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SYMMETRY AND COMPLEMENT FUNCTIONS OF A COPULA

ENGIN A. SUNGUR!, SALIH CELEBIOGLU2 AND JONG-MIN KIM?!

ABSTRACT. Given a copula we target another copula and attempt to link them
by using various two place functions. In this paper, we define and study two
of such functions, symmetry and complement functions.

1. INTRODUCTION AND MOTIVATION

A copula is a multivariate distribution function whose one dimensional marginal
distributions are uniform on the interval (0,1). This function is sometimes called
as the dependence function for the probability model under consideration. Copulas
play a crucial role on dependence model building and understanding dependence
structures. Nelsen [7] provides an excellent overview of recent developments on the
study of copulas.

Definition 1.1. Let C(u,v) be a copula. Then any function, Cﬁ\c*), satisfying
AC (1, ) + (1 — N)C ) (u,v) = C* (u, v) (1)

for a given copula C*(u,v) is called the symmetrical complement or simply the
symmetry function of the copula C around C*.

We will denote symmetry function of a copula around independence, i.e.,
C*(u,v) = U(u,v) = uv , with C;S).
The second function that we will work on is the complement function of copula:

Definition 1.2. Let C(u,v) be a copula. Then any function, C’j_c ), satisfying
C*(u,v) = C c(@”
(’LL, U) - (’U,, U) + 1 (u7 U) (2)
is called the complement function of the copula C for C*.
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Similarly, the complement function of a copula for independence will be rep-
resented by C*. This function is nothing more than a signed distance function
between two copulas, i.e., C(f*)(u, v) = C*(u,v) — C(u,v).

Some families of copulas show a special behaviour when we consider the symme-
try function which leads to our third definition.

Definition 1.3. Let ¢ be a class of copulas. If for C' € (, Cg\c*) € ¢, the family
will be called conjugate symmetric around C*.

Note that the complement function of a copula is closely related with the classes
of copulas of the form C(u,v) = uv+ f(u)g(v) (Rodriguez-Lallena and Ubeda-Flores
[8]), C(u,v) = uvtw(u,v) (Lai and Xie [4]), C(u,v) = uv+0¢(u)p(v) (Amblard and
Girard [1]) and Huang-Kotz FGM  distribution of the form
C(u,v) = uwv[l + 0A(u)B(v)] (Bairamov and Kotz [2]).

It can be easily shown that if 6 = 6, = C = 1, then
Ct(u,v) = —CM (u,v;0,)(0 — ), where 0, is interior point to the interval joining
6 and g, and

0"C(u,v; 6
C(")(u,v;ﬁr) - M ]
90 =6,

In the following sections we will study the properties of these functions, discuss
use of them on generating new classes of copulas and their use on dependence model
building.

2. BASIC PROPERTIES OF THE FUNCTIONS DEFINED ON COPULAS

The symmetry of the copula C' around C* can be written as
C*(u,v) — AC(u,v)
1—A

_ ﬁc*(u,v) 4 (1 - 1_1A> C(u, v).

Note that the symmetry function is an affine combination, but not a convex com-
bination of two copulas. It is easy to see that this function is grounded and has
margins, i.e., C’;C*)(O,v) = Cgc*)(u,()) =0 and Cg\c*)(l,v) =, Cg\c*)(u, 1) = u,
respectively. Only condition that needs to be satisfied so that the symmetry func-
tion will be a copula is 2-increasing; we will come back to this condition in Section
4. The use of the term symmetry function can be clarified when we look at the
function for A = 0,5. In this case wv — C(u,v) = C’é?(u,v) — uv. On the other
hand, the complement function cannot be a copula. The following theorem provides
some results on this function.

C'g\c*)(u, v)

Theorem 2.1. Let Cic*) be the complement function of a copula C for C*.
() C77(0,0) = €17 (w,0) = ¢ (u,1) = ¢17 (1),
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Consider a parametrized class of copulas such that C(u,v;0) = uv. By the
mean value theorem
CH(u,v;0) = —CY (u,v;6,) (0 — 6y)

and

1
C,(\S)(UaUQ 0) = C(u,v;0) — mc(l)(%v; 0,)(0 —0p),

where Oy < 0, < 6 and CV (u,v;0p) = W

0=00
Cgc )(u, v) = C*(u,v) + ﬁCS_C )(u, v).
' (u,v) (- A)[0§C*>(u,g2 — C(u,v)].
C(u,v) = C§\ )(u,'v) - ﬁCﬁ_ )(u, v).
If Ch and Cy are symmetric around Cc*, i.e.,
Ci(u,v)  —  C*(u,v) = C*(u,v)  +  Ca(u,v), then

—Cf,cj)(u,v) = C’;Cj)(u,u),

C’S_D) (u,v) = —DS_C)(u, v).

Let ¢(.,.) be the copula density function. Then
82010*)(%1))

(&) —%w—

©
(b) (1 - ﬁ) c(u,v) < W < 75 (u,v) for all u,v € [0,1].

> max{—c(u,v), —c*(u,v)} for all u,v € [0,1].

BQCiC*)(u,U)

(c) —c(u,v) £ —5m== < ¢*(u,v) for all u,v € [0,1].

Since the proof of these results are straightforward we are not going to provide

them.

Here are some examples to clarify the concepts that we have introduced.

Example 2.2. Consider the Farlie-Gumbel-Morgenstern (FGM) family of copulas

Clu,v) = w[l+60(1—u)(l-0)],0e[-1,1]
CY(u,v) = w(l—u)(l—0v),0p=0.
CO () = wvll+0(1 - %)(1 — )1 —v)].

Now let us look at the symmetry function around another copula of the same family,

ie.,

C*(u,v) = wv[l+60"(1—u)(1-v)],0" €[-1,1].
Cuw) = woll+ %(9* S A1 —w)(1— ).
C ) = —(0— 60" uv(l —u)(1 - ).

As it is seen, the symmetry function stays in the same family with a new para-
meter. As long as the new parameter is in the parameter range of the class, the
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symmetry function is a copula, i.e., the FGM family is conjugate symmetric around
the independence copula and any member of the family.

Example 2.3. For the Fréchet-Mardia families of copulas (Nelsen [7])
C(u,v) = 6Oymin{u,v}+ (1 —6; —b2)uv + O max{u+ v —1,0};
91792 € [0,1],91+92S1,

1 1
Cg\s)(u, v) = T U +(1- ﬁ)[ﬂl min{u, v} + (1 — 6 — O2)uv
+602 max{u + v — 1,0}]
1 _ 1
= (1- m)ﬁl min{u, v} + m(l — A1 =61 —02))uv
+(1- %)02 max{u + v — 1,0}.

Again the symmetry function stays in the same family with parameters
07 = (1 — 115)61 and 65 = (1 — 15)62.
Now let us look at the symmetry function around copula of the same family, i.e.,

C*(u,v) = Ofmin{u,v} + (1 — 67 — 03)uv + 65 max{u + v — 1,0};
01,05 € [0,1],67 +03 <1,
C’ic*)(u, v) = 07" min{u,v}+ (1 — 07" — 05 )uv + 05" max{u +v — 1,0}
where 67" = % and 05" = 83202

Note that the Fréchet—Mardia}amily is also conjugate symmetric around the
independence copula and any member of the family.

Example 2.4. For the Ali-Mikhail-Haq family of copulas (Nelsen [7])

Clwo) = g gy €L

(8) _ 1 1 U
Grwo) = 1A“”+<1_1A> {10(1@(1@) ’
CHu,v) = —0(1 —u)(1—v)C(u,v).

Example 2.5. For the Cuadras-Augé family of copulas (Nelsen [7])
C(u,v) = [min{u, v}][w]* %0 € [0, 1],

we have
Cg\s) (u,v) = 1 i )\uv[l — )\(max{u,v})—e]’
. 0
CH(u,v) = wv ll - <Imni:j’v}> 1 = w1 — (max{u,v}) ).

As seen in the examples, the Ali-Mikhail-Haq and the Cuadras-Augé families of
copulas are not conjugate symmetric around the independence copula.
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3. TARGETING A CAPULA IN SYMMETRY AND COMPLEMENT FUNCTIONS

In Definitions 1.1 and 1.2, C* could be seen as a target copula. To emphasize
this special view we will use T for C*. Various criteria can be used on selection of
the target copula. In the current research the preferred choice is the independence
copula. Some other criteria are targeting a copula with (i) the same value of
any measure of dependence such as Spearman’s rho, po = pr, and Kendall’s tau,
Tc = Tr; (19) the similar form of diagonal copulas, C(u,u) = T'(u,u); or (#ii) any
easy functional form to deal with such as T'(u,v) — C(u,v) = A(u)B(v). Here is an
example.

Example 3.1. Suppose that (U, V') has a copula that is a member of the Fréchet-
Mardia family with 6; = 0, 85 = 0. Let us target the FGM copula with parameter
« by using various criteria.

Table-1. Targeting a FGM copula with various criteria.

Criterion
To =71 po = pr
Implication a=30(0+2) a =30
Ec[V/U = u] 0+ Ou 04 6u
Er[V/U = u) 2_22_92 + (9 + %) u| 52+ 0u
Ec[V/U = u] = Er[V/U =] —— 0

Now the copula C' can be matched with the T, perfectly on the conditional expec-
tations (the copula regression functions) for the choice of @ = 36. This result is
not surprising since both classes of copulas have linear regression functions. Note
that because of the FGM family has a weak dependence structure, o = 360 and
o = 26(6 + 2) may not result in the interval § € [—1,1].

In the last case, we used the concept of copula regression function Ec[V/U = u].
For the copula regression functions, see Sungur [9].

4. DEPENDENCE ORDERING AND MEASURES OF DEPENDENCE RELATIONS

In this section, we will work at various dependence ordering concepts and link
our findings with the existing research in this area. First, let us look at the positive
quadrant dependence (PQD), i.e., C(u,v) > uv, Vu,v € [0, 1] (Lehmann [5]). PQD
copulas can be written as C(u,v) = uv + v(u,v) = uwv — C+(u,v) for all u and
v, with the complement function of C', C*(u,v) < 0. When we consider the sym-
metry function of the copula around independence, we end up with the condition

C’is)(u,v) < uw, Yu,v € [0,1].

Theorem 4.1. Suppose that A\C(u,v) + (1 — A)C;S) (u,v) = uw.

(7) Cis) (u,v)[C(u,v)] > wv, i.e., PQD, z‘[fC(u,v)[CiS) (u,v)] <uwv, i.e., NQD,
negative quadrant dependent.
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(44) C/(\S) (u,v)/u[C(u,v)/u] is nonincreasing in u, i.e., left tail decreasing (LTD)
in U, (Esary and Proschan [3], Nelsen [6]), iff C(u, v)/u[C’/(\S) (u,v)/u] is
nondecreasing in u, i.e., left tail increasing (LTI) in U.

(#it) Let p,~v and ¢ be Spearman’s rho, Gini’s gamma, and Spearman’s footrule
coefficients, respectively. Then

ApC + (1 - /\)pcg\c*) = Pcx
Mo+ 1 =Nrgen = e
Apo + (1 — )\)apc(c*) = Yo~

pc—ff (u,v) — uvldudv = — [ [ C*(u,v)dudv.
( ) pC;S) = 1_)\ ffCJ‘ u v)dudv

The proof of Theorem 4.1 is trivial.

Theorem 4.2. Let 7 be Kendall’s tau and C' and C* be symmetric copulas, then
dr (C*)

(Z) _)‘ZTC + ()‘2 - 1) C(C*) - )\(1 — )\) |: d)\ :| + T~ = 0 or
Y
*Tc+d% {(1 ;\) TC;C*)} +p7’c* = 0.

jj[C’(u,v) — C"(u,v)]dC(u,v) jj[C’(u,v) — C*(u,v)]dC* (u,v),

1.

The proof of Theorem 4.2 is tedious and will be given in the Appendix.

Example 4.3. For the FGM family which is conjugate symmetric around the
independence copula and any member of the family
ch(C*)

“N7o+ (N - 7 gen = AL = A)? [ - } +roe = —\22

2 * * *
+(A2 = gty (60 fxe)fmfw{%[ﬁ(e 49)]}#3 ~0.

Note that for this family A7 + (1 — A\)7 e+ = 7o~ and
A

6—0"

Example 4.4. Let C(u,v) = C*(u,v) = min{u, v}, and C*(u,v) = C°(u,v) = uv.
Then 7¢ = 1, 71¢- = 0, TuEn = 3(12A)2 (2 — 3\).
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Clearly A\tc + (1 = A\)7 ) = ﬁ #+ 10+ But
N
TC d\ b\ TC§O ) /\QTC* = ax 3 )\27'0*
= 0.

5. CHARACTERIZATION AND GENERATION OF NEW COPULAS

Investigation of the form of the complement copula functions for the indepen-
dence copula given in Examples 2.2-2.5 suggests the study of the copulas of certain
forms. On generating new families of copulas one of the following approaches can
be followed: i i
Approach 1. For a preselected C*, find C’j_c )[C’ic ) ] such that

C(u,v) = C*(u,v) — C(f*)(u,v) C(u,v) = %C*(u, v) + (1 - ;\) Cic*)(u,v)}

is a copula. In fact, Rodriguez-Lallena and Ubeda-Flores [8] consider the case where
C*(u,v) = wv, and C’S_C )(u,v) = —f(u)g(v). Lai and Xie [4] study the case for

C*(u,v) = uv, and Cic*)(u, v) = —v(u,v). Bairamov and Kotz [2] present and dis-
cuss the extension of the case C*(u,v) = uv, and
C’J(_C )(u,v) = —auvf(u)g(v) = —af*(u)g*(v). Therefore, these results can all

be seen as the special case of our setup. Another form comes from the Ali-
Mikhail-Haq complement function for the independence copula, i.e., Ct(u,v) =
uv + a(uw)b(v)C(u,v).

The following result will help us to unify all of the work on generating new
families under Approach 1.

Theorem 5.1. Let T be a targeted copula and t be the corresponding copula density
function. Consider a two-place function C’iT) such that
(i) 017 (0,0) = {7 (w,0) = €17 (1,0) = O (u,1) = 0;
(i)
02 (u, v)
—_— < ¢
Oudv < #u,v)
for all u,v € ]0,1].

Then C(u,v) = T(u,v) — C’J(_T) (u,v) is a copula.

Table 2 in Appendix integrates existing results to our general setup and presents
some new cases. i
Approach 2. Starting with C* and C, construct new families of copulas {C’/(\C )}.

Now let us look at the conditions that will make C’;C ) a copula. Only condition
that needs to be verified is the 2-increasingness. Let

APV (C) = C(ug, va) — C(uy,v2) — Clug,v1) + C(uy,v1),

Uy,u2
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for wy,us,v1,v2 € [0,1] such that w3 < us and v; < wy. For Cg\c*) to be 2-
increasing, it is sufficient to be Ay1:V2 (C*) > AAP2 (C). In terms of copula

U, u2
9%C(u,w)

density functions, c(u,v) = =5 52>, this yields c*(u,v) > Ac(u,v), Yu,v € [0,1].
For the independence case this condition becomes c¢(u,v) < %, Yu,v € [0, 1].
Suppose that ¢ is a conjugate symmetric family around C*. That is, if C' € (,

then the symmetry function of C| C;C*) € C. Therefore,
C’/(\C )(u,v) = C(u,v;w(6,0",\)). Now one can form various functional equations

starting from basic definitions and attempt to solve them. Note that for the FGM
and the Fréchet-Mardia families w(6, 6™, \) = eliie. For the parametrized copulas
described above

AC(u,v30) + (1 — N)C\7 (u,v) = C* (u, v; 0)
= /\C(u v;0) + (1 — N)C(u,v;w (B, 0%, X)) = C*(u,v;0)
= M(0) 4+ (1 = ANh(w (0 9* )\)) = h(@ )

= w(0,0°,\) = h~! (

Therefore, if C(u,v;0) is a linear function of 6, then w(6, 0", \) = =3¢ which is
he case for the FGM and Fréchet-Mardia class of copulas.

Theorem 5.2. Let { = {C(u v;0) : 0 € O} be a conjugate symmetric family
around C(u,v;0"). Then C( Vs a copula iff w(9,0%,)\) € ©.

Corollary 5.3. Let ¢ = {C(u,v;0) : § € O} be a conjugate symmetric family
0 =26
S

around C(u,v;0%), and C(u,v;0) is linear in 6. Then, Cgc is a copula iff
O.

Example 2.2 (Continued). For the FGM family C/(\C*) is a copula for

020 ¢ [-1,1].

Example 2.3 (Continued). For the Fréchet-Mardia family Cgc*) is a copula for
(1= 5) 00 (1= 55) 62 e 0. 1) and (1= 1) (02 +02) < 1.
6. CONCLUDING REMARKS

The two special functions defined and studied in this paper open up an alterna-
tive way of understanding the behaviour of copulas. We have shown some of the
properties of these functions and discussed how they can be used on generating new
classes. Starting with a copula and targeting another could be a helpful tool for
approximating copulas, obtaining some decompositions, and on updating starting
copula in dependence model building with a new one. We will attempt to address
these issues in our subsequent papers.
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APPENDIX

Proof of Theorem 4.2. Proof of the theorem is tedious but straightforward which
is given here.
(1) By using the alternative form of the Kendall’s tau

= Aec(u,v) + (1 — A)%C;C*)(u,v)%C(u,v) = tkc+(u,v)

+(1 =120 (u,0) 2097 (u,0)

= Moo (u,v) + (1= M) (L~ Dk e (u,0) = (1= 1207 (u,0) &.0%(u,v)
= Lkoe(u,0) + (1= 1) 20 (u,0) 20 (u,0)

= Mo (u,v) + (1= A)(1 — %)ka” (u,v) — Yke= (u,v)

—a-1 (a%c*(u,v)%c;c*)(u, V) + %cgc*)(u,v)%c*(u,v))

= 2 ke (u,0) + (1 — Nkgien (u,0) = xike- (u,0)

* c* c* .
- (B%C (w@%()& )(u,v) + %C/(\ )(u,v)a%C (u,v))

11 11
= )\)\2 [ [ ke (u,v)dudv + (1 — ffkc(c*) u, v)dudv — Ai
00

T ko« (u, v)dudv

O
O

11 * p * P
= [ [ (£C7 @) & (w0) + 2O (w0) 0 (u,v) ) dudv
00
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11
4 [ [ ke(u,v)dudo 4+ (1 — X)4
00

Ct—
Cf— =

kcic*) (u, v)dudv

KIM*!

ou
0
, 11
= 1);)\40fofkc(u,v)dudv
11 11
—(1- )\)40fofk0; ) (u, v)dudv — <1 40fofkc* u, v)dudv
11
& * cr *
:—4Ofof(a%0 (uw)a% co\° (um) ;uC( )( )QQC (u,v)) dudv
11 11
= 1);2>\ [1 1-}—40f{kc u,v)dudv| — (1 —A) {1—1—1—4{0[]%;0* (u,v) dudv}
11
- {11+4ffkc* U, v dudv}
L 00
* cr *
= —4{({ ((%C’ (u,v) 2 (u,v)Jr 3uC’( )(u ) 2 C*(u, v)) dudv
2
= 1);)\(1 — Tc) — (1 — )\)(1 — Tc(c*)) — ﬁ(l e TC*)
:—4}} 2. C*(u U)@C'( )(u v) + C(C )( v) = C*(u,v) ) dudv
00 ou » ) O T ou
If C’g\c ) and C* are symmetric, then letting u = v and v = u, we end up with

A’ 1
= _)\(1770) (1—=X)(1 Tcicm)—ﬁ(l
11 5
_ 2o (c”)
= 8//8u0 C’/\ (u, v)dudv
00
)\2
= T (1—7’0) (1=X)(1 Tc,;c*))-i-m(l
A [ 0
= /\//%C C(u,v)dudv
00
1—2))? 1
= A(l-— C)*( hy ) (1 TC;C*))‘Fx(].*TC*)
11
= 8//£C* C’(u v)dudv.
N ou
00

By taking the derivatives of both sides with respect to A,

_ TC*)

_ TC*)
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_ 2
il—Tc—%{(l /\)\) (1_TC§\C*))}_%(1_TC*):O
2
=1—7¢c— %(1 — Tc,;c*)) -a )\)\) [%’TC;C*) - %(1 - TC*) =0
= )\2 — )\27_6‘ — ()\2 — 1)(1 — Tc(c*)) — )\(1 — )\)2 %TC’(C*)} — (1 — Tc*) =0
A A

2 \2_ (2 2 o _ 2[4 N
= A2 = M7o = (A= 1) + (V2 = Drpeen — ML= N)? [ e
—(1 — Tc*) =0
= N0+ (N = D1 — A1 = A)? {%Tcw“} +t7e- =0

A A
(#3) Given At¢ + (1 — A)Tcic*) = T7¢~, we have

11 11
= )\4//Cuvd0uv)—1 F(1=A 4//C’C (u,0)dC ") (u,v) — 1
0 00

= 4 C* (u,v)dC* (u,v) — 1

[
]

11
C(u,v)dC(u,v) + (1 — A //C’C*ude( ( v)
00

11
= //C*ude*uv)
00

We will drop the arguments of the functions to have an easier-to-understand ex-
pression.

CdC + (1 -\ c{ac(” //C*dC*
A

[C* )\)\C}d{ ! cr — C

CdC+ (1-X) T T T T

11
- [ [ecrae
00

o O~ _
S S~ _
S .
SRS
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11 1 1 11

= {//&M+T%x//w S Yeiriten //bww
0 0 0 0 0 0
11 1 1

= )\//Od0+$//[0*d0*—AC*dC—ACdC*+)\2CdC]
0 0 0 0

I
o _

1
/C’*dC*
0
\ 1 1 A\ 11 )\ 1 1
0 0 0 0 0 0

11 11 11
= //C’dC // [C*dC + CdC™] //C*dC*
0 0 0 0 0 0
11 11
N //[C—C*]dC://[C—C*]dC*.
0 0 0 0
Similarly,

1 11
//C o dCZ//[C_C*]dC*:>)\Tc+(1—)\)7'c<c*):Tc*.
A
0 00

0
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Table 2. Complement Function, Target Copula and Necessary Conditions.

Form of CS_T) Target Copula Conditions
()
= Fwg) w 70 =71 =50) = a1 =0
Rodriguez-Lallena (i) f (w)g (v) > —1, Yu,v € [0,1]
and Ubeda-Flores [8] | Example. f(w) = g(w) = Vw*(1 — w)’,a,b > 1,

k=

6 € [0,1],C(u,v) = uv + Ouv?(1 — u)*(1 — v)
Lai et.al.[4], Rodriguez-Lallena and Ubeda-Flores [8]

—f(u)g(v)

T (u,v) () £(0) = f(1) = g(0) = g(1) = 0
(i) f (u)g (v) = —t(u,v),
Vu,v € [0, 1]

A New Family. T'(u,v) = uv[l + (1 —u)(1 — )],
fw) = g(w) = VOw*(1 —w)b,a,b> 1,0 € [0,1],
C(u,v) = w[l+ (1 —u)(l—v)

x {1+ 0(u)* (1 —w) (1 — v))"~ 1}]

—a(u)b(v)C(u,v)

uv (4) (1) b(1) =
(id) [a(u)gilgf(u,v)] > 1,
Vu,v € [0, 1]
Example. a(w) :ubigw) =V0(1 —w), 0 €[-1,1)
Cluv) = A wa =)

Ali-Mikhail-Haq Family.

A New Family. a(w) = b(w) =1-07" X >0

C(u,’l}): 1_(1_6 )(1 (1 v))
A New Family. a(w) (w) = —e MA>0
Cu,v) =

]__(67)\_6 )\u)(e A _e— /\U)'

A New Class of Families.
a(w) = bw) =1 — e %) where ¢ is a
generator of an Archimedean class of copulas.

C(u,v) = 1—(1— efw(sz)j)(l — e ?)’
o R e
(i) [a(“)asgv )
Yu,v € [0, 1]

A New Class of Families.

a(w) = b(w) =1 — e=%) where ¢

is a generator of an Archimedean class of copulas.
C(u,v) = wv[l + (1 — e~ ?W)(1 — e=¢®))].
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Ozet. Bu calismada, bir kapula verildiginde bir bagka kapula he-
deflenmekte ve gegitli iki yerli fonksiyonlar kullanilarak bu iki ka-
pulanin baglanmasina girigilmektedir. Calismada bu tiir fonksi-
yonlardan ikisi, simetri ve tiimleyen fonksiyonlar tanimlanmig ve
incelenmigtir.
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