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Secrecy Analysis of Multi-user Half/Full-Duplex
Wireless Bi-directional Relaying Network

Volkan Ozduran, Member, IEEE

Abstract—This study investigates the secrecy performance of
the relay-assisted orthogonal frequency division multiplexing
technique. The investigation utilizes a multi-user illegitimate
half/full-duplex based bi-directional relaying, which is under the
effect of a finite number of friendly jammers, system model. In
reference to Monte-Carlo computer simulation results, the system
model that operates in half-duplex mode achieves slightly better
secrecy outage performance than the system model that operates
in full-duplex mode. The results also show that the information
leakage can be minimized by using friendly jammers, yet the
friendly jammers degrade the system secrecy performance and
result in system coding gain losses in high signal-to-noise ratios.

Index Terms—Physical Layer Security, OFDM, Bi-directional
Relay, Half/Full-Duplex Relay

I. INTRODUCTION

IN RECENT years, the number of mobile users/applications
have increased dramatically. This results severe mobile data
traffic in the cellular coverage areas. A combined orthogonal
frequency division multiplexing (OFDM) technique and relay-
assited networks have made a great contribution to cover
these capacity and throughput demands. However, information
security demands are still an open challenge, which needs to
be enhanced with cutting edge techniques. Until quite recently,
the higher level encryption techniques, Rivest Shamir Adleman
(RSA) [1] and advanced encryption standard (AES) [2], have
been considered. However, these techniques do not provide
a broad solution for the secure communication demands. In
this regard, Wyner’s [3] wiretap channels brought a new
perspective and turn out to be a pioneering technique for the
physical layer (PHY) security of wireless communications.
Recently, non-orthogonal multiple access (NOMA) strategy
[4] has got much attention in the eyes of the researcher for
the multi-user information exchange process. This is because,
the NOMA strategy allows each user to access all sub-carrier
channels, which directly affects the spectral efficiency [4].
It is also reported in [4] that the NOMA strategy achieves
better performance than orthogonal multiple access strategies.
However, since the NOMA technique employs the successive
interference cancellation technique for the signal decoding,
the last user should wait the other users’ decoding process.
This challenge is named as user-delay decoding process in
the literature. This is indeed a big challenge especially in
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dense wireless/internet-of-things networks. To overcome this
challenge, the OFDM technique is considered in this study.

In this regard, some of the studies in the literature that
consider the OFDM/orthogonal frequency division multiple
access (OFDMA) techniques to conduct information are sum-
marized as: Reference [|5] assumes that source terminal com-
municates with L destinations by means of a single amplify-
and-forward (AF) one-way relay (OWR). [5] also assumes
that each mobile station utilizes the OFDM transceiver with
N subcarriers. Reference [5] considers a joint optimization of
power allocation, subcarrier allocation, and subcarrier pairing
to maximize the secrecy rate. Reference [6] utilizes a system
that source terminal communicatates with the destination by
means of a single decode-and-forward (DF) relay. [6] also
considers that the communication overhears by an illegitimate
terminal. [6] also considers the OFDM technique for the infor-
mation exchange and also assumes three possible transmission
scenarios: no communication, direct communication, and relay
communication. In addition, [€] utilizes the power allocation
strategy for maximizing the system sum-secrecy rate.

Reference [7] considers that M pre-assigned partner users
communicate via two-way relay (TWR) terminal, which has
an OFDMA technique, in the presence of an eavesdropper
with/without cooperative jamming. [7] also considers that
relay terminal operates in the half-duplex (HD) mode with
an AF strategy. [7] also utilizes power allocation strategies
for maximizing the system secrecy sum-rate. [8] considers an
OFDMA downlink network, which contains a single antenna
K mobile users and multiple antennas equipped M HD based
DF relays and also a multiple antenna base station. [8] also
assumes that system structure contains an eavesdropper with
multiple antenna. [§] also considers optimization for the secure
resource allocations and scheduling. [9] considers the single
antenna OFDMA based multi-user and multi AF based OWR
network with an eavesdropper. [9] also considers resource
optimization PHY security of such a system model. Reference
[10] assumes that the source terminal conducts information
with the destination terminal via L available DF based OWR
terminals in the presence of a single illegitimate terminal. [[L0]
also assumes that each terminal in the system model posses
an OFDM transceiver that has N sub-carriers. [[10] investigates
the system secrecy rates and outage performance.

The aformentioned studies consider various types of system
structures and also considers that the trustworthy/untrustworthy
relay terminal run in HD mode. Alternatively, [11] considers
multi-user one-way information exchange traffic with an un-
trustworthy full-duplex (FD) relay terminal by using OFDM
strategy. In addition, to mitigate the information leakage, [/11]]
also considers that the illegitimate terminal is under the effect
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of a finite number of friendly jammers and also investigates
secrecy outage probability (SOP) performance. This paper
distinguishes itself from aforementioned studies in a several
ways. The differences can be summarized as: First, this paper
utilizes a multi-user untrustworthy AF HD/FD based TWR
system structure that considers OFDM strategy. Second, this
paper utilizes the SOP performance metric and investigates
the secrecy performance of given system structure, which is
presented in figure 1.

The rest of the paper is organized as follows: Section II
provides the channel statistics and system structure details.
Section III presents the analytical derivations. Section IV
provides the numerical results and the paper is finalized in
section V.

Notations: The Fp(.) and fr(.) represent the cumulative
distribution function (CDF) and the probability density func-
tion (PDF) of a random variables (RVs) h, respectively. The
E[.] term represents the expectation, while the Pr(.) represents
the probability. All log are considered base 2. The term
Gy represents the Meijer-G function [12] and the term
G;’:‘pop’l’gl”;z’)”g "2 s the extended generalized bivariate Meijer-

G function (EGBMGF) [13, Eq. (13)].

II. SYSTEM MODEL AND CHANNEL STATISTICS

Figure 1 plots a multi-user AF based untrustworthy two-
way HD/FD based relaying network. Figure 1 also plots that
to mitigate the information leakage, the illegitimate terminal is
under the effect of a finite number of friendly jammers. Here,
xp and yg, Vi = 1,..., N, conduct information exchange, by
means of k*" sub-carrier among N, via a single HD/FD based
untrustworthy TWR terminal. In the case that the untrustwor-
thy relay terminal in HD mode, the user terminals conduct
information exchange in two phases, which are multiple access
(MAC) and broadcast (BC), while it requires a single phase,
which is MAC, for the FD mode. Please note that MAC
and BC channels are considered as reciprocal in such a
system model. x; and y; terminals do not have a direct-
link because of the possible obstacles. It is also assumed
that legitimate/illegitimate terminals posses a single omni-
directional antenna in the system model.

In figure 1, hy and gi, Vi = 1,..., N represent the channel
impulse responses between xj; — untrustworthy relay and
yr — untrustworthy relay, respectively. hy are independent and
identically distributed (1 i.d.) complex Gau551an RVs with zero
mean and variances o, . (i.e. hy ~ CN(0,07 )). Likewise,
gi are also 11d and gx ~ CN(0,02,). ar ~ CN(0,02,),
br, ~ CN(0,07,), and ¢, ~ CN(0, b 2.) represent the loop-
interference (LI) which is caused by transmitting and receiving
the signal at the same time period, at x, yx, and untrustworthy
relay, respectively. f; are also i.i.d. and f; ~ CN (O,UJ%],),
V; = 1,..., M is the channel impulse response, j* friendly
jammer — relay. Amplitudes of all channels are distributed
according to the Rayleigh distributions.

—— Phase | (MAC Phase)
(@)
‘ Phase Il (HD) (Broadcast Phase)
e

Friendly Jammer

( LI (FD Case)

Fig. 1: The OFDM based multi-user AF HD/FD TWR.

A. The Half-Duplex Case

This subsection now turns its attention to the illegitimate
terminal operates in the HD mode. The received signals at the
HD based illegitimate relay terminal on k" sub-carrier can be
written as

M
ZfiD = \/F_)smxkhk + \/Emykgk + Z V P fid; +n.,
j=1
(D

Here, m,, and m,, represent the corresponding transmit
information of z; and y on k' sub-carrier, respectively.
Here, E[|m, |?] = 1, E[|my,|?] = 1, and E[|d;|*] = 1. Ps
represents the corresponding transmit power of xj; and yj
terminals. P; represents the ;" friendly jammer’s transmit
power. n,, is the additive white Gaussian noise (AWGN) at the
untrustworthy relay terminal on k*" sub-carrier. The leakage
rate (LR) expressions with regard to xj and y; on k' sub-
carrier can be written as

1 ¥
LREP = ~log 1+ = 2
o 2 % ( Yy + v + 02 @)
1 ¥
LRHP — _ 1+ —+ 3
i 2og< b )
where o2 is the noise variance, v, = Ps‘ah;“' s Yy = —PSL%HQ,

12 . .
and vy = E;w 1 P"(ij i Since the untrustworthy relay termi-

nal in AF mode, the amplification factor, which is G, on k*"
sub-carrier can be calculated as

HD b
ko= 2 2 M 2 2 )
Polhi? + Ps|gi|® + 322, Pilfil* +o
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where P, represents the untrustworthy relay terminal’s trans-
mit power. In the second phase, the untrustworthy relay ter-
minal broadcasts the amplified version of the received signals
to the user-pairs. The received signal at 2, on k*" sub-carrier
can be calculated as

ZHP = GHP [Py, b3 + GHP /Pamy, gihi

M
+GIPN /Py fidihe + GPPnyhy + g, (5)

Jj=1

Substituting () into (3), the signal-to-interference noise ratio
(SINR) at z;, on k' sub-carrier can be calculated as

‘P'YZ'Y%
[vs+o?] (6)

Yz Y+,
Pt e 1

HD __
,-sz -

where ¢ = % [14]. Likewise, -y, on k" sub-carrier can be
calculated as

PYxVy
[vs+o?]

Tt
Oy + 7“"7[;1102]%’ +1

(N

HD __
Ty =

B. Full-Duplex Case

The subsection assumes that the illegitimate terminal runs
in the FD mode. In this regard, the received signal at the
illegitimate terminal on k" sub-carrier can be written as

M
ZEP = \/Pang, hi + /Py, g + > _ v/ Prfid;
j=1

+\/ P.ci, +n, (8)

By using (8), the LR expressions with respect to xj and
on k" sub-carrier can be calculated as

LRFP =log (1 + T ) 9
o Og( Y+ Vs + Ve, + 07 )

LRFP —1og (1 + Ty 10
Yk g( Yo + V5 + Ve, + 02 (10)
Here, 7., = %ﬂ‘lz. The G amplification factor on k" sub-
carrier for the FD case can be re-calculated as

Fo o
Pulhil? + Pulgel? + S35, Pyl il + Prlexl? + o
an

The received signal at z;, on k*" sub-carrier can be calculated
as

230 = GIPN Pamg, b + G2/ Pomy, gihy,
M

+GFPS /Py fidihy + GTP/Preyhy,
j=1

+ GFPnyhy + /Psay, + 1y, (12)

Substituting into and doing some mathematical
manipulations, the received SINR at z;, on kth sub-carrier can
be calculated as in (13). Likewise, the received SINR at g on
k" sub-carrier can be calculated as in (I4).

III. PERFORMANCE ANALYSIS

This section gives analytical derivations related to the se-
crecy of the multi-user HD/FD based relay-assisted TWR with
OFDM strategy. In this regard, the SOP is considered as a
performance metric and the details are presented in following
subsection.

A. The Secrecy Outage Probability

The SOP is defined as the secrecy achievable rate, which is
based on subtracting the LR expression from the system total
achievable rate, cannot support R in bps/Hz, which is a pre-
defined target rate. From the analytical perspective, by using
the logarithm properties, the SOP can also be defined as the
CDF of the secrecy achievable rate’s received SINR evaluated
at target threshold rate, ;. The total secrecy rate expression
at X line users with respect to HD and FD strategies are given
as follows:

N +
1
RUP = lz log (1+~71P) —log (1+ 75?3)] as)
k=1
+

FD
RX

N
lz log (1+7EP) —log (1 +~55) (16)
k=1

where [x]T = max(0,x). The end-to-end (e2e) SOP for HD
and FD cases can be written as

RIED = Pr (min (RY”,RYP) <R) (17)
REP = Pr (min (RFP,RYP) <R) (18)

Here, RZP and REP are the symmetry of REP and REP,
respectively. The CDF expressions of and (18)) can be cal-
culated as in the proposition 1 and proposition 2, respectively.

IV. NUMERICAL RESULTS

This section provides numerical results, which is based on
monte-carlo simulations, regarding the system e2e secrecy
outage performance. The friendly jammers are located by using
the Euclidean distance formulation, which is d—7 [15], in the
system model. The d term represents the distance and v term
represents the path-loss exponent, which takes values between
2-6 [15]. In simulation setup, the d and v terms are set to
10 and 2, respectively. In this regard, the friendly jammers’
transmit power, Py, is chosen relatively low, which is P; <
Pr, Py = Pr/100, in comparison to user-pairs’ total transmit
powers, which is Pr = 2N Ps + P,. In an equal interference
and user-pairs’ transmit power case, the external interference
severely degrades the system performance [16]. The number
of the friendly jammer, which is M, is set to 1 and the friendly
jammers’ channel variances, which is O'J%j are set to 1072,
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©YeVy
Pro ot et o?|[ray 02
P Y (p+1)+vy DYz Yz +Yy +1
Beto?lray +02] © Butotlfra, +o2]lveto?] | Butotl[va,+o?] | Dutolheto?]
) OV Yy
broto2 e to?] o +o
vl = . [yl (14)
Py Yyt +7e Py Yty +1
Yeto2l[v, +02]  [vato?lve, +02|[veto?] | [vato?][w, +02] | Datoflleto?]

By using the signal processing strategies and special antenna
design, the LI effects can be minimized. In this regard, the
LI variances at xj and yi, which are o2 and o7, , and at
untrustworthy relay terminal, which is ng’ are modeled as:
P}~1and P)~1, respectively. The A term takes values between
0 < A <1[17]. The X term is set to 0.1 in the simulation
setup. The number of the mobile terminal, which is IV, is set
to 2, 4, 6, 8, and 10 in the system model setup. The x; and yy
have P, transmit power and the untrustworthy relay terminal
has P, transmit power. In this regard, as earlier mentioned
the system total transmit power is equal to Pr = 2N Ps + P,.
Two different target rates, which are R = 1 bps/Hz and R = 3
bps/Hz, are considered in the performance analysis. Figure 2
and figure 3 utilize R = 1 bps/Hz and R = 3 bps/Hz target
rates, respectively. Commenting the figure 2 and 3 based on the
aforementioned system model configurations, following results
can be obtained.

Figure 2 presents the e2e secrecy outage performance com-
parison of the HD and FD based system model configurations.
According to figure 2, a large number of user achieve better
e2e secrecy outage performance than a small number of user in
low and high SNR regimes. This is because a large number of
sub-carrier allow more users to conduct information exchange
compared to a small number of users. This also means that a
large number of users posses more total transmit powers, which
is directly related to Pr = 2N Ps + P,.. Results also show that
the secrecy outage performance curves tend to saturate in high
SNR regimes. This is because the friendly jammers’ negative
effects on the system secrecy performance. In addition, the
system model that operates in HD mode achieves slightly better
outage performance than FD mode. This is because the LI
effect on the FD mode. A large number of user reach the
1075 outage levels while a small number of users saturate in
high outage regimes, which is around 10=2 and 10~%.

Figure 3 also plots the e2e secrecy outage performance
comparison of the HD and FD based system model. Differently
from figure 2, the figure 3 utilizes the R = 3 bps/Hz. As in
figure 2, a large number of users achieve better secrecy outage
performance than a small number of users. In addition, the
HD based system model achieves slightly better performance
than FD mode. However, the outage performance gap between
two modes become less then R = 1 bps/Hz. This is because
the pre-log factor differences as described in (13) and (16). In
addition, by definition of the secrecy outage probability, which
is described in section III A, the outage performance curves

slightly move to the high SNR regimes.
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Fig. 2: The e2e secrecy outage performance comparison of
the OFDM based multi-user HD/FD based TWR network with
N =2,4,6,8,10, M =1, and R = 1 bps/Hz.
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Fig. 3: The e2e secrecy outage performance comparison of
the OFDM based multi-user HD/FD based TWR network with
N =2,4,6,8,10, M =1, and R = 3 bps/Hz.
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Proposition 1: The CDF expression of the RZLD

€

can be re-written as

u PsQ o1 1| -1 1=-M
FR%Q (%h ) =1- F(Q)F(g]kw) GI,O 1,1:1,1 0 Py QQk"PJQfJ
Py 4011021 0| —M o111 1[0 1-M
+M1—\(M+1)G1,0 ISHIS N 0 PQg,, PyQy, + G RIS TI I 0 PQg, , PsQy,
0 My P'jg?'z%h 0 Pk
PQy, -1 i 1,2 5oy 1—270 P g Ve (Psﬂh ) 1,0
— . © Gy k 6 Gy k
(PSQh,C) ; rG@) >\ e P Qhk re) 2! 0 0, —
P, P9, 2117
— PSQ(]k _1iﬂG1’2 (Psﬂhrk) 1 _170 - M Pijk 9_1 < Daa G1,2 P82, 1 —aa,0
PQy, —~T() 21 e 0, — P.Qp, 4= T(aa) > e 0, —
(PSQ_% ) M1 Py,
POy _ P;Q 0,0 P;Q) _ be 1.2 (Pth ) 1-10bb,0
- M 754 fk EO© 1G1,2 hy ) - M 354 fr ) 1 Gl k )
<Pthk> 21 0 0,— P.Qy, I'(bb) ! o 0, —
PIij 'Yng pSng
. 1 6_1 i GCC G1’2 Psﬂgk 1 _CC,O . 1 @_1 H 1,2 (Psﬂhk) 0,0
Py, = Tlee) > e 0,— Py, ) 2! e 0,—
M PJij Q
1 _ Iig 12 (Pth ) 1-dd,0 Py, Lot 1| -1 | 1-M
— ! Gy | —-=~ —— G0 Py, , PiQy.
(PSQh,C) bbzzl D(dd) >\~ © 0o,— )| |T@ron terl o | o oo D
PJij Lot L |0 =M 1 Lot L O 1=M
+ MiF(M - 1)G110;1.ﬁ1:1:1 1ol o PQy,, Py, | + ) Grornin| 0 0 P, Py,
Py vin” P,
PaSy, 1—ee,0 P.Q K ( ’“) 1,0
—1 68 1 ,2 ke €e, s thy -1 1,2 PSQB;C )
Z Gy _ - A <Gy _
I'(e A 0, PsQg, I'(2) C] 0,
M Py M Prs i
Qhk — Ly 12 (P Qg ) 1-ff,0 Pijj -1 Mg 1.2 P Qi 1—-49,0
L(ff) 2! 5) o— | Mipg, )* Zr( )Gl1 A 0, —
=1 ) 83895 gg—=1 99 )
Pefny M+1 Py,
P'Qf- (PQ 0,0 P'Qf. Ohh P;Q 1—hh,0
_ M J j N***A 1G1 2 9k 9 _ M J j A—l GI,Z 9k )
(PSQ%) 2.1 A 0,— PQ,, h;l T(hh) *! A 0,—
o <P.]ij ’thD ) pth’k
1 Py PsSn,, 1—1i3,0 1 (PQ ) 0,0
_ A_l (13 1,2 ’ _ A_l 1,2 5349y ’
(PSQ%) z::l L) >t A 0, — R P,Qyg, G2l A 0, —
Mg (P,,Qf].)
1 B y 7.0 1—34j,0
_ A 1 77 G1,2 9k ) 19
(Psﬁg) Pl S 0
where © = (Mg + Milgpesl) o o) and A = (Mg + ilgpesl 4 ),
Proof: See Appendlx A. [ ]

V. CONCLUSION

This study has investigated the secrecy performance of
the multi-user HD/FD based relay-assisted TWR with OFDM
strategy. In reference to Monte-Carlo computer simulations,
the HD based untrustworthy relaying system achieves better

secrecy outage performance in comparison to FD case. Results
have also showed that the friendly jammers beside minimizing
the information leakage also result in system coding gain losses
in high SNR regimes. In addition, in the case that the target
rate increases the system secrecy performance gets worse.
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Proposition 2: The CDF expression of RID

€

(Fa) Bz
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]

0,0
0,—
P,Qy,

wilPsQak PSng'YgLD+§071PSQak PSQhk'YtF}‘LD)

1_f3a
0,—

M

P,Q, 1 1.9 ( P.Qp, P-Q,,
_<Psﬂhk)5 OG21< -

M * PJij
3 1 2 Pthk
2 1 5

— FD
[ 'th 2%9 '+3 Yth
where § = g o, + )

P.Qp, PyQpy,
Proof: See Appendlx B.

PROOF OF PROPOSITIONI]

Considering and utilizing the definition of the logarithm
properties and Appendix II of [16] and also Appendix A of
[11] , REP can be re-written as

N +
1
RYP =5 > (logy (1+77) —logy (1+15%))| <R
k=1
HD
~ Jo o 9% b
Yok 3o

Following the same procedures as in (21)), R$ D can be written

HD
as g < 2N . With the help of these expressions, (I'7) can
yk "r \/

. VP
be written as

Fgup (4£P) = Py (min (R¥”,RY") <R)

’YHD ’YHD
= Pr min I)-;]b 3 I?II]I‘D < ’YtIiD
TxoR - TyioR

P, Q(]k ) 5—IS*G;€ ( Pthk

)-(7

0,0 _ PSng 671 P G1,2 PST"LIC
0, — P.Qy, re 2\ 9

P.Qe,

~1,0
0,—
0,0

O’_ﬂ o)

4]

hy

,YHD ,.YHD
= 1o B 2P e > o

xk,R yi,R
_ HD HD_HD HD _HD
=1 —Pr<vxk > M YR Yo 2 N YR )

oo
=1 < /0 F%IELI,CD (/YtHhD'YgC?R) f%k,R(Vzk R)d'yzk R

A

x /0 By, (0 vgerr) oo, (e ) Ay ) (22)

T

In order to continue the analysis, 22) requires F,, and F,
expressions. Before starting these derivations, because of the
intractable form of (@) and (7)), this paper upper-bound these

expressions by using the % < min(X,Y) as in 23) and
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@4, respectively.

PVs1 Vs
7HD _ (sa'm}rsajl) = AB
i - Vs -
' Va1 ¥ (sa'YAJrzsoJrl) A+B
< W)iD(up) = ¢min(A, B) (23)
PVs1 Vs
__ Toatetn  _ _CD
’Yyk - Vs1 - SDO—I— D

ratern) T 02

<P P) = somin(c, D) 24)
where A = ~g,, B = oA 752 o O =1 11 1 D = Vsos
and y4 = vs+1. The CDF expressmn of (ﬁ can be calculated
as in

F"Yka = Pr (gomin(A,B) < 7511))

. Vso HD
=P 2] <
(omin (o ) <o)

=1- Pr(%l > P,

X Yy = Venle  (pya + o+ 1))

=1=(1=Fy, Ou’e™"))
x (1-F,, (%h e prat e +1)) (25)
Since the amplitude of all channels are distributed accord-

ing to the Rayleigh distribution, the PDF expressions of
¥s; and s, can be written as: f,  (vin) = ﬁ(f Pt
and f, (vn) = 135%67%’ respectively [18]. where
Q,=E [|h|?] and Qg =E f|g|2] In light of all these informa-

tion, F,_ (”ythgp’l) and E,.. (vne™ (pya+ ¢ +1)) canbe
computed as:
WJ]

_HD e +<;>71(v2m]+2v:+1)
o T\ Fem Psilg,

Fypp =1-E,,

_HD[ o1 o~ (20+1)
—1_ e Vth (PSQth’_ PsSg,. )
° *'YJ<—WS‘D )
J\ P
X/ € 7k f’YJ (7J) d’YJ (26)
0

Sum of M i.i.d. Rayleigh distribution become a Gamma distri-
bution [[18]. Within this scope, the PDF expressmn of vy can
be expressed as: fy,(y) = We 77 [18], where
Q=K [|f |J Substituting f., () into (26) and utilizing [19,
Eq. (3.351°)] for the integral expression, the final expression
can be computed as

Pl -
Fyno (y”) =1 - (PJQ Yin” + 1)

-1
_HD Y~ " (20+41)
< e Vth (PSQh + Qg )

27)

Following the same procedures, F’, 1D (%I}ID) can be computed
k
as

Py, M
Fyao (v") =1~ (PJQ; vin” + 1)

_HD T2p+1) | o1
e Vth ( P52y, +PSQ_%>

(28)

To continue the analysis, (22) also requires the Srey m (7) and
Frgen (0 ) derivations. Starting with @), following expressions
can be obtained.

Tx
P 0B) =P (5 <ol)
0o 00 (vy +’y,7+l1)
= / / / Jre ('Yx)f’yy (”Yy)f'w (FYJ)d’Yz d’Yy dy,

7yp+‘;27+1)>
=1 _/ / hi f'Yy (’Yy)ny (’YJ)dvyva
—( 7t oo i
=1l-e <Psélh'k> / e 'Yy(Psﬂhk >f'Yy (vy)dy
0

()

<[ g (29)
0

Substituting f., () and Frs () into 29) and also solving the

integral expressions by using [19, Eq. (3. 3101, 3.3513)], the
final CDF expression can be achieved as in m

Py, !
F'Y:k,R (’YSLD) =1- <P Qh ’Yth + 1)
k

P;Qy, M (e
(g )"0 oo

of (@0 yields the f,, .(y) as
22T/ po 2 /PQ PiQ M
HD) _ P:Q 9k . HD s%4gk fi  HD
Frapr (i) =€ ( 'k) (P O . in T+ 1) (R—th) (P th Ve + 1)
P, - P;Q M1 PO
* (P Qi+ 1) M (Pjszfj i 1) (qu,f] )
s35hy
1 P.Q% mp Py M
—_— 1 ERS 1
+ (Psﬂhk) (Psﬂh,k Vet P, /Lh +
31
Frgn (7) computed as
Rt -2 -M
f (NHD) _ P’(Pm, ) Py _up +1 PsOn,, by, 4D g
Y.k \Tth o P, Q Vi PSng P, Q th
PO -t PO M-l /p.Q
i (P o, 0+ 1) M (P szf] K 1) (Pjszfj )
s3gp A/
1 JAUR _JHD PiQy; up M
1 A £R 1
+ (Psggk) (P O Ven T P, >a Vin T

Substituting @7) and @GI) into
term in @2) «can be re-written as in

HD -M HD -1 HD =1 (291 1)
A= /Oo 1— <My+ 1) e*y(”’;{nik LIS )
0 PSng

The derivative

Likewise,
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Falln /' Jo P, P Qhk
AN _(W) P,Q
M| =2 s
’ <PSQhk> /0 ‘ ' P.Qn,
* A\ mh -1
+ 1 / e (RJ%MC) P—%y+1 PJQ
Pthk 0 PSQhk P Q
00 HD -1
_ (PS_Q%)/ e—y<wgsnik
P ) )y
HD_—1 HD 1
- M (P]_(Zj]) /OO e—y(’*%;gik J,-'Yth gsng(j</>+l)
0

P,

+ 'Yth, ha

-2 -M
x G_<T;t) PSQQk U+ 1 PSng P Qfl iy, + 1
Py, - Py, Py,
Q -1 P]Qf —M-1 PJQf,
1 M (== 1 z
+( 0 ) (Psﬂhk“ ) (Psszhk)
1 Pngk -1 PJQf -M
—_— 1 — 1
+ (F)SQh)c> <P9Qhky+ ) Pthky—'_
(33)

By using the distributive property, (33) can be written as in
(B4). The first, second, and third integrals in can be
solved by using [20, Eq. (10,11)] and [13, Eq. (13)] as in
33).

dy

Py, 101111 f 1| -1 | 1—-M
() o Py, PrQy
T@)T(M) Lottt _ | g 0 a0 P19y,
PrQy  qo1aa1( 1|0 M
+ MF(M +71)G170;1,1:l,1 1o 0 PSng7PJij
1 101,101 1|0 1—
+ TO0) )G1,0;1,1:1,1 1o 0 Py, Py,

(35)

The « term in [[13, Eq. (13)] is set to 1. Utilizing the partial
fraction decomposition technique, fourth integral term in (34)
can be written as in (36).

o _y 1 Pe +wngw71(2w+1)+ 1
/ e PsCy, Psilg, PsCy,,
0

M A 1%
% HD i * P,Q, 2
= (P";Z?i:;h Y+ 1) (PSQ}Lk y+ 1)
M
C
+ l dy (36)
Py, !
=1 (Psszh,k y+ 1)

M

—M-1
-M

Y+ 1) dy

Png(:erl)JrP Chy (P ij’yth + 1) - (PSQ!]k y 41
P.

Q
) ( fJFYth y+1>
HD ,— HD ,—
() [ O i) (i
PSQhk 0

M
—-M

M

B P.Q
+1 59k 1
) (PSQhky—‘r

M
. oM~ Py AP
Ai = . lim, (M—i)!ayMi< pa, Y11 [}
y 7%1{11313‘]9”
d [P 2
Vo= lim (%1 1) @, ¢ =
., 5y (Fapv+1) o @
! P5irg,
oM -1 Py, M
li T hyr1) (@), d
s P, (M — DIy <Pthky+ ) (2] .
< Qf

1
HD M M
P‘]gsf%y-i-l (P:flik y+1) (Pjs,fj y+1)
the distributed properties and [20, Eq. (10,11)] and also [20,

Eq. (21)] for solving the integral expression, (36) can be
obtained as in (7).

. By using

- - -1 M
ST 1 i R €Y 1
Pl Py, P, r
PJij'yng
% (12 PoSgy, 1—7 10
21 (’yfthDsail + 'Yth “1(2041) + )
PsQp,, PSQ PSQhk
n T e! N TaPp~! (2p+1)
PSQh’C Psﬂgk P Qhk 2
P.Qq,
Pthk —1

1,2
XGQJ(('Y{?’@I L P et 1 ) | 0
Pthk PSng PSQhk
_ _ 1
Il e R VR 3 C)
Py, P.Q,, X ()

=1
PJij
Py, 0 )

1,2
x G
2’1< vPe Tt | P 204 |1
Pthk Pngk PSQhk
(37)

1-1
0
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Likewise, considering the same methodologies as in (37), P;Q fj'ytIZD M .
the fifth and sixth integrals in (34) can be solved as in the x ., y+1 [E™], R =
fourth and seventh lines of (19). Please note that; D,, = as Pk’ Q,
. oM —aa PJQfJ’Yth i1 K [A+] liglQ ay <PSQ b ) [EJr] Sjj =
s8lg
e llgslﬂgk (M — aa)!\gyM—aa P.Qg, ’ y=- Psﬂhk Gk
R oM —ii P9y, M[ +]
. 0 [ P:Qy, i lim — — ( Jy—i—l) ET,
= — = s — 1OyM—3J
E o 111I°Islﬂhk 3y (Pthk Y+ 1) [AT],  Fuw . ngégjc;; (M — ji)loy PQg,
Py L2 |
. oMH1-bb PyQy, M + and BT = Py P M pay, Py, M
o, G 1-meyre (e, ) Frt, ) (magten) (Fagtn)
y—r— s ;} 0y s8bhy, k
j
+ _ 1
and A = Py B0 ) M ratioy N M1-
TPy, y+ (71339}% y+ ) PSth y+1
G _ i 8M7cc
T IIIDISlOJ (M — ce)lgyM—ce
y—— k Y
VP Py, y PROOF OF PROPOSITION [2]
PyQy,
x 7"13%%” Y+ 1) (B, H _
i 2 (P Sy 1) B L - Ui d considering th d
) oy \ P, tilizing (I6) an consi ermg the same procedures as in
S( x
etk gM—dd P9 Mo @1), the REP ~ JF’E,R < 2% can be obtained. Likewise,
. B J Tl V
. B, (A — ddyioy v (Pé,.Qh,chr 1) B, and o P
- R
Bt Pt L RED ~ ,7;1’5 < 2% can be obtained. Utilizing these two
= . R N~~~
<PJQfJ +HDP +1>M( PsQg, y+1)<PJij y+1> M Yk 2ED
FeSok Folln oSy, expressions in (I8) and following the same procedures as in
Likewise, following the same procedures,  (22)), following expressions can be obtained.
T term in (22), can be obtained as in the D . FD FD
second part of (19). Please note that, Je. = Frrp (”Yth ) =P (mm (RX Ry ) < R)
M
) 8Mfee PJij/ytHhD N
b, I ey \ P, Y1) €7 b EDED
y*—w ’ Sk =1- o Fyka ('Yth 'Vzk,R) f (Vzk, )d%ck,
J
0 (P 2
K = lim <S—h’“y+ 1) [CY], Ly = v
ya—% dy PSng
= k
oMt <PJQf~ " TR, d 38
lim Ly +1 C*], and ro (’Yth ”Yyk R) ~E R(”Yyk Rr) ”Yyk R (38)
e PsﬂJk (M — floyM=F1 \ PQy, ) '
¢
ct = ! Mgy =
Py P i Y paay, ) (B g\ 99 Because of the intractable form of (I3) and (I4), these expres-
et T T sions can be u -bounded b XX < X, Y
u pper-bounded by usmg sy < min( ) as
y oM—g9 <pJij ~HD N 1) D] in 39) and (@Q), respectively.
im Y B
PsQ M — 10yM—99 P.Q PYY
yﬁ*wﬁﬂTP’;%T ( 99)'0y o FD _ (¢7A+<pve+vo+y<p+1)(vo+l) _ Wz
t 9 ,-sz - 4 - wW +7Z
rn . 0 (PQp, n e (so’YAJrsa'YBJr'chr«erl)
N = hglg 8_ P.Q y+ 1 [D ]’ Onn = < FD(up) _ (W Z) (39)
yﬁ*p:\g—}gk ) s egp = ’Yxk - <Pmm )
O PYx Yy
‘ oM +1-hh PsQy, ML FD _ (piateistiterDtoin _ TU
lim M hRNOyM+1-hh \ PO y+1 [D ]a FYUk Ty + Ya - <PT+U
@H’%zgfk. (M+1 = hh)loy Ik To+1 T (pyatevs+ypte+l)
and D+ = ! . < 7,0 = pmin(T, U) (40)
Py, AHD o0 Py M+1
<#y+l (P Qhky"’_l) (P Q, U""l) where W = Dz 7 = Yy T = Yy
ok Sk 89 T et T (eraterstictetl) © T apt D
—11
P = lim 0 — U= Praterstiotesl) 1B = Yo T L, 70 = Ya, + 1, and
L reony (M —id)loyMi YD =, + 1. C0n31der1ng the same methodology as in (23)),
YT R ey, the CDF expression of (39) can be achieved as
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FVFD =Pr ((pmln(W 7) < ~H] )
. Tx
= Pr| ¢omin ,
<<p (70 +1

Ty <,YFD
(pra+erB+10+e+1) ) =

—1—Pr<vxz~y§P(~yc+1><pl

Yy > e (pya + v+ o + 1))

=1-(1-F, (v (e + D))
x (1= Fy, (e (pra+er+yc+0+1))

FD (’Yak +2)v>71
Yth PsQp,

=1- E’YJ

(V7 + e+ 0 Ma, + 2071+ 3)
+
PQg,

—1 1
_FD( 2¢ 20143
Yin (PSQh + PsQyg, )

Yags Vs 761

=1—-

FD
0 —vJ th
8 / c <P3ng >f’YJ (FYJ) d’Y.I
0
oo _ ’thp
x / € ’ <P39gk)f7c (’70) d'Yc
0

FD

0 e (wEhDQvJ’ler;th’l)
X/ e k s$2hy s Qg f’y% (,-Yak)d%k 41)
0

Substituting £, (7). fww(y) = PTlszc P and
Fro,() = pge T (18], where Q=E [|c[’]
and Q,,=E [|ak|2], into @I) and solving the integral

expressions by using [19, Eq. (3.310'Y)] and [19,
Eq. (3.351%)], the final result can be computed as

P M/ p.Q. -t
FD J°fi _FD
wakD (%h ) =1- (Png; Ven T+ 1> (P Qo 'Yth + 1>

-1 -1
¢ Py yp | ¢ PQak FD
1
X( X0 Ve PQ, Yen T

_FD( 2o~ 29143
Vth (Pth + PsQg, )

X e (42)
Likewise, considering the same methodologies
as in @, the Fyro (v;>2) can be obtained as
k

. —M PQ +1 -1
PSQhk th PQhk th

1 1 -1
0" P, gp | 7 Pl pp
r 5T R el ] 1
X ( pSng ,yth PSQhk ’yth +

_FD( 201  2o~143

() w
This subsection now focuses on the CDF derivation
of LR expressions. By using @) and (I0) and also

PiQg.
o 7)1 - (B2

considering the similar methodologies as in (29,
the LR expressions with respect to =z and 1y
can be obtained as in (@4) and (@3), respectively.
P, ) M
FD\ _ sk FD J0f
. on(un)=1- (P-Qhk Ven + 1> <m%h + 1)
PQ -1 jt}P
T
P, wp Py, b M
FykR(’Yth)zli(PSQg:’Yth +1 P9, L aEP 41
FD
Pchk FD ! 7<P—Y% )
1 o 45
<(Fat+1) o )

The derivative of (4) and (@3) yields the frep n (*thhD)
and  fy, o (v4P) as in @6) and @Z), respectively.

f»,r,jkn('»’s,])):e’fi(éif*‘) (;g;ﬁ FD+1) 2(%12:> (f:gf Ile_*_l)*[Ll
() () () ()
(B 1) 4 (B 1) (Bnoe )

() (G =) (i) (B ) (B )
(

-1
Qoo 1) ] o)

FD P
Froen (vin)) =e o

P, yp - Py, Py pp M
(Ps(zg Yin +1 PO, P, Yen + 1
P, pp ! P, _rp ! Py, FD oM Pisyy,
k Y k J ]
() () (gaews 1) (752)
P, R X o PiSy,
r & 1 vk FD 3 FD
x (PSQ_,”, Ve + > + (P Q, Ven > (P Qur Vi
P\ (B0 rp = 1 PO, b Py, M
X (RQ ) (P , Y +1 + 7.0, ) \P.a, Y 1 P.S, =Y 1

"
+ 1) ] @)

Substituting (@2) and (@6) into (B8) and utilizing the
distributive property, (@8) can be obtained. Considering the
partial fraction decomposition technique and also utilizing
[20, Eq. (10,11)] and also [20, Eq. (21)] for solving the
integral expression, first, second, third, and fourth integrals in
(48) can be solved as in the first part of (20). Please note that
following the same procedures the fifth integral expression in
(@8) can be solved as in (20). The other integral expressions,
which are sixth, seventh, and eighth, in (@8} can be solved b
following the same procedures In addition, the ¢ term in dﬁ
can also be obtained by following the same procedures as
the ¥ term in (38). However, because of the space limitation
these derivation details and the results are omltt%d Please also

0 (P,
% ¢ *
note that A* = ! 11g39h I ( thk T+ 1> [A%], BXs =
e
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oo [ x —2 —M —1
w= (Ll / e <P“k) LTI LT Pl i1) e
PO, ) Jo PsQp, Py, P Qhk
PiQs \ [ _(W) PO -1 /Py, - P.O -1
M 22 52 gk 1 2375 1 Zritek 1 d
+ (PSQhk) ‘/O ¢ PSQhk$+ PSQhkx—i_ PSQhk$+ v
P\ [ (i) (Pl - Py, M P, -2
—= She —=k 1 —L 1 1 d
+ (PSQhk) /0 ¢ P, P, T X v
1 OO _<ﬁ> Py, - Py, M P, -
SRk —=k 1 z 1 1 d
i (PSQh> /0 ¢ X X X v
o0 th 1 in ~FD -M -1
- (psgzgk) / o (i e ) (P,]th . +1) (PchﬂgLDI +1>
Py, ) Jo PQg, P,Qg,
o (£ PO PR + 0T PO POAEDN ) (B, )
PsQp, PsQg, P, Qhk
Py, M PQ., -
! 1 —k 1 d
% (PSQ,W;“L ) PQhk v v
[e'e] @ 'v” - Yih -M -1
M (Pijj ) / e—$<2 Pth} +21f ngJrkS"'Psséhk) (PJij’YtI;le + 1) (PchkaZDx + 1)
P Qhk 0 PSQ_% PSQQk
_ _ —1 —1
X (( 'Ps Qq, Ps quc'VthD T IPsQaszQhk75LD> T+ 1) (—P {2 + 1)
PSQhkPSng P Qhk
Q. —M-1 PO, —1
1 1 d
. (P Qhk v ) (P Qhk v ) !
P ‘YF ‘YF -M -1
P, Qck efx<2 PS(thh +21fsleg;g+psts’zlh ) PJQf]'Yth 41 PTQck”yf;le +1
P;Qp, Py, Py,
_ —1 -1
y ((cp PQakP Qo + 1PSQakPSQhkv£D> :v—f—l) (PQ +1>
PQy, PSgy, P. Qhk
P;Q MpQ -2
1 T %k 1 d
X( " > (Pﬂhk“ > i
-M —1
( ; ) “(2“;5@1“ i ) <‘PJ—Qfﬂ£sz+1) <PTQCL5‘DI+ 1>
P,Qy, PQg, PsQg,
_ _ -1 —1
y << LPQu, PsQy vEP + ¢ 1PsQaszQhk7£D> x+1> (PQ +1>
PsQp, PsQg, P. Qhk
PO -M P, —1
X ( Lx+ 1> (P Q, T+ 1> dx (48)
k
oM —a® Py M oM +1-b° P;Qy. M+1
lim ey e ( ’ fﬂx+1> 49, im s ( ’ f]x+1> (B9,
s 1;’?5;;}! (M — a®)10z P;Qp, s 1;’?5;;}! (M +1-03)10z Py,
J J
o (P, . o0 (P,
Cc* = lim gy +1)[A%], and  F* = lim % +1)[B?), and
Psp, (9$ Pthk _ PsQpy 8x Pthk
TP, TP,
1 10} _ 1
A¢ (ik:_m_i_l)z(mLm_’_l) (Pr_sz‘:k_m+1) ) B N (i&. +1) (M1+1)h1+1 (Pr_sz‘:k_m+1) )
8 hy, P Q PSQhk PsQyp, 8 hy, P Q PsQyp, PsQyp,
D* = li — (= 1)[B?, E = G* = li — (=1 )[C?, HY =
H_I% Ox (P " v > BT B H_I% Ox (Psﬂhk - > ] <
T Pstg, x Pstg,
Copyright © BAJECE ISSN: 2147-284X http://dergipark.gov.tr/bajece



353

BALKAN JOURNAL OF ELECTRICAL & COMPUTER ENGINEERING, Vol. 7, No. 3, July, 2019

oM=<’ Py, M
lim 5 iy t1 [C?),
Py, (M — e3)0axM—* \ PQy,,
T— —&P']ij
o (PO 2
I = lim e (#x—i—l) [C?], and
z—— —&:sz z s3thy
¢ _
¢? = PsQy Qf M/ p Q. 2
() () ()
8 Py,
* _ s . * _
s m_,EI% Ox (P " +1> D%, Ki =
PsCg,
8M7d3 Py M
lim T ig 41 [D?],
PsQp (M d3)'8:cM ? Pthk
TP 7,
o (PQ
L = lim —< ! Ck:z:—l—l) [D?],  and
w_)_l;sf;h,k ox Pthk
ks Ck
b _ 1
D? = PsQg, 2, M PrQc, :
(Fozzon)(sofon) (Fate)
oM<’ Py i
M = li i 1| [E?)],
e ar—eyee R, T E
Prop gD
o (P.Q.~EP
e, 02\ P,
0" = "~ lim
B ¢~ 1PsQay PsQgy vfiP +0 71 PsQay Psy, vFP
T—>— Posy, Pstrg,
—1 FD_ _—1 FD
X% <(@0 PsﬂakPsﬂg;}ztgh’:}:;ﬂglzsﬂakPsﬂhk%h, )1’+1> [Eqb]’
o [ P.Q ?
P* = 1‘ h— s gk 1 E¢ R* =
L, o (Fane+1) =)
Psoggk
M—f* P;Qy. M
lim 9 (1) B9,
Psnhk (M—f(’)'@xM*f PSQ}Lk
T
S* - lim 2 (P AL +1) [E?],  and
. PSQh 8:0 Pthk
’V‘ Ck
E? = L

] FD M .
Pjﬁfj'yth 41 Pvﬂckwtﬁl 1
Psilg, PsQg,
1

X
=1 PsQay PsQg vfiP+e=1Ps0ay Py, +FP
PsS2y,, PsSgy

PsQg, 2
>(PSQ’UC i
1

X
) LYy :|
(P ij ””Jrl) (Pl»nck ”*1)
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