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ON THE EMBEDDING OF COMPLEMENTS OF SOME
HYPERBOLIC PLANES II

PINAR ANAPA, IBRAHIM GUNALTILI AND SUKRU OLGUN

ABSTRACT. In this paper, we studied that a linear space, which is the com-
plement of linear space whose points are not on a pentagon, hexagon or a
heptagon in a projective subplane of order m, is embeddable in an unique way
in a projective plane of order n. In addition, we showed that this linear space
is the complement of certain regular hyperbolic plane in the sense of Graves
(5] with respect to a finite projective plane..

1. INTRODUCTION

The complementation problem with respect to a projective plane is the following
: Remove a certain configuration of points and lines from the plane, determine the
parameters of the resulting space. The problem of embedding the " complements "
of various configuration in the projective planes has been studied by various authors
( [11,12,13],14],[5],..- ). In 1970, Dickey solved the problem for the case where
the configuration removed was a unital [5]. In 1987, L. M. Batten characterized
linear spaces which are the complements of affine or projective subplanes of finite
projective planes and showed that these spaces can be embeddable in an unique
way in a projective plane of order n [1]. A generalized of Batten’s Theorem [1] was
given by Giinaltili and Olgun [7]. In [8], Giinaltili, Anapa and Olgun showed that
a linear space, which is the complement of a linear space having points are not on
a trilateral or a quadrilateral in a projective subplane of order m, is embeddable in
an unique way in a projective plane of order n. In addition, it was determined that
this linear space is the complement of certain regular hyperbolic plane in the sense
of Graves [6] with respect to a finite projective plane.

In this study, we showed that a linear space, which is the complement of a linear
space whose points are not on a pentagon, hexagon or a heptagon in a projective
subplane of order m, is embeddable in a unique way in a projective plane of order
n. In addition, we determined that this linear space is the complement of certain
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regular hyperbolic plane in the sense of Graves [6] with respect to a finite projective
plane.

Now, we give some definitions required.

Definition 1.1 : A non-degenerate finite linear space is a pair
S = (P, L), where P is a finite set of points and £ is a family of proper subsets of
‘P, which are called lines, such that: any two points are on unique line, each line
has at least two points and there are at least two lines.

If S = (P,L) is a finite linear space, that is, |P| < oo. The number of lines
passing through a point P is called the degree of P and denoted by b(P). The
number of points on a line [ is called the degree of [ and denoted by v(l). v and b
denote the total number of points and lines of S, respectively. The number v, b, b(P)
and v(l) are called the parameters of S.

The parameters of finite linear space k,,, knr, m, 71 are defined as stated below.

km = min{v(l) : 1 € L}

ky = max{v(l) : l € L}

rm = min{b(P) : P € P}

ry = max{b(P): P € P}

The term i—point or i—line may also used to refer respectively to a point or a
line of degree i. Moreover; b denotes the total number of k—lines, vy denotes the
total number of k—points and b (P) denotes the total number of k—lines passing
through a point P.

The integer n defined by n + 1 = maxb(P) : P € P } is the " order " of the
linear space.

Definition 1.2 : A finite (m + 1)—regular hyperbolic plane (P, L), in the sense
of Graves, is a non-trivial (m + 1)—regular linear space such that :

H1 There are four points, no three of which are collinear

H2 If P is a point not on a line [, then there exist at least two lines, not meeting
l and through P.

H3 If a subset P of the points of P contains three non-collinear points and
contains all points on the lines through pairs of distinct points of P’ contains
all points of P.

Proposition 1.1 : ( Bumcrot, [4] ) Any finite linear space satisfying the fol-
lowing condition :

I Tm > kJM +2
IT kpy(krn — 1) > 7ag

is a hyperbolic plane in the sense of Graves [6].

A linear space S = (P, £) is said to be embeddable in a linear space 8’ = (P’, L)
if 8’ can be obtained from S by addition of some points called as ideal points and
some lines called as ideal lines.
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2. Main Results

In this section, we showed that a linear space, which is the complement of linear
space whose points are not on a pentagon, hexagon or a heptagon in a projective
subplane of order m, is embeddable in an unique way in a projective plane of order
n. In addition, we determined that this linear space is the complement of certain
regular hyperbolic plane in the sense of Graves [6] with respect to a finite projective
plane.

Proposition 2.1 : Any (m + 1)—regular linear space with line degree m — 2,
m —3orm—4,m > 7, is a hyperbolic plane in the sense of Graves [6] .

Proof : Let S be an (m + 1)—regular linear space with line degree m —2, m —3
or m — 4. It is clear that r,, > ky + 2 and
km(km — 1) = (m —4)(m —5) > m + 1, since ky, = m — 4, kyy = m — 2 and
Tm =Ty = m~+ 1, m > 7. By the Proposition 1.1, § is a hyperbolic plane and it
is called a hyperbolic plane of (5, m)—type.

Proposition 2.2 : A real complement of linear space whose points are on a
pentagon in a projective of order m is a hyperbolic plane, m > 7.

Proof : Let 7 be a projective plane of order m and S be a real complement
of a pentagon in a projective plane of order m. The total number of points on a
pentagon is 5(m — 1). Thus, S is an (m + 1)—regular linear space with m? —4m + 6
points, m? 4+ m — 4 lines and it’s line degree is m — 2, m — 3, or m — 4. Also, S is a
hyperbolic plane of (5,m)—type by the Proposition 2.1.

Proposition 2.3 : Any (m+ 1)—regular linear space with line degree m—2, m—
3,m —4 or m—>5,m >9,is a hyperbolic plane in the sense of Graves [6].

Proof : Let S be an (m + 1)—regular linear space with line degree m — 2, m —
3,m —4 or m — 5. It is clear that r,, > kj; + 2 and
km(km — 1) = (m = 5)(m — 6) > m + 1, since k,, = (m —5), kpyy = (m — 2)
andr,, =y =m+ 1, m > 9. By the Proposition 1.1, S is a hyperbolic plane and
it is called a hyperbolic plane of (6, m)—type.

Proposition 2.4 : A real complement of a linear space whose points are on a
hexagon in a projective plane of order m is a hyperbolic plane, m > 9.

Proof : Let 7 be a projective plane of order m and S be a real complement of
a hexagon in m, m > 9. The total number of points on a hexagon is 6m — 9. Thus;
S is an (m + 1)—regular linear space with m? — 5m + 10 points, m? +m — 5 lines
and it’s line degree is m — 2, m — 3, m —4 or m — 5. Also, S is a hyperbolic plane
of (6, m)—type by the Proposition 2.3.

Proposition 2.5 : Any (m+1)—regular linear space with line degree m—3,m—
4,m — 5 or m — 6,m > 10, is a hyperbolic plane in the sense of Graves [6].

Proof : Let S be an (m + 1)—regular linear space with line degree m — 3, m —
4, m — 5 or m — 6. It is clear that r,, > ks + 2 and
km(km — 1) = (m —6)(m — 7) > m + 1, since k,, = (m — 6), kpy = m — 3 and
rm =7y =m+ 1, m > 10. By the Proposition 1.1, § is a hyperbolic plane and it
is called a hyperbolic plane of (7, m)—type.
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Proposition 2.6 : A real complement of a linear space whose points are on a
heptagon in a projective plane of order m is a hyperbolic plane, m > 10.

Proof : Let m be a projective plane of order m and S be a real complement of
a heptagon in 7, m > 10. The total number of points on a heptagon is 7m — 14.
Thus; S is an (m + 1)—regular linear space with m? — 6m + 15 points, m? +m — 6
lines and it’s line degree is m — 3, m —4, m — 5 or m — 6. Also, S is a hyperbolic
plane of (7, m)—type, by the Proposition 2.5.

Theorem 2.1 : Let S = (P, L) be an (n + 1)—regular linear space such that:

Hv=n2+n—(m?—4m+5), b=n*+n+1, m>7,n>m? n,mcZ
(i1) bpt3—m = 15 and bptg—m = 10(m — 4)
(iii) every line hasn+ 1,n,n+3 —m,n+4 —m,n + 5 — m points.

Then § is embeddable in a unique way in a projective plane of order n and is
complement of a hyperbolic plane (5, m)—type.

Proof : Let P;j;, be the set of points of S such that there are ¢ lines of degree
n+ 3 —m, j lines of degree n+4 —m, k lines of degree n 4+ 5 — m, h lines of degree
n and w lines of degree n + 1 through every point P of it. Then;

m+2-m)i+(n+3-—m)j+(n+4-—mk+n-1h+uwn=v-1

i+j+k+h+w=n+1

From the above equalities, the following results are obtained.

h = (m*—4m+6)— (m—2)i—(m—3)j—(m—4)k
w = n+l—(m?>—4m+6)+ (m—3)i+ (m—4)j+ (m—5k

Also; by the simple counting methods,

K2

Z|P¢|:v, th:b, te{n+1l,n,n+3—-mmn+4—m,n+5—m}
t

> 1Pili = 15(n+3—m)

idk

S Pikli = 10(m —4)(n+4—m)
N

D IPiklk = burs m(n+4—m)
1,5,k

Z |Piju|h = nb, and Z [Pije| w = (n+ 1)bpi1.

1,5,k .5,k
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Then; the following results are obtained.

b, = (m?—4m+6)(n—m)
b1 = n>—m*(n+5—m)+mn+5)—5n+1)
bpts—m = 15
busiom = 10(m—4)
bois—m = (m?—9m+21)

Since b, = (m? — 4m + 6)(n — m), n > m? and m > 7, there exists at least one
n—line. For every n—line [, we define

Il = {I} U{z : z is a line disjoint to { }

Since each point has degree n + 1 = v(l) + 1, each point outside ! lies on exactly
one line which is parallel to [. This shows that II; is a partition of the points of S
into disjoint lines, and II; induces an equivalence relation among the lines in S of
size n. This equivalent relation on the lines of size n is refered as parallelism. Since
I meets n? other lines, |II;| = n + 1. Hence; each n—line induces a partition of the
points into n + 1 lines refered as the parallel class associated with that n—Iline.

Suppose that | and I’ are two different n—lines which meet. Then I’ meets n
lines of II;, so |II; N II;/| = 1.

Let each such parallel class corresponds to a " new point ". Consider the struc-
ture S* = (P*, L*), where P* is P along with the new points, and £* consists of
the lines of L " extended " by those parallel classes to which they belong. We first
of all prove that S* is a linear space. It is clear that two old points ( points of P
) are on a unique line of £*. Let X and Y be distinct new points. We show that
they determine a unique line of £*. Let [x and Iy be n—lines which determine the
parallel classes corresponding to X and Y. If [x and Iy do not meet, then X =Y
which is a contradiction. So lx and ly meet. Since the point degree of S is n + 1,
each point of Iy is on a unique line of the parallel class determined by lx. This
leaves precisely one line of the parallel class parallel to both [x and ly. This is the
required line. It follows from our method of construction that each point of S* is
on n + 1 lines.

Finally, it is shown that any two lines of S* always meet. Let [ and I’ be lines of
S* which do not meet in S. Then neither [ or I’ are (n + 1)—lines. To prove that
they meet in §*, it suffices to find an n—line parallel to both.

Let | and I’ be two disjoint lines which have size less than n in S. It is clear
that dl) =n+1—v(l) >m—4 and d(I') =n+1—ov(l’') > m — 4 since v(l) €
{n+1Lnn+3—mmn+4—mn+5—m} foralleL.

Let x be the number of lines meeting | ( excluding [ itself ); let y be the number
of lines meeting !’ ( excluding I’ itself ); and z be the number of lines meeting both

n
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I and I'. The following three equations are obtained by a simple counting method:
z = nn+1-d({1)
y = nn+1-d{l))
and
s=(m+1—dl)n+1—dl)).
Therefore; x +y — z = n? — (d(l) — 1)(d(l") — 1).
Let m(l,1") and m,(l,1") be the total number of lines and n—lines, respectively,

meeting [ or I’ excluding [ and I’ themselves. Since;
m(l,l") = x + y — z, the following result is obtained.

m(,1') =n? — (d(1) — 1)(d(l') — 1) < n? — (m — 5)%

Since any line of size n + 1 meets every other line, all the lines of size n 4+ 1 meet
both ! and I'. Therefore; since b,41 > 0, d(I) > m — 4 and d(I') > m — 4, it is
clear that m,(I,I') < n?— (m —5)% —b,,1 < b,. Thus; there is at least one n—line
parallel to both. Consequently; S* is a projective plane of order n.

Consider the complement of S in §*. §*\ S is an (m + 1)—regular linear space
whose lines are set of {m — 2},{m — 3} or {m — 4} points, which are extensions
of (n +3 —m)—lines, (n + 4 — m)—lines and (n + 5 — m)—lines of S, respectively.
Therefore; S* \ S is a hyperbolic plane of (5, m)—type, by the Proposition 2.1.

Theorem 2.2 : Let S = (P, L) be an (n + 1)—regular linear space such that:

Hv=n24+n—(m?2-5m+9), b=n?+n+1, m>9, n>m? n,mcZ
(11) bn+47m =45 — 3bn+37m and bn+57m = 15(m - 7) + Sbn+3,m

(iii) every line hasn+ 1,n,n+3 —m,n+4—m,n+5—m,n+ 6 —m points.

Then § is embeddable in a unique way in a projective plane of order n and is
complement of a hyperbolic plane (6, m)—type.

Proof : Let P;;: be the set of points of S such that there are ¢ lines of degree
n+3 —m, j lines of degree n +4 — m, k lines of degree n + 5 — m, t lines of degree
n+6 —m, h lines of degree n and w lines of degree n 4 1 through every point P of
it. Then;

n+2—m)i+(n+3-m)j+(n+4—m)k+n+5-—m)t+(n—1h+wn=v-1
itj+k+t+htw=n+1
From the above equalities, the following results are obtained.
h = (m?—5m+10) — (m —2)i — (m —3)j — (m —4)k — (m — 5)t
w = n+1—(m?—5m+10)+ (m —3)i+ (m —4)j + (m —5)k + (m — 6)t
Also; by the simple counting methods,

Z\PA =, th:b, te{n+l,n,n+3—mn+4—m,n+5—m,n+6—m}
i t
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S Pijkeli = (n+3—m)bpis—m

1,5,k

ST 1Piurli = (45 = 3bpys—m)(n+4—m)

1,7,k

S Purlk = (15(m —7) + 3buss_m)(n+ 5 —m)
3,7,k

Z [Pijit|t = (n+6—m)bpie—m

1,5,k

Z | Piji| h nb, and Z |Piji| w = (n+1)bpi1.
i,k .5,k

Then; the following results are obtained.

by = (m?*—5m+10)(n —m)
buyr = nP—min+6—-—m)+mBn+9)—9In+6
bpiam = 45—3bpi3-m
brisem = 15(m—T7) + 3bnism
but6m = (m?—14m +55) = bpy3_m

Since b, = (m? —5m + 10)(n —m), n > m? and m > 9, there exists at least one
n—line. For every n—line [, it can be defined II; parallel classes and constructed
S* = (P*,L*) as in the proof of Theorem 2.1. Using the technique in the Theorem
2.1, it is easily shown any two points of S* are on exactly one line.

Thus, we must show that any two lines of S* always meet. Let [ and I’ be lines
of 8* which do not meet in S. Then neither [ or I” are (n+ 1)—lines. To prove that
they meet in &*, it suffices to find an n—line parallel to both.

Let ! and !’ be lines of S such that v(l) < n and v(l') < n. It is clear that
dl)=n+1—-v({l) >m—-5and d(I') =n+1—v(") > m —5 since v(l) € {n +
1,n,n+3—m,n+4—m,n+5—m,n+6—m}, for alll € L. Again using the technique
in the Theorem 1.2, it is easily calculated that m,(I,1) < n?—(m—6)%2—b, 11 < by,
since rlrélg(n +1—o(l)) =m — 5 and n > m?. There is at least one n—line parallel

to both. Thus; S* is a projective plane of order n.

Consider the complement of S in §*. §* \ S is an (m + 1)—regular linear space
whose lines are set of {m — 2},{m — 3},{m — 4} or {m — 5} points, which are
extensions of(n + 3 — m)—lines, (n +4 —m)—lines, (n + 5 — m)—lines and (n+ 6 —
m)—lines of S, respectively. Therefore; S* \ S is a hyperbolic plane of (6, m)—type,
by the Proposition 2.3.

Theorem 2.3 :Let S = (P, L) be an (n + 1)—regular linear space such that:

) v=n24+n—(m?—6m+14), b=n?>+n-+1, m>10,n>m? n,m¢c Z.
(ii) bor5—m = 105 — 3byis—m and bygom = 21(m — 11) + 3bpsg—m
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(iii) every line hasn+ 1,n,n+4—m,n+5—m,n+6 —m,n+ 7 — m points.

Then S is embeddable in a unique way in a projective plane of order n and is
complement of a hyperbolic plane (7, m)—type.

Proof : Let P;;; be the set of points of S such that there are ¢ lines of degree
n+4—m, j lines of degree n +5 —m, k lines of degree n + 6 —m, t lines of degree
n+7—m, h lines of degree n and w lines of degree n + 1 through every point P of
it. Then;
(n+3—m)i+(n+4—m)j+n+5—mk+n+6—m)t+(n—Dh+wn=v-—1

t+j+k+t+h+w=n+1

From the above equalities, the following results are obtained.

h = (m?>—6m+15) — (m—3)i— (m—4)j — (m —5)k — (m — 6)t

w = n+1—(m?—6m+15)+ (m —4)i+ (m —5)j+ (m —6)k + (m — 7)t
Also; by the simple counting methods,

Z\PA =, th:b, te{n+l,n,n+4—mmn+5-mn+6-—m,n+7—m}

% t

> 1 Pijuel i

1,5,k,t
Z |Pijke| J
4,7,k,t
S Purelk = (20(m —11) + 3byps_y) (n+ 6 — m)

0,5kt

> | Pijwelt

,9,k,t

> Pijkl b nby, and > [Pyl w = (n + 1)bp1.

0,3,k 0,3,k

(n+4—m)bpta—m

(105 — 3bpsa—m)(n+ 5 —m)

(n + 77— m)bn+7—m

Then; the following results are obtained.

by = (m?—6m+15)(n—m)
boir = n?—mi(n+7—m)+m(6n+14) — (14n —7)
bpts—m = 105 —3bpia—m
bnveom = 21(m—11)+ 3bpis—m
boir—m = (m*—20m + 120 — 3b,14_m)

Since b, = (m? —6m +15)(n —m), n > m? and m > 10 there exists at least one
n—line. For every n—line [, it can be defined II; parallel classes and constructed
S* = (P*,L*) as in the proof of Theorem 2.1. Using the technique in the Theorem
2.1, it is easily shown any two points of S* are on exactly one line.
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Thus, we must show that any two lines of S* always meet. Let [ and I’ be lines
of §* which do not meet in . Then neither [ or I are (n + 1)—lines. To prove that
they meet in §*, it suffices to find an n—line parallel to both.

Let [ and I’ be lines of S such that v(l) < n and v(l') < n. It is clear that
dl)y=n+1-v(l)>m—6and d(') =n+1—v(l') > m — 6 since v(l) € {n +
L,m,n+4—m,n+5—m,n+6—m,n+7—m}, for alll € L. Again using the technique
in the Theorem 1.2, it is easily calculated that m,(I,1') < n?—(m—"7)2—b, 1 < by,
since IlIéllI:l(n +1—o(l)) =m — 6 and n > m?. There is at least one n—line parallel

to both. Thus; §* is a projective plane of order n.

Consider the complement of S in §*. §* \ S is an (m + 1)—regular linear space
whose lines are set of {m — 3},{m — 4},{m — 5} or {m — 6} points, which are
extensions of(n + 4 — m)—lines, (n + 5 — m)—lines, (n + 6 — m)—lines and (n+7 —
m)—lines of S, respectively. Therefore; S* \ S is a hyperbolic plane of (7, m)—type,
by the Proposition 2.5.

OZET:Bu calismada, m. mertebeden projektif altdiizlemdeki bes-
gen, altigen ve yedigene ait olmayan noktalari noktalar kiimesi
olarak kabul eden bir lineer uzayin tiimleyeni olan ve n mertebeden
projektif diizleme tek olarak gomiilebilen lineer uzaylar iizerinde
caligtlmigtair.  Ayrica, bu lineer uzayin projektif diizlemlere gore
Graves anlaminda regular hiperbolik diizlemin tiimleyeni oldugu
gosterilmigtir.
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