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SURVEY ON THE DOMAIN OF THE MATRIX LAMBDA IN
THE NORMED AND PARANORMED SEQUENCE SPACES*

FEYZI BASAR

ABSTRACT. In the present paper, we summarize the literature on the normed
and paranormed sequence spaces derived by the domain of the matrix lambda.
Moreover, we establish some inclusion relations concerning with those spaces
and determine their alpha-, beta- and gamma-duals. Finally, we record some
open problems and further suggestions related with A summability.

1. INTRODUCTION

By w, we denote the space of all real valued sequences. Any vector subspace
of w is called a sequence space. We shall write ., ¢ and ¢y for the spaces of
all bounded, convergent and null sequences, respectively. Also by bs, cs, {1 and
¢p; we denote the spaces of all bounded, convergent, absolutely convergent and
p—absolutely convergent series, respectively; where 1 < p < oo. A sequence space
X is called an F'K—space if it is a complete linear metric space with continuous
coordinates p,: X — C with p,(z) = z,, for all z = (x;) € X and every n € N,
where C denotes the complex field and N = {0,1,2,...}. A normed F K —spaces
is called a BK —space, that is, a BK —space is a Banach space with continuous
coordinates. The sequence spaces ¢, ¢ and ¢y are BK —spaces with the usual
sup-norm defined by ||z, = supgen |k|-

If a normed sequence space X contains a sequence (b,) with the property that
for every x € X there is a unique sequence of scalars («,,) such that

nlLII;O ||:L’ — (Oéobo +a1by + -+ Oénbn)H =0
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then (b,,) is called a Schauder basis (or briefly basis) for X. The series Y- axby
which has the sum z is then called the expansion of x with respect to (b,), and is
written as z = Yoo o b

Let X, Y be any two sequence spaces and A = (a,j) be an infinite matrix of
complex numbers a,x, where k,n € N. Then, we say that A defines a matrix
mapping from X into Y, and we denote it by writing A : X — Y, if for every
sequence ¢ = (xy) € X the sequence Az = {(Ax),}, the A—transform of z, is in
Y; where

(Az), = Zankxk for each n € N. (1.1)
k=0

By (X :Y), we denote the class of all matrices A such that A : X — Y. Thus,
A € (X :Y) if and only if the series on the right side of (1.1) converges for each
n € N and every € X, and we have Az = {(Az),}ney € YV for all z € X. A
sequence z is said to be A—summable to [ if Az converges to [ which is called as
the A—limit of z.

The shift operator P is defined on w by P(x,) = 2,41 for all n € N. A Banach
limit L is defined on ¢, as a non-negative linear functional, such that L(Pz) =
L(z) and L(e) =1, where e = (1,1,1,...). A sequence x = (z1) € { is said to be
almost convergent to the generalized limit [ if all Banach limits of x are [, and is
denoted by f —limxy, = I. Lorentz [25] proved that

f—lim zx =1 if and only if lim Z Ttk uniformly in n.
m—oo P m+1

It is well-known that a convergent sequence is almost convergent such that its
ordinary and generalized limits are equal. By fy and f, we denote the space of all
almost null and all almost convergent sequences, that is,

m

fo:= {:E = (z) Ew: lim Z Tntk uniformly in n} ,

k:0m+1

L o . . = Tn+k _ . .
f= {a:— (zp) Ew:3NeC> n}@w;7m+1 = [ uniformly in n}

Assume here and after that (px) is a bounded sequence of strictly positive real
numbers with suppy = H and M = max{l, H}. Then the linear spaces {(p),
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¢(p), co(p) and £(p) were defined by Maddox [27] (see also Simons [45]) as follows:

ba)i= { = (21) € sup [l <0
keN

c(p) := {x (xp) ew:3NeC> klim |z — 1|P" 0}7

CO(p) = {JU = (J?k) cw: khm |ZIJk|pk = 0} ,

L(p) == {:c—(xk)G(J.1:Z|ack|p’c <oo}7 (0 < pr < 00).

k=0

We shall assume throughout that plzl + (p},)~ = 1 provided 0 < infpy < H < 00
and denote the collection of all finite subsets of N by F.
Define the functions g; and g2 on the spaces £ (p), ¢(p) or co(p) and £(p) by

o /M
gi(xz) :=sup |ox["/M  and  ga(z) = Y [an[* :
keN =

Then, co(p) and ¢(p) are complete paranormed spaces paranormed by g1 if p € £o;
(cf. [28, Theorem 6]). It is known from [26] that the inclusion cy(p) C co(g) holds
if and only if liminf g;/pr > 0. £ (p) is also complete paranormed space by g; if
and only if inf py, > 0. Also, ¢(p) is complete paranormed space paranormed by go
and {e®}cn is a basis for the space £(p), where e(*) denotes the sequences whose
only non-zero entry is a 1 in k** place for each k € N.

An infinite matrix T' = (t,%) is called a triangle if ¢, # 0 and ¢, = 0 for all
k > n. The domain X 4 of an infinite matrix A in a sequence space X is defined by

XA::{x:(xk)Ew:AcceX} (1.2)

which is also a sequence space. If A is triangle, then one can easily observe that
the sequence spaces X4 and X are linearly isomorphic, i.e., X4 = X.

The idea constructing a new sequence space by means of the domain of a triangle
matrix was employed by Wang [48], Ng and Lee [43], Malkowsky [29], Altay and
Basar [1, 2, 3, 4, 5, 6, 7, 8], Malkowsky and Savag [33], Bagarir [17, 18], Bagarir and
Kayike [19], Bagarir and Oztiirk [20], Kara and Basarir [21], Kara et al. [22], Aydin
and Bagar [9, 10, 11, 12, 13], Basar et al. [16], Sengoniil and Basar [47], Altay [1],
Polat and Bagar [44] and, Malkowsky et al. [30]. Additionally, c¢o(u,p) and c(u,p)
are the spaces consisting of the sequences z = (xj) such that ux = (ugxy) is in
the spaces co(p) and ¢(p) for u € U, the set of sequences with non-zero entries,
respectively, and studied by Bagarir [17]. Finally, the new technique for deducing
certain topological properties, for example AB—, K B—, AD—properties, solidity
and monotonicity etc., and determining the f— and y—duals of the domain of a
triangle matrix in a sequence space is given by Altay and Basar [7].
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Although in most cases the new sequence space X 4 generated by the triangle
matrix A from a sequence space X is the expansion or the contraction of the original
space X, it may be observed in some cases that those spaces overlap. Define the
summation operator .S and the backward difference operator A respectively defined
by (Sz)n = > ok and (Az), = z, — xp_1, (x_1 = 0), for all n € N, where
2 = (xr) € w. Then, one can easily see that the inclusion Xg C X strictly holds
for X € {ly,c,co}. Further, one can deduce that the inclusion X C Xa also
strictly holds for X € {{,c¢,co,€,}, where 0 < p < oco. However, if we define
X = ¢o @ span{z} with z = {(=1)*}, i.e., * € X if and only if z = s + az for
some s € ¢g and some a € C, and consider the matrix A with the rows A,, defined
by A, = (=1)"e™ for all n € N, we have de = z € X but Az = e ¢ X which
lead us to the consequences that z € X \ X4 and e € X4 \ X. That is to say that
the sequence spaces X4 and X are overlap but neither contains the other. This
approach was employed by number of researchers.

Let A = (M\g)pe be a strictly increasing sequence of positive reals tending to
infinity, that is

O< A< A <A<+ and lim A\ = c©

k—oo

and (p,,),—o be defined by p, = >.r_o A for all n € N. Following Mursaleen
and Noman [36], we define the matrix A = () of weighted mean relative to the
sequence A by

: 1.3
0 , k>n (13)

Ak—Akp—1
Ank:—{ Shfkel s 0<k<n
for all k,n € N. Introducing the concept of A-strong convergence several results
on A-strong convergence of numerical sequences and Fourier series were given by
Moricz [34].

In this study, following Bagar [14], we summarize some knowledge in the existing
literature on the normed and paranormed sequence spaces derived by the domain
of the triangle matrix A, defined by (1.3), above. Additionally, we note some new
developments concerning with the applications of A summability.

The rest of this paper is organized, as follows:

In section 2, we emphasize on the sequence spaces obtained by the domain
of the matrix A in some normed spaces. We begin with the spaces of lambda-
bounded, lambda-convergent, lambda-null and lambda-absolutely p—summable se-
quences which are the domain of the matrix A in the classical spaces {~., ¢, Co
and ¢,. Additionally, we present some results on the difference and generalized
difference spaces of lambda-convergent and lambda-null sequences. Section 2 ter-
minates by the lines about the spaces f3 and f* of almost lambda-null and almost
lambda-convergent sequences. Section 3 is devoted to the paranormed sequence
spaces derived by the matrix A from some Maddox’s spaces. In the final section of
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the paper; after summarizing the consequences related to the results in the existing
literature, open problems and further suggestions are noted.

2. DOMAIN OF THE MATRIX A IN THE NORMED SEQUENCE SPACES

In this section, we shortly give the knowledge on the sequence spaces derived by
the matrix A from some well-known normed sequence spaces. For the concerning
literature about the domain 4 of an infinite matrix A in a sequence space y, the
following table may be useful:

I A g refer to:
co, € Lo A cy, A, 0, [36]
c, A cd(A), MA) [37]
Ly, (0<p <o) A E;‘, o [40]
ly, £y, (1<p<o0) A @, 0 [41]
c, B(r,s) 3(B), M (B) [46]
gy O A(u) gy (u), Mu), o (u) [51]
fo, f A fes [50]
co(p), c(p); leo(p) A eo\p), c(\p), Lo(Np) | [23]

Table 1: The domains of A in certain sequence spaces.

2.1. The Sequence Spaces (3, ¢*, ¢y and /(. In this subsection, we give

some results about the spaces £, ¢*, ¢} and K;‘ of lambda-bounded, lambda-
convergent, lambda-null and lambda-absolutely p—summable sequences which are
introduced by Mursaleen and Noman [36, 38]. In other words, we emphasize on the
spaces £3,, ¢*, ¢ and £ of A—bounded, A—convergent, A—null and A—absolutely
p—summable sequences, respectively, that is to say that

<oo},

(M — Ag—1) Tk exists} ,

n

1
o Z (M — Ak—1) T

0 = {:13 = (z) € w :sup
" k=0

neN

NE

1
7l—>00)\
" k=0

A= {w: (zk) €Ew: lim

1
cy = {x:(ack)ew: lim W
n—oo n

(Mg — A1) g = 0} )

o
[ 1=
e <

oo P
1

E;‘ = {m:(xk)Ew: g = Mk — A1) Tge <oo}, (1<p< o).
n=0 n

It is trivial that the sequence spaces £, ¢*, ¢y and Z;,‘ are the domain of the matrix
A in the classical sequence spaces (o, ¢, ¢y and £, respectively. Thus, with the
notation of (1.2) we can redefine the spaces ¢, ¢, ¢ and E;‘ by

Zéo ={l}ar, A = ea, c())‘ = {co}a and é; ={l,}x.
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Define the sequence y = (yx) by the A—transform of a sequence = = (xy), i.e
L&
= Z Ajo1)x; forall keN. (2.1)
j=0

Since the matrix A is triangle, one can easily observe that x = (z3) € X* if and
only if y = (yx) € X, where the sequences x = (zy) and y = (yx) are connected
with the relation (2.1), and X denotes any of the classical sequence spaces (o, ¢,
co and £,. Therefore, one can easily see that the linear operator 7" : X —
Tz = y = Az which maps every sequence z in X* to the associated sequence y in
X, is bijective and norm preserving, where ||z| v = ||Az| . This gives the fact
that X* and X are norm isomorphic.
Define the sequence S(z) = {S,(x)} by

1 n
e e e —mn) o, n>1,
S, (z) = { : 2l

Mursaleen and Noman [36, 40, 41] prove the following theorem concerning the
inclusion relations between these spaces and the classical sequence spaces l, ¢
and cg:

Theorem 2.1. The following relations hold:

(i) [36, Lemma 2.3] The inclusion ¢* C ¢ holds if and only if S(x) € cq.

ii) [36, Lemma 2.5] The inclusion 3, C s holds if and only if S(x) € £

iii) [40, Theorem 4.3] The inclusion 52 C 62 strictly holds, if 0 < p < g < o0.
(iv) [40, Theorem 4.4] The inclusions €} C ¢y C ¢ C 3, strictly hold.

) [40, Lemma 4.5] The inclusion { C £, holds if and only if S(x) € €, for
everya:€€ , where 0 < p < 0.
(vi) [36, Theorem 4.6] The inclusions co C ¢, ¢ C ¢* and Lo, C €2, strictly hold

if and only if hm 1nf "“ =1.

vii) [40, Theorem 4.7 The inclusion lo, C €2 strictly holds if and only i
o0

lim inf 22+ ”“ =1.
n— o0 n

(viii) [40, Corollary 4.8] The equality £}, = (o strictly holds if and only if
lim inf 2z-£1 o > 1

(ix) [40, Lemma 4.9] The spaces £, and E;‘ are overlap. Additionally, if 1/\ & £,
then neither of them includes the other one, where 0 < p < 0.

(x) [40, Lemma 4.10] If the inclusion £, C €, holds, then 1/\ € £, , where
0<p<oo.

The alpha-, beta- and gamma-duals of the spaces ¢, ¢ and cé‘ are determined.
Some matrix transformations on these spaces are also characterized.
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Now, because of the transformation T' defined from ¢y or £ to ¢o or £y; Tx = Az
is an isomorphism; the inverse image of the basis {e(k)};ozo of the space ¢y and £,
is the basis for the new spaces ¢} and E;‘. Therefore, we have:

Theorem 2.2. Define the sequence eg\n) = {(ef\”)>k} of the elements of the
keN
space EI),‘ by

—n_An
(e(")) D NG Vs vees v U U R B
Ak 0 , otherwise,

for every fired n € N. Then, the following statements hold:

(i) [36, Part (a) of Corollary 3.4], [40, Theorem 5.1] The sequence {BE\O), eE\l), 65\2), . }
is a Schauder basis for the spaces c) and K;‘,
a unique representation of the form x := > " ((Az)ne

(ii) [36, Part (b) of Corollary 3.4] The sequence {e, eE\O), eg\l), 6&2), . } is a
Schauder basis for the space ¢* and every x € ¢ has a unique representation
of the form z :=le+ Y [(Az), — l]eg\n), where | = limy, o (Ax),.

and every x € ¢} or € K;‘ has
(n)
N -

2.2. Difference Spaces of Lambda-null and Lambda-convergent Sequences.
In this subsection, we give some results about difference spaces of lambda-null and
lambda-convergent sequences. Following Mursaleen and Noman [42], define the
matrix A = (A\,z) by

2A —Ag—1—Ag41
)\nk = An=Ano1 k=mn
An ’
0 , k>n

for all k,n € N. Then, Mursaleen and Noman [36, 37, 42] define the difference
sequence spaces cy(A), ¢*(A) and ¢4 (A) as the matrix domain of the triangle
matrix A in the spaces cg, ¢ and {o, respectively. They prove some estimates for
the operator norms and the Hausdorff measure of noncompactness of certain matrix
operators on the spaces c¢(A) and (2 (A). Moreover, necessary and sufficient
conditions for such operators to be compact are derived in this paper. Recently,

Mursaleen and Noman introduced the difference sequence spaces c)(A), ¢*(A) and
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22, (A) in [37] of non-absolute type as follows:

=

M- I1:

cy(A) = {:z: =(zy) Ew: nan;o (M — A=) (T — 1) = 0} )

1
c/\(A) = {x = (xp) Ew: ”ILH;O oW (M — Mg—1) (T — Tg—1) exists} ,

<oo}.

Here and after, we use the convention that any term with a negative subscript is
equal to zero, e.g., A1 = 0 and x_; = 0. With the notation of (1.2) we can redefine
the spaces cj(A), ¢c*(A) and £ (A) by

o (A) = {cg}a, MNA)={cM}a and €, (A) = {3 }a.
They show that these spaces are BK —spaces of non-absolute type and prove that

these are linearly isomorphic to the spaces ¢y and ¢ in Theorem 2.1 and Theorem
2.2, respectively.

=0

F
S

0(A) = {x = (z) € w:sup L Z Ak = A=) (T — T—1)

neN \n h—0

Theorem 2.3. The following relations hold:

(i) [36, Theorems 3.1 and 3.2] The inclusions cj(A) C cMA) and ¢ C c)(A)
hold.
(ii) [36, Corollaries 3.3 and 3.4] The inclusions co C c)(A) and ¢ C c*(A)
strictly hold, and the spaces lo, and cj(A) are overlap.
(iii) [36, Theorem 3.6] The inclusion lo, C cy(A) strictly holds if and only if

z€c}.

iv orollary 3. e 1mnclusion Lo C ¢ olds if lim £oti—2n — 1.
(iv) [36, Corollary 3.7] The incl / AA) holds if lim 2120 —

n—oo A" An—1

Theorem 2.4. Define the sequence b*)(\) := {b%k)()\)} N of the elements of the
ne

space c)(A) by

0 , n<k,
X Ak
b’l(’Lk)()\) = N Ak—§k71 N , n=k,

k _ k
Ak —Ak—1 Akt1—Ax n> k’

for every fixed k € N. Then, the following statements hold:

(i) [36, Theorem 4.1] The sequence {b%k)()\)} N is a Schauder basis for the
ne

spaces c)(A) and every x € c)(A) has a unique representation of the form

2= 35 o (Ra)ub M) ().

(ii) [36, Theorem 4.2] The sequence {b, b&o),bf\l),bg\z), .. } s a Schauder basis
for the space cM(A) and every x € cM(A) has a unique representation of the
form z:=1b+ 3 > [(Az), — l]bg\k), where | = limy,_, o0 (Ax),,.
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The authors also determine the alpha-, beta- and gamma-duals of those spaces
and finally, characterize the classes (c)(A) : £,), (¢3(A) : loo), (cM(A) 1 ¢), (MA):
o), (GA(A) 1 ), ((A) : o), (o D)), (c: DA, (6 : A, (o : NA)),
(c:cMA)) and (£, : *(A) of matrix mappings, where 1 < p < oo.

2.3. Domain of the Generalized Difference Matrix B(r,s) In the Spaces
of A—null and A—convergent Sequences. In this subsection, following Sénmez
and Basar [46], we introduce the domain of the generalized difference matrix B(r, s)
in the spaces ¢ and c*.

Let » and s be non—zero real numbers, and define the generalized difference
matrix B(r, s) = {bux(r,s)} by

r , k=n,
bor(r,s):=¢ s , k=n-—1, (2.2)
0 , otherwise,

for all k,n € N. The B(r, s)—transform of a sequence z = (xy) is
{B(r,s)(z)}x = ray + szx—1 forall ke N.

We note that the matrix B(r, s) is reduced to the backward difference matrix A in
the case r = 1 and s = —1. So, the results related to the domain of the matrix
B(r,s) are more general and more comprehensive than the consequences of the
domain of the matrix A, and include them.

Now, following Sénmez and Bagar [46] which is the continuation of Bagar and
Altay [15], and Aydin and Bagar [11], we proceed essentially different than Kizmaz
[24] and the other authors following him, and employ a technique of obtaining a
new sequence space by means of the matrix domain of a triangle matrix.

Quite recently, Sonmez and Bagar [46] have introduced the difference sequence
spaces c)(B) and ¢*(B), which are the generalization of the spaces ¢} (A) and ¢*(A)
introduced by Mursaleen and Noman [37], as follows:

o 1¢
cy(B) == {x = (zx) Ew: nh—{go . Z (Mg — Ak—1) (reg + szp—1) = O} ,
" k=0

ANB) = {x = (z) €Ew: lim /\i Z (A — A1) (raog + sTr—1) exists} .
" k=0

With the notation of (1.2), we can redefine the spaces 3 (B) and ¢*(B) as
cy(B) ={cy}p and cNB)={c}p, (2.3)
where B denotes the generalized difference matrix B(r, s) = {bnx(r,s)} defined by
(2.2).
It is immediate by (2.3) that the sets cy(B) and c¢(B) are linear spaces with

coordinatewise addition and scalar multiplication, that is ¢} (B) and ¢*(B) are the
spaces of generalized difference sequences. Sénmez and Bagar [46] have proved that
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these spaces are the BK —spaces of non-absolute type and norm isomorphic to the
spaces cg and ¢, respectively.

Theorem 2.5. The following relations hold:

(i) [46, Theorem 3.1] The inclusion c(B) C cN(B) strictly holds.
(ii) [46, Theorem 3.2] If s +r = 0, then the inclusion ¢ C ¢} (B) strictly holds.
(iii) [46, Corollary 3.3] The inclusions ¢y C cy(B) and ¢ C ¢M(B) strictly hold.
(iv) [46, Corollary 3.4] Although the spaces lo, and cy(B) overlap, the space {o
does not include the space c})(B).
(v) [46, Theorem 3.6] The inclusion ls C cj(B) strictly holds if and only if
z € ¢}, where the sequence z = (z;) is defined by
(A = Ak—1) + 5(Apg1 — M)

= Il keN.
2k JY— v for a

Prior to giving the theorem constructing the Schauder bases of the spaces c)(B)

and ¢*(B), define the triangle matrix A = (A) by

TAk=Ak—1)+5(Aptr1—Ak)

~ e , k<mn,
)\nk = ,r()\n;\/lnfl) , k — n’
0 , k>n

for all n,k € N.

Theorem 2.6. Let ap(\) = Ag(x) for all k € N and | = limy_ o Ax(z). Define
the sequence b (\) = {b%k)()\)}k . for every fized k € N by

_g\n—k Ao A
(k) (T) |:T(>\k—13\k)\—1) + S(>\k+1k—>\k)} » k<,
— 1 ) —
) Eevesvamy y k=m,
, k>n.

Then, the following statements hold:

(i) [46, Part (a) of Theorem 4.1] The sequence {b(k)(/\)};ozo
space c}(B) and any = € ¢ (B) has a unique representation of the form

z =Y ap(N\)bF(N).
k

(i) [46, Part (b) of Theorem 4.1] The sequence {b,b(")(X),b(M(N),...} is a ba-
sis for the space ¢ (B) and any x € ¢*(B) has a unique representation of the

formx = lb—’_zk: [ (X) = 1] BF)(N), where b = (by) = {Z?:o (—s/r)! /r}

s a basis for the

oo
k=0
Furthermore, they have determined the aa—, §— and y— duals of those spaces
and finally, characterized some matrix classes from the spaces ¢} (B) and ¢*(B) to

the spaces £, ¢y and c.
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2.4. Spaces of Almost Lambda-Null and Almost Lambda-Convergent Se-
quences. Following Yesilkayagil and Bagar [50], in this subsection we introduce the
spaces f(;\ and f* of almost lambda-null and almost lambda-convergent sequences.

Quite recently, Yesilkayagil and Bagar [50] have studied the sequence spaces
fo and f* as the sets of all almost lambda-null and almost lambda-convergent
sequences, respectively. That is,

fo = {x = (zp) Ew: Z(Ax)n+k =0 uniformly in n} )

m—oo M,
k=0

m—oo M

fA=Lr=(x)cw:IeC > lim L Z(Ax)n+k = uniformly in n ;.
1=

With the notation of (1.2), we can restate the spaces fg and f* by the matrix
domain of triangle A in the spaces fy and f, respectively, as follows:

fo = (fo)a and = fr.
Now, we may give the following theorems on some inclusion relations and the alpha-,
beta- and gamma-duals of the spaces f3 and f*:

Theorem 2.7. The following relations hold:

(i) [50, Theorem 3.5] The inclusions fo C fo and f C f* strictly hold. Fur-
thermore, the equalities fo = f3 and f = f* hold if and only if Sz € fo for
every x in the spaces f* and f3, respectively.

(ii) [50, Theorem 3.6] The inclusion f§ C f* strictly holds.

(iii) [50, Theorem 3.7] The inclusions c* C f* C €3, strictly hold.

Theorem 2.8. The following relations hold:
(i) [50, Theorem 4.2] The a—dual of the space f is the set ay defined by

— A
ai‘:{a:(ak)ewzz)\k—i\klak<oo}.

k=0

n—1

(i) [50, Theorem 4.4] The «y-dual of the space f* is the set dy N da, where
ar
do|A () Ak
— Ak = k-1

<oo},
AnAn
dQZ{a:(ak)eW<>\n_An_l)€éoo}

(iii) [50, Theorem 4.6] Let ds = cs and define the sets dy and ds by

A N
ds = {az(a@éw:{‘A[A()\k_al;kl))\k} }Ecs}.

dy:=<a=(ar) €w:sup
neN
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5
Then, {f*}P = -Dldi‘

Finally, Yesilkayagil and Basar [50] they have proven two basic results on the
space f of almost convergent sequences and characterize the classes (f* : ) and
(u : f) of infinite matrices, and also gave the characterizations of some other
classes as an application of those main results, where p is any given sequence space.

3. DOMAIN OF THE MATRIX A IN THE PARANORMED SEQUENCE SPACES

In this section, we shortly give the knowledge on the paranormed sequence spaces
derived by the matrix A from some Maddox’s spaces.
Quite recently, Karakaya et al. [23] have introduced the paranormed sequence
spaces co(A, p), ¢(\,p) and £ (A, p), as follows:
Pn
_ 0} |
n

Z(/\k — Ag—1) i
> (k= 1) (we — 1)

k=0
Pn
= 0} B
k=0
Pn
< oo} .

With the notation of (1.2), we can redefine the spaces co(A, p), c¢(A, p) and £ (A, p)
by the domain of the matrix A in the spaces co(p), ¢(p) and o (p), respectively, as

n—o0 )\n

co(\,p) := {:r =(xp) €Ew: lim S

n—oo Ap

1
c(\p) = {x:(xk)EW:EZG(C > lim "

n

Z(/\k — Ak—1) T

1
loo( A, p) := {z = (z) € w:sup —
k=0

neN )\n

co(hp) = {co)}a, cAp) ={cp)tr and Loo(Ap) = {lo(p)}a-
Theorem 3.1. The following relations hold:

(i) [23, Theorem 3] The inclusions co(A,p) C c(A\,p) C loo(A, p) strictly hold.
(ii) [23, Theorem 4] If 1 < p, < pupi1 for all n € N, then the inclusions
co(p) C co(A,p), c(p) C c(A,p) and Lo (p) C loo(A, p) hold.
(iii) [23, Parts (i) and (ii) of Theorem 5] Let v denotes any of the spaces cy, ¢
and lo. Then, the inclusion pu* C u(\,p) holds if p, > 1 for alln € N and
the inclusion u(\,p) C p* holds if p, < 1 for all n € N.

Karakaya et al. [23] have investigated some topological properties and addition-
ally, computed the alpha-, beta- and gamma-duals of the spaces £ (A, p), ¢(A,p)
and cg(A, p). Finally, they have characterized the classes (co(A,p) : ), (c(\,p) : )
and (€oo(p) : p) of matrix transformations, where p € {co(q),c(q),lx(q)} and
q = (gx) is the bounded sequence of strictly positive reals.

4. CONCLUSION

Malkowsky and Rakocevi¢ [31] characterized some matrix classes and studied
related compact operators involving ¢}, ¢* and ). Malkowsky and Savas [33]
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determined the beta-dual of E;‘ and characterized some matrix classes involving é;},
where 1 < p < co. Mursaleen and Noman [38] apply the Hausdorff measure of
noncompactness to characterize some matrix classes of compact operators on the
sequence space ZI),‘, where 1 < p < oo.

Mursaleen and Alotaibi [35] introduced statistical A-convergence and strong A,-
convergence and established some relations between A-statistical convergence, sta-
tistical A-convergence and strong A,-convergence, by using the generalized de la
Vallée-Poussin mean, where 0 < ¢ < oo. Also, they proved an analogue of the
classical Korovkin theorem by using the concept of statistical A-convergence.

Mursaleen and Noman [39] established some identities or estimates for the op-
erator norms and the Hausdorff measures of noncompactness of certain matrix
operators on the spaces ¢ and £2, which have recently been introduced [36]. Fur-
ther, by using the Hausdorff measure of noncompactness, the authors characterized
some classes of compact operators on the spaces cé and Eg‘o.

Quite recently, Yesilkayagil and Bagar [49] have determined the fine spectrum
with respect to Goldberg’s classification of the operator defined by the matrix A
acting on the sequence spaces ¢y and c¢. As a new development, they have given
the approximate point spectrum, defect spectrum and compression spectrum of the
matrix operator A on the sequence spaces ¢y and c¢. As a natural continuation of this
study, one can work on the fine spectrum with respect to Goldberg’s classification
of the operator defined by the matrix A over the sequence spaces cs, ¢, and bvp,
where bu, denotes the space of all sequences whose A—transforms are in the space
¢, and is recently studied in the case 1 < p < oo by Bagar and Altay [15], and in the
case 0 < p < 1 by Altay and Bagar [8]. Of course, determination the fine spectrum
of some triangle matrices over the sequence space X will be very interesting, where
X is any of the spaces ¢*, g, £y, c3(A), ¢*(A), ¢(B) and ¢*(B).

We should record that to investigate the domain of the matrix A in the Maddox’s
sequence space £(p) and to examine its algebraic and topological properties will be
meaningful. Finally, we note that the investigation of the Hausdorff measures of
noncompactness of the matrix operators defined by some triangle matrices on the
spaces ¢* and E; is still an open problem.
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