may be written as
k
hep(¢X,Z) = (X(logoa))pZ® + ¢Pz¢X, VX €D,Z e D™ .
a=2

This is part (i) of the lemma.
Now comparing normal parts of equation (3.2) we get

k
(33) h(¢X,Z) — ¢ha(2,X) = QzX + > (X (logoa)pZ")
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By taking inner product with ¢W of the above equation we obtain
k
9(hepr (6X,2),0W) = g(Qz X, 6W) + > (X (log 5a)g(6Z%, 6W)).
a=2
Simplifying the above equation by using part (i) of the lemma we arrive at
g(PZ(rbX’ W) = g(QZX, ¢W)7
which proves part (ii).

Taking inner product of equation (3.3) by ¢h(X, Z) gives part (iii) of the lemma.
O

Theorem 3.1. Let N = N X4, N2 X ... X, Ni bg multiply CR-warped product
submanifold of a generalized Sasakian space form M with Ppo D € D, then the
squared norm of the second fundamental form satisfies
k
2 2 2
IAlI* = > n2 [(Viogoa)||* + | Pp. DI .
a=2

Proof. Let {X, = & X1,X2,.., X, Xp11 = ¢X1,..., X9, = ¢X,,} be a local or-
thonormal frame of vector fields on Ny and {Z1, Zs, ..., Z;} be such that Za, is a
basis for some N, , a =2,...,k where Ay = {1,2,..,n2}, ..., Ap = {na + ng + ... +
ng—1+1,...,n1 +na+ ... + ng} and ny + ng + .... + nx = ¢. Then we have

2p

IR* = 3 g(h(Xi, X;), h(Xi, X;) +Zg (X:,6), h(X:,6))
=
k
+ZZg (Xi. Za,) WX, Za)) + Y 9(W(Za,, Za,) W(Za,, Za,))
i=1 a=2 a,b=2

+Zg (Zn.,€), M Za,,8))-

The above equation 1mp11es

I2]* >ZZQ (Xi, Za,), M(Xi, Za,)-

=1 a=2
Now using part (i) of lemma-3.1 we get

2p k
IRI* =D " g(na(¢Xi(log 0a))$Za, +6Pza, Xisna(¢Xi(log 0a))dZa, +¢Pza, Xi).

i=1a=2

In view of the assumption P D € D, the above inequality takes the form

k
2 2 2 2
IRI* = ng IV iogoall® |1 Za, I + [Pp2DI*.
a=2
By Cauchy-Schwartz inequality the above equation becomes
k k
Y n2Viogoal® [ Za,|* + 1Pp- DI* = Y 2 [[(Viog o) Za, |* + ||Pp. DI

a=2 a=2
Therefore
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k

IR)* > n2[[(Viogoa)|* + [[Pp- DI .
a=2
Hence we finish the proof. O

We now prove the main inequality of this section

Theorem 3.2. Let N = Nt X4, Na X ... X4, Nj bg a multiply CR-warped product
submanifold of a generalized Sasakian space form M with Ppi D € D, then

k
10 = 3" [na {(Alog o) + 1 [V 10g aall* } 9(27, 2)| + 2fpa.
a=2

Proof. Let X € D and Z € D, then from equation (2.1) we have
(3.4) R(X,¢X, Z,97Z) = —2f29(X, X)g(Z, 7).
On the other hand from equation (2.3)
R(X,¢X,2,0Z) = g(Vxh(¢X, Z),6Z) - g(h(Vx$X, Z), $Z)
(3.5)
—9(MoX,VxZ),02)=g(Vx WX, 2),62)+9(M(Vox X, Z), 6 Z)+9(h(X, Vsx Z), $Z).

We will calculate each term of the above expression to get the required inequality.
Now

(3.6) 9(Vxh(9X,2),¢Z) = Xg(h(¢X,Z),6Z) — g(h($X, Z),V x $Z).

Using equation (3.3) we get the value of first term of the above equation as

Xg(h(¢X,2),0Z) = X{Z (logoa)g(Z%, Z*))}

or equivalently
k
(3.7  Xg(h(¢X,Z),¢2) =>  [{X(Xlogo,) +2(Xlogo,)*} g(2°,Z2%)] .
a=2

Also the second term in equation (3.6) is obtained as

Using equation (3.1) and part-(iii) of lemma-3.1, it follows that

k

+> (X logoa)g(h(¢X, Z),62)) + [Iha(X, Z)|I.

a=2
Now making use of equation (3.3) and part-(ii) of lemma-3.1 in the above equa-
tion we get finally

k
(3.8) g(h(¢X,2),Vx0Z) =Y ((Xlogoa)?g(Z*, Z) — | Qx ZII* + | ha(X, 2)|*.

a=2
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Putting equations (3.7) and (3.8) in equation (3.6) we have

k
9(Vxh(6X,2),¢2) = [{X(Xlogo,) + (X logo,)’} g(2%, Z%)]
a=2
(3.9) +HQx Z|I” — [[ha(X, 2)||* .

Similarly we obtain

k
9(Vixh(¢X,2),0Z) =Y [{¢X(6X logoa) + (¢ X logaa)?} 9(2°, 2°)]
a=2

(3.10) +11Qsx Z|I* = ha (X, 2)]*.
Again using part-(i) of lemma-3.1 we evaluate
k
(3.11) 9(h(6X,Vx2),02) =Y _{(Xlogoa)*g(2,2%)} .
a=2

Similarly we have
(3.12) g(h(X,VxZ),0Z) = Z{ ¢X logo,)g(Z2*,2%)} .
Using again part-(i) of lemma-3.1 we have

(3.13) g(h(Vex X, Z),0Z) = Z{ ¢Vex X logo,)?g(Z%,2%)} .

Similarly we have

k
9(W(Vx6X.2),62) = - {(6Vx X logoa)?g(Z2%, 2%} .

a=2
The last equation may further be simplified by using the fact that Ny is totally
geodesic in N, equation (3.1) and Gauss equation as
k

g(h(VX¢X’ Z)’¢Z) = Z {(VXXlogUa)g(Za7Za>}

a=2

k k
(814)  + 3 {(VoxdXlogon)g(Z, 2*)} — 3 {(6Vax X log 0,)g(2%, 2%)}

a=2 a=2
Substituting equations (3.9)-(3.14) into equation (3.5) it becomes

R(X,6X,Z,¢7Z) = Z{ (Xloga,) + ¢X(pX loga,) — VxXlogo, — VexéX logo,)g(Z2%, Z)}

2 2
H1QxZI* + 1Qux ZIIP — 1ha(X, Z)II” = [|ha(6 X, 2)|1*.
Putting the bases of N7, No,...N; and summing over them we find
k

p
> > R(X:,0Xi,Za,,$Za,) = ¥ _ na(Alogaa)g(Z*, Z°)

i=1 A, a=2
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(3.15) +{|Qp D = [ (D, D).

On the other hand equation (3.4) gives

P

(3.16) SN R(X, 0Xi, Za, . 02Z8,) = —2f2pa.

i=1 A,

Combining equations (3.15) and (3.16) we get

k
(3.17) [ha(D. DY)|* = 3" na(Alog0.)g(2%, 2%) + |QpD*|* + 2fapa.

a=2

It is easy to see from part-(i) of lemma-3.1 that

k
2 a a
(3.18) [hop (D, DY)||" =Y n2 [Viogoa|® (2%, Z) + ||Pp. D|*.

a=2

Therefore equations (3.17) and (3.18) give

k
IR = > nu(Alogo)g(2% 2% + Qo D* | + 2f2pq
a=2

k
+Y n2|[Viegoal® (2%, Z2%) + || Pp. DI,
a=2

which proves that

k
107 2 3" [na {(Alog o) + na [V log 0ul*} (27, 2%)] + 2fapa.
a=2

4. ANTI-INVARIANT MULTIPLY WARPED PRODUCT SUBMANIFOLDS OF A
GENERALIZED SASAKIAN SPACE FORM

In 2008 Chen and Dillen [6] obtained a sharp inequality for warping functions
09, ....,0p of a multiply warped product submanifold N = Ny x4, Na X ... X4, Nj
isometrically immersed in an arbitrary Riemannian manifold and the squared mean
curvature ||H||>. Later in 2010, A. Olteanu [10] established the similar inequality
in case of anti-invariant submanifold of a Kenmotsu space form. In this paper we
achieve the same type of inequality for anti-invariant submanifold of a Generalized
Sasakian space form.

We know from [10] that the following relation holds for warping functions

(4.1) Ao, =0, ZK(ej AXa)

j=1

for any unit vector tangent X, tangent to N,, where {ej,es, ..., e,, } is an orthonor-
mal basis of Ty, () N1.
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Case I- When ¢ is tangent to V.

Theorem 4.1. Let ¥ be an anti-invariant isometric immersion of an n-dimensional
multiply warped N = N1 X5, N X ... X, N into a (2m+1)-dimensional generalized
Sasakian space form M with £ tangent to N. Then

k Ao,
Y ng—=<
a=2 Ta
Proof. Let N = N1 Xg, N3 X...Xq, N be an anti-invariant multiply warped product
submanifold in a generalized Sasakian space form M.Then from equation (2.1) and
(2.2) the sectional curvature K (X AY) determined by orthonormal vectors X and
Y is given by
(42) En(XAY) = fi = fs{n(X)? +0(Y)*} + g(h(X, X), h(Y, Y)) = [[M(X,Y)|*.
Since ¢ is tangent to N, using equation (2.7) the above equation becomes
> KnleiNeg) =2 = n(n = 1)fi = 2fs +n? | H|* - ]
i)
We put [6]

(n—m)fy - h+(b-)HH

2
n
(4.3) =27 —n? IIHHZ*n(n*1)f1+2]"3+?IIHH2

and hence we have
2 2 2
n”|[H||" = k(n + [[h]]").
We choose an orthonormal basis eq, e, ..., e2,,+1 at p such that, for each j € A, |
e; is tangent to N, for a = 1, ..., k. Moreover we choose the normal vector field e, 41
in the direction of the mean curvature vector at p. Therefore the above equation
yields

n n 2m—+1 n
Soan?~k>oad| =5 [0 e 33
A=1 A=1 A#B r=n+2 A,B=1

Now applying basic lemma-2.1 in the above equation we get

Z o, 08, + Z Qa,0By + ... + Z Qo 08, =

a1 <p1 az<B2 <Pk
77 2m—+1 n
n nily2 | o
TSy > Y
A<B r=n+2 A, B=1

Now using equation (4.1) we may write
k

Ao
Zna L Z Z K(ej/\eg)+ Z K(ejl/\ej2)
JEA| BEALU...UA 1<j1<j2<n1
+ Z K(eq Neg) — Z K(ej, Nej,) — Z K(eq Neg),
n1+1<a<p<n 1<j1<j2<n1 ni+l<a<f<n

from which we have

k
Aoy, n(n—1
Zna . ST_%fl+nl(n_nl)fl_g~



82 MOHAMMED JAMALI AND MOHAMMAD HASAN SHAHID

By putting the value of n from equation (4.2) in the above equation we obtain
the required inequality. ([

We note easily the following corollaries from the theorem as obtained in [9]-

Corollary 4.1. Let N = Nj X4, No X ... X, Ni be a multiply warped product into
a generalized Sasakian space form M such that N = N, Xy No X ... Xg, Nk is an
anti-invariant submanifold tangent to £. If the warping functions o,, a = 2,...,k
are harmonic, then N = N1 X4, Na X ... X4, Ni admits no minimal immersion into
a generalized Sasakian space form M with f; <0 and f3 > 0.

Corollary 4.2. If the warping functions 0., a = 2, ..., k of an anti-invariant multi-
ply warped product submanifold N = N X5, Na X ... X4, Nj tangent to £ in a general-
ized Sasakian space form M are eigen functions of the Laplacian with corresponding
eigenvalues A\g, > 0, a = 2, ..., k respectively, then N = Nj X4, Na X ... X5, Ny admits
no minimal immersion in a generalized Sasakian space form M with fi < 0 and
f3>0.

Corollary 4.3. Let N = Nj X4, NoX... X4, Ni be an anti-invariant multiply warped
product submanifold tangent to € in a generalized Sasakian space form M. If o,,
a=2,..,ky are harmonic and oy, b =1, ..., ks are eigen functions of the Laplacian
with corresponding eigenvalues Ay, b = 1,.., ko respectively, where ki + ko = k
then N = Ny X4, Na X ... X4, N admits no minimal immersion into a generalized
Sasakian space form M with fi <0 and f3 > 0.

Case-IT When ¢ is normal to N.

Theorem 4.2. Let Y be an anti-invariant isometric immersion of an n-dimensional
multiply warped N = N1 X5, No X ... Xg, N into a (2m+1)-dimensional generalized
Sasakian space form M with & normal to N. Then

k

Ao, n? 1
Zna Snl(nnl)f1+2(1k) ||I{||2

g
a=2 @

Proof. Since £ is normal to N we have from equation (4.2)

Y En(eine) =21 =n(n—1)fi+n® |H|* —[|n].
i.j

Then proceed as in case-1, we obtain the final inequality as

k

Ao, n? 1
E:na <nin—n)fi + — (1_) |H|?.
= o 2 k

a

Hence the theorem is proved. ([

We extract the following straight corollaries from this theorem-

Corollary 4.4. Let N = Nj X4, No X ... X4, Ni be a multiply warped product into
a generalized Sasakian space form M such that N = N, Xy No X ... Xg, Nk is an
anti-invariant submanifold normal to €. If the warping functions o4, a = 2,....k
are harmonic, then N = Ny X4, Na X ... X4, Ny admits no minimal immersion into
a generalized Sasakian space form M with f; < 0.
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Corollary 4.5. If the warping functions 0., a = 2, ...,k of an anti-invariant multi-
ply warped product submanifold N = N1 X5, No X ... X5, Ny normal to £ in a general-
ized Sasakian space form M are eigen functions of the Laplacian with corresponding
eigenvalues A\g > 0, a = 2, ..., k respectively, then N = Nj X, Na X ... X5, Ny admits
no minimal immersion in a generalized Sasakian space form M with f; < 0.

Corollary 4.6. Let N = Ny X4, NoX... X4, Ni be an anti-invariant multiply warped
product submanifold normal to € in a generalized Sasakian space form M. If o,,
a=2,..,ky are harmonic and oy, b =1, ..., ko are eigen functions of the Laplacian
with corresponding eigenvalues Ay, b = 1, .., ko respectively, where ki + ko = k
then N = Ny X4, No X ... X5, N admits no minimal immersion into a generalized
Sasakian space form M with fi<o.
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