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THE EIGENVECTORS OF A COMBINATORIAL MATRIX

ILKER AKKUS

A�������. In this paper, we derive the eigenvectors of a combinatorial matrix
whose eigenvalues studied by Kilic and Stanica. We follow the method of
Cooper and Melham since they considered the special case of this matrix.

1. I���	
����	�

In [7], Peele and Stănică studied n×n matrices with the (i, j) entry the binomial
coefficient

(
i−1
j−1

)
, respectively,

(
i−1
n−j

)
and derived many interesting results on powers

of these matrices. In [8], one of them found that the same is true for a much larger
class of what he called netted matrices, namely matrices with entries satisfying a
certain type of recurrence among the entries of all 2× 2 cells.
Let Rn be the matrix whose (i, j) entries are ai,j =

(
i−1
n−j

)
, which satisfy

ai,j−1 = ai−1,j−1 + ai−1,j . (1.1)

The previous recurrence can be extended for i ≥ 0, j ≥ 0, using the boundary
conditions a1,n = 1, a1,j = 0, j �= n. Remark the following consequences of the
boundary conditions and recurrence (1.1): ai,j = 0 for i + j ≤ n, and ai,n+1 =
0, 1 ≤ i ≤ n.
The matrix Rn was firstly studied by Carlitz [2] who gave explicit forms for the

eigenvalues of Rn. Let fn+1 (x) = det (xI −Rn) be the characteristic polynomial
of Rn. Thus

fn (x) =
n+1∑
r=0

(−1)r(r+1)/2
(
n

r

)
F

xn−r

where
(
n
r

)
F
denote the Fibonomial coefficient, defined (for n ≥ r > 0) by(

n

r

)
F

=
F1F2 . . . Fn

(F1F2 . . . Fr) (F1F2 . . . Fn−r)
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with
(
n
n

)
F
=

(
n
0

)
F
= 1. Carlitz showed that

fn (x) =
n−1∏
j=0

(
x− φj φ̄n−j

)
where φ, φ̄ =

(
1±√5) /2. Thus the eigenvalues of Rn are φn, φn−1φ̄, . . . , φφ̄n−1, φ̄n.

In [7] it was proved that the entries of the power Ren satisfy the recurrence

Fe−1a
(e)
i,j = Fea

(e)
i−1,j + Fe+1a

(e)
i−1,j−1 − Fea(e)i,j−1, (1.2)

where Fe is the Fibonacci sequence. Closed forms for all entries of Ren were not
found, but several results concerning the generating functions of rows and columns
were obtained (see [7, 8]). Further, the generating function for the (i, j)-th entry
of the e-th power of a generalization of Rn, namely

Qn(a, b) =

(
ai+j−n−1 bn−j

(
i− 1
n− j

))
1≤i,j≤n

is

B(e)n (x, y) =
(Ue−1 + Uey)(b Ue−1 + y Ue)n−1

Ue−1 + Uey − x(Ue + Ue+1y) .

Regarding this generalization, in [3], the authors gave the characteristic polyno-
mial of Qn (a, b) and the trace of kth power of Qn (a, b, ), that is, tr

(
Qkn (a, b)

)
, by

using the method of Carlitz [2]:

tr
(
Qkn (a, b)

)
=
Ukn
Uk

, (1.3)

where
(
n
i

)
U
stands for the generalized Fibonomial coefficient, defined by(

n

r

)
U

=
U1U2 . . . Un

(U1U2 . . . Ur) (U1U2 . . . Un−r)
,

for n ≥ i > 0, where (
n
n

)
U
=

(
n
0

)
U
= 1.

In [7], the authors proposed a conjecture on the eigenvalues of matrix Rn, which
was proven independently in [1] and the unpublished manuscript [9]. Also, in [6],
they found the eigenvectors of Rn.
In [7, 8], it was shown that the inverse of Rn is the matrix

R−1n =

(
(−1)n+i+j+1

(
n− i
j − 1

))
1≤i,j≤n

,

and, in general, the inverse of Qn(a, b) is

Q−1n (a, b) =

(
(−1)n+i+j+1an+1−i−j bi−n

(
n− i
j − 1

))
1≤i,j≤n

. (1.4)

Let φ = 1+
√
5

2 , φ̄ = 1−√5
2 be the golden section and its conjugate. The eigenval-

ues Rn are φ
n, φn−1φ̄, . . . , φφ̄n−1, φ̄n.



THE EIGENVECTORS OF A COMBINATORIAL MATRIX 11

Let the sequences {un}, {vn} be defined by
un = aun−1 + bun−2
vn = avn−1 + bvn−2,

for n > 1, where u0 = 0, u1 = 1, and v0 = 2, v1 = a, respectively. Let α, β be the
roots of the associated equation x2 − ax− b = 0. The next lemma can be found in
[4].

Lemma 1.1. For k ≥ 1 and n > 1,

ukn = vkuk(n−1) + (−1)k+1 bkuk(n−2) (1.5)

vkn = vkvk(n−1) + (−1)k+1 bkvk(n−2).

In [5], using the sequence vk, they defined the n×n matrix Hn
(
vk, b

k
)
as follows:

Hn
(
vk, b

k
)
=

(
vi+j−n−1k

(
− (−b)k

)n−j (
i− 1
n− j

))
1≤i,j≤n

.

As in equation (1.4), they also found the inverse of the matrix Hn, namely

H−1
n (vk, b

k) =

(
(−1)j+1(−b)−k(n−i)vn+1−i−j

(
n− i
j − 1

))
i,j

.

It is well known that for n ≥ −1,

un+1 =
∑
r

(
r

n− r
)
a2r−nbn−r. (1.6)

Thus the authors [5] generalized this identity as well as they gave the following
results:

Lemma 1.2. For k > 0 and n ≥ −1,
uk(n+1)

uk
=

∑
r

(
r

n− r
)
v2r−nk

(
− (−b)k

)n−r
.

Lemma 1.3. For all m > 0,

tr
(
Hm
n

(
vk, b

k
))
=
uknm
uk

.

Theorem 1.4. The eigenvalues of Hn
(
vk, b

k
)
are

αkn, αk(n−1)βk, . . . , αkβk(n−1), βkn.
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2. T�
 
��
��
��	�� 	� Hn
(
vk, b

k
)

In [6], the authors considered the matrix Qn (a, b) and gave its eigenvectors. In
this section, we consider the generalization of matrix Qn (a, b) namely Hn

(
vk, b

k
)

and then determine its eigenvectors by using the method given in [6].
Let 0 ≤ p ≤ n− 1 be a fixed integer,

f(x) = (x− αk)p(x− βk)n−1−p =
n−1∑
r=0

srx
r,

and
s = (s0, s1, ..., sn−1)T .

Theorem 2.1. For m ≥ 0

f (m)(x) = m!
f(x)

(x− αk)m(x− βk)m
m∑
j=0

(
p

m− j
)(
n− 1− p

j

)
(x−αk)j(x− βk)m−j .

Proof. It can be proved with the use of Leibniz’s formula for the m-th derivative
of a product of two functions. We recall the Leibniz’s formula: For m ≥ 0

dm

dxm
g(x)h(x) =

m∑
j=0

(
m

j

)
g(m−j)(x)h(j)(x). (2.1)

We use the notation xn to denote the falling factorial, and hence

f (m)(x) =
m∑
j=0

(
m

j

)
pm−j(x− αk)p−m+j(n− 1− p)j(x− βk)n−1−p−j

= m!
f(x)

(x− αk)m(x− βk)m
m∑
j=0

(
p

m− j
)(
n− 1− p

j

)
(x− αk)j(x− βk)m−j ,

as claimed. �

Lemma 2.2. Suppose that 0 ≤ m ≤ n− 1 be a fixed integer. Then,

sn−1−m =
m∑
j=0

(−1)m
(

p

m− j
)(
n− 1− p

j

)
αk(m−j)βkj

and (
Hn

(
vk, b

k
)
s
)
n−1−m =

n−1∑
r=m

(−1)m (−b)km
(
r

m

)
vr−mk sr.

Proof. The proof of the first equation can be followed from computing the coefficient

of xn−1−m of f(x) by multiplying
(
x− αk)p times (

x− βk
)n−1−p

. The second

proof can be seen by computing the product of Hn
(
vk, b

k
)
and s. �
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Theorem 2.3.
Hn

(
vk, b

k
)
s = (αk)n−1−pβkps. (2.2)

Proof. Consider(
Hn

(
vk, b

k
)
s
)
n−1−m =

n−1∑
r=m

(−1)m(−b)km
(
r

m

)
vr−mk sr

=
(−1)m(−b)km

m!

n−1∑
r=m

srr
mvr−mk

=
(−1)m(−b)km

m!
f (m)(vk)

=
(−1)m(−b)km

m!

(vk − αk)p(vk − βk)n−1−p
(vk − αk)m(vk − βk)m

×

m!

m∑
j=0

(
p

m− j
)(
n− 1− p

j

)
(vk − αk)j(vk − βk)m−j

= (−1)m(αβ)kmβk(p−m)αk(n−1−p−m) ×
m∑
j=0

(
p

m− j
)(
n− 1− p

j

)
βkjαk(m−j)

= αk(n−1−p)βkp
m∑
j=0

(−1)m
(

p

m− j
)(
n− 1− p

j

)
αk(m−j)βkj

= αk(n−1−p)βkpsn−1−m.

Thus the proof is complete. �

ÖZET: Bu çalı̧smada, Kilic ve Stanica tarafından özdeğerleri ver-
ilen bir kombinatoryal matrisin özvektörleri, Cooper ve Melham’ın
metodu takip edilerek elde edilmi̧stir.
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