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MONOTONE ITERATIVE TECHNIQUE FOR A COUPLED
SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS

ELIF DEMIRCI AND NURI OZALP

ABSTRACT. By the help of upper and lower solutions, the monoton iterative
technique is applied to a coupled system of first order ordinary differential
equations with initial conditions depending on a function of end points. Some
existence and uniqueness results are obtained. An example for a predator-prey
system is given.

1. INTRODUCTION

It is well known that one of the most effective methods of estimating the solutions
of differential equations and systems with initial conditions is monotone iterative
technique (for details see [2]). In [1], an existence result is given for the problem

2 (t) = f(ta@), teJ=[0,T], T >0,

z(0) = g(z(T)).
by using a monotone technique. Here f € C(J xR, R), g € C(R,R). This technique
was also applied to above problem with special cases of the function g (See, [3]—[9]).
For application of monotone iterative techniques to higher order equations see, for

example, [2] and [10]. In this paper, we consider the following coupled system of
differential problem.

r— (" /_ filt,ur,ug) \ B
u _<u2> _(fg(t,ul,UQ))_f(t7U), tEJ—[O,T], CZ">07

u1(0) 91(ur(T), uz(T)) >
0) = = = 7)),
w0 = (1) ) = ( ity ) = o
where f € C(J x R?,R?), g € C(R?,R?).
The purpose of this paper is to prove that monotone technique can be applied
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successfully to problems of type (1) with some assumptions on f and g. A predator-
prey example satisfying the conditions given on f and g is also stated.

2. EXISTENCE AND UNIQUENESS RESULTS

Theorem 2.1. Let f € C(Q,R?), g € C(A,R?). Moreover, we assume that there
exists functions v, w € C1(J,R?) such that

vit) < wi®), i) < filt,o(),  wit) = filt,w(t), ted i=12,
v;(0) < gi(s) <w;(0) for vi(T) <s; <wi(T), 1=1,2,
where
Q = {(t,u):vi(t) <wu(t) <w(t), ted, i=1,2},
A = {uecCHIR?) :v(t) ui(t) Swi(t), teJ, i=1,2}

Then problem (1) has at least one solution in A.

Proof. Let P : J x R? — R? be defined by

_ (Pi(t,u(t)) _ (max{vy(t), min(uq(¢), w1(¢))}
P(t,u(t)) = (Pg(t,u(t))) = (max{vg(t),min(uQ(t),wg(t))})

Then f(t, P(t,u(t))) defines a continuous extension of f to J x R?. Because of
the fact that f is bounded on Q, f(t, P(t,u(t))) is bounded on J x R2. Similarly,
g(P(t,u(t))) is a continuous extension of g(u(t)) to R?. Therefore, the problem

u f(t, P(t,u))
w(0) = g(P(T,u(T)))

has a solution defined on J (see [2]). For ¢; > 0, ¢ = 1,2, we consider

(we,)i(t) wi(t) +&i(1+1)

(ve)i(t) = wi(t) —ei(l+1).
Let v;(T) < w;(T) < w;(T). We have

(Ve;)i(T) =v(T) —;(14+T) < vi(T) < uw(T) <wi(T) < (we,)s(T) , i=1,2.
Then, (ve,):(0) < u;(0) < (we,)i(0) , i =1,2. We want to show that
(ve,)i(t) <ui(t) < (we,)i(t), =12, te
Suppose that ¢; € (0,T] is such that, for i = 1,2,
(ve;)i(t) < ui(t) < (we,)i(t) for t € [0, ;)

and u;(t;) = (we,)i(t;). Then, u;(t;) > w;(t;) and so, P;(t;, u(t;)) = wi(t;), i = 1,2.
We know that

vi(ti) < Piti, u(t) < wilts), i=1,2
from the definition of P. We can also write

wi(ti) > fi(ti,w(ts)) = fi(ti, P(ti, u(ts))) = wi(t:), i=1,2.
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Since (we,)j(t:;) > wi(t;), we have (we,);(t;) > wi(t;), ¢ = 1,2. If we set z; =
(we, )i — u;, this gives
2i(t;) >0 and z;(t;) =0, i=1,2.
By using the definition of derivative, we have

Py e zilt) —ziti—h) o —zi(ti—h)
(0= iy, SOy G0

Since for h > 0 small enough, z; (t; — h) > 0, we have z] (¢;) < 0 which contradicts
the assumption 2} (¢;) > 0,4 = 1,2. So, u;(t) < (we,):(t) on J for i = 1, 2. Similarly,
it can be shown that (v, ); (t) < u; (t). Consequently, (ve,), (£) < u; () < (we,)i(t)
on J for i =1,2. Letting £; — 0, we get v;(¢) < u;(t) <w;(t) on J fori =1,2. O

The functions v, w € C'(J,R?) are said to be a lower and an upper solution of
problem (1), respectively, if

vi(t) < fit,v ()

v; (0) < ¢ (v(T)), ted i=1,2
and

wi (t) > fi(t,w(t))

w; (0) > gi(w(T)), teld, i=1,2.

Theorem 2.2. Let f € C (J X Rz,Rz), geC (RQ,R2), v, wo be lower and upper
solutions of (1) such that vo; < wg; on J fori=1,2 and let g; be nondecreasing on
J fori=1,2. Suppose further that

fi(tu) = fi (t,0) = —M; (u; — w;)  forvo; <u; Swy Swyo, M;>0, i=1,2.
Then there exists monotone sequences {v,}, {wn} such that v, — v, w, — w

as n — oo monotonically and uniformly on J and that v and w are minimal and
mazimal solutions of (1), respectively.

Proof. For any n € C(J,R?) such that vo; < n; < wo;, i = 1,2, we consider the
following problem:

wp = fi (t,n) — M; (wi —1;), u; (0) = gi (n (7)) (2)

For every such 7, problem (2) has a unique solution v on J. Define a mapping A
as A;n = u;, i = 1,2. This mapping will be used to define the sequences {v,;} and
{wn;}, i = 1,2. First, we will prove that

(a) Voi § AZ"U()7 Wos 2 Ain, 1= 1,2.

(b) A; are monotone operators on A, i = 1,2.

To prove (a), set A;vg = v1; where vy; is the unique solution of (2) for n;, = v,
1 =1,2. Setting p; = v1; — vp;, we have

P = vy — vo; > fi (t,v0) — M (v1 — voi) — fi (t,vo) = —Mip; —,  i=1,2,
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and
i (0) = v1; (0) — v0; (0) = gi (vo (1)) — gi (vo (T))) = 0.
This gives us that p; (t) > 0, so vg; < Ajvg, ¢ = 1,2. Similarly, it can be proven
that Wos 2 Ain.
To prove (b), let 7j;, 7, € [voi, wo;] such that 7, < 7);, ¢ = 1,2. Suppose that
uy = AN and  ug = Aif).

Here, uy; and ug; are the unique solutions of (2) for 77 and 7, respectively. Set
P; = Ug; — U4, © = 1,2, then,

pi = ug —uy = fi (67) = My (ui — ;) — fi (8.7) + My (u1i — 7;)

> =M (9; —n;) — Mi (u2i —uii —9; +0;) = —Mip;
and
pi(0) = w2 (0) —u1; (0)

9: (1)) —g9: (0 (T)) > 0,
since g; are nondecreasing for ¢ = 1,2. This gives us that p; (£) > 0 so, ug; > u14,
1 =1,2. Since A;n7 > A;n, A; are monotone operators on A for i = 1, 2.

As a result of (a) and (b), the sequences v,; = A;v,—1 and wy,; = A;w,_1 can be
defined. We can also show, by using mathematical induction, that

Voi L0153 < oo S Swp Lo Lwgy Swyy Swo on J fori=1,2.

It then follows

lim v,; = v; and lim w,; = w;
n—oo n—oo

monotonically and uniformly on J, ¢ = 1, 2. It is clear that v and w are are solutions
of (1) since for i = 1,2, v,; and wy,; satisfy
vny = fi (b, 0n-1) = M (Uni — V(n_1)i) ; Uni (0) = gi (Va1 (1))
wyy; = fi (b wn_1) — M; (Wi — Wn—1)i) » Wps (0) = g5 (wn—1 (T)). (3)

To prove that v and w are minimal and maximal solutions of (1), we have to show
that if w is any solution of (1) such that vg; < u; < wg; on J, i = 1,2, then,

voi < v < up < wp < wo; onJ fori=12.
Suppose that for some n, v,; < u; < wy; on J and set p; = u; — V(,41)i, then we
have

/ li !
P = Uy~ VYpt1)i

= fi(t,w) = fi (t,vn) + M; (Ving1)i — Vni)

> —M; (ui — vni) + M (Vng1)i — Uni) = —Mip;
and

i (0) =i (0) = v(nt1)i (0) = gi (u(T) — gi (vn (T))) = 0.
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it can be shown that u; < w(,41); on J for i = 1,2. Hence, v(, 41y < Ui < Wint1)i
on J for i = 1,2. By using mathematical induction, this proves that for all n,
Vni < Uy < Wpy;. Taking the limit as n — oo gives us that v; < u; < w; on J for
i1=1,2. |

These inequalities give us that p; () > 0. So, u; > v(p41); on J for i = 1, 2. Similarly

We note that, every element of the sequence {v, } is a lower solution and every
element of the sequence {w,} is an upper solution for problem (1).

Theorem 2.3. Let the conditions of Theorem 1 hold and moreover let
filt,x)—fi(t, 2) < hi(t)(zi—Ti)  for vi(t) < Zi(t) < xi(t) <wilt), teJ, i=1,2
9i(x(T)) = g:(2(T)) < Li(T) (i (T) — i (T)) for vi(T) < 2:(T) < 2:(T) < wi(T),

where h; : J — R are integrable functions on J and L; : J — RT are nonnegative
functions for i =1, 2 such that

T
T) exp (/0 h,-(s)ds) < 1. (4)

Then the problem (1) has a unique solution in the set A.

Proof. The existence of the solution of the problem (1) follows from Theorem 1.
So, we need to prove the uniqueness of the solution. Let ¥,z € A be two arbitrary
solutions of (1). Without loss of generality we can assume y and z satisfy the
conditions

yi(t) > zi(t) for teJ=[0,T], i=1,2.

Set p; =y; — z; , i =1, 2. Hence,

pi(t) = yz(t)—ZQ() fity () = fi(t,2 (1))
hi (t) (i (t) — 2 (¢))

hi () pi ()

IN

and

pi(0) = i (0)—2(0)=gi(y(T)) —gi(2(1))

1A
&

So, we can write

If we integrate (6) on the interval [0, 7], we get

T
pi (T) < pi (0) exp (/O hi (s) dS) yooor=12 (7)
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Using (5) and (7), we have

T
0<p;(0) <Li (T)pi (T) < Li (T) p; (0) exp (/0 hi (s) d5> ;=12

By the condition given in (4), this inequality yields p; (0) = 0 which contradicts
with the assumption

pi() =y (t) =2 () >0, teJ i=12.
So, there exists a ty € J such that y; (tg) = 2 (tg), ¢ = 1,2. If toc = T or tp = 0,
then

% (0)=gi(y (1) =9i (2(T) =2 (0), i=1,2

This and (6) yields

pz(t):y,(t)fzz(t):O, tEJ, 221,2
which is a contradiction. Let ¢y € (0,7). Then, y; (¢) = 2; (t) on [to,T], since
y; (T) = z; (T) and y; (0) = z; (0). So, y; (t) = z; () on J for ¢ = 1,2. This is also a
contradiction. Consequently, (1) has a unique solution in the set A. ([l

Note that if f and g satisfy the conditions of Theorem 2 besides the conditions
of Theorem 3, the sequences {v,} and {w,} converge to the unique solution u,
uniformly as n — oo.

Functions v, w € C! (J, Rz) are called weakly coupled lower and upper solutions
of (1), if

Vi) < filbe(),  teld i=12 (8)
v; (0) < gi(w(T))
wi(t) > fi(t,w(t)), telJ, i=1,2 (9)
w; (0) = gi(v(T))

If the inequalities are converted to equalities in (8) and (9), v and w are called
coupled quasisolutions of (1).

Theorem 2.4. Let f € C(J x R?2,R?), g € C(R%,R?), vy, 2o be weakly coupled
lower and upper solutions of (1) such that yo; (t) < z0; (t) on J fori=1,2 and let

g be nonincreasing. Suppose further that

—Mi [w,- - ’Ui] S fi (t, w)—fz- (t, U) fO’I‘ Yoi (t) S V; (t) S W; (t) S 204 (t), te J, 1= 1, 2.

Then there exists monotone sequences {y,} and {z,} such that y, — y, z, — z
monotonically and uniformly on J. Moreover, y and z are coupled quasisolutions

of (1).
Proof. For any 1, u € C(J,R?) such that yo; <n; < 204, yoi < p; < 20; 1 = 1,2, we
consider the following problems:

up = fi (t,n) — M; (ui —n;), u; (0) = g; (1 (1)) (10)
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For every such 7, p, problem (10) has unique solution u on J. Define a mapping A
as A; [, u] = u;, i = 1,2. This mapping will be used to define the sequences {y, }
and {z,}. First, we will prove that

(a) yoi < Ailyo, z0), z0i = Ail20,%0), @ = 1,2.

(b) A; are monotone operators on A, i = 1,2.

To prove (a), set A;[yo, 20] = y1; where y; is the unique solution of (10), for n;, = yo;,
W; = zoi, © = 1,2. Setting p; = y1; — Yo, we have

Pi = Y1 — Yoi > fi (6 yo) — My (y1i — yoi) — fi (t,yo) = —Mips ,  i=1,2,

and

Pi (0) = y1: (0) — 0i (0) > gi (20 (T)) — gi (20 (T')) = 0.
This gives us that p; (¢t) > 0, so yo; < Ai[yo, 20], ¢ = 1,2. Similarly, it can be proven
that zo; > A;lz0,v0], i = 1, 2.
To prove (b), let 7;, 7, ; € [Yoi, 20i] such that 7, < 7,, i = 1,2. Suppose that

uy = Alfj,p]  and  uz = A, p.
Here, uy; and ug; are the unique solutions of (10) for [, ] and [7, u], respectively.
Set p; = ug; — u14, ¢ = 1,2, then,
pi = uh—uy; = fi (6,1) = M (ui — ;) — fi (8.7) + M; (ur; — 7;)
> —M; (0 — ;) = M; (ui — uai —0; +7;) = —Mip;

and

pi (0) = u2; (0) — w1, (0) = g; (u (1)) — gs (u(T)) = 0.
So, p; (t) > 0. Let n;, [i;, It; € [yoi, 20s] such that fi; < G, i = 1,2. Suppose that

uy = Aln, i and  uy = Aln, i].
Set p; = uy; — ug;, ¢ = 1,2, then,
pi = uy —uy = fi(tm) — Mi(uis —m;) — fi (t,m) + M (u2i — ;)
= —M;p;

and

pi (0) = 1 (0) —u2; (0) = g; (2 (1)) — gi (0(T)) 2 0.
So, pi(t) > 0 on J for i« = 1,2. As a result of (a) and (b), the sequences y, =

Alyn—1,2n-1] and z, = A[2n—1,Yn—1] can be defined. We can also show, by using
mathematical induction, that

Yoi SYi S S Yni 2 < <29 <2y Lz onJ fori=1,2.

It then follows

lim y,; =y; and lim z,; = 2;
n—oo n—oo
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monotonically and uniformly on J for ¢ = 1,2. It is clear that y and z are coupled
quasisolutions of (1), since y,; and z,; satisfy

yni' (1) = fi (b Ym—1)i () = M; [yni (t) = Y1y (1] ,
yni (0) = (z<n i (7)), teld i=1,2, (11)
Z (1) = fz( z(t)) M; [z () = 2(n—1)i (1)]
2i(0) = g (y )i (1)) ted i=1,2.
O

Theorem 2.5. Assume that f € C(J x R?R?), g € C(R?,R?). Let the functions
Yo, 20 € C! (J, R2) be weakly coupled lower and upper solutions of (1) satisfying
yoi (t) < 20 (t), t € J, i = 1,2. Moreover, assume that there exists nonnegative
constants M;, integrable functions K; : J — R and nonnegative functions N; : J —
R fori=1,2 such that

—M; [w; —vi] < fi (t,w) — fi (t,v) < K (¢) [wi — vg]
for yoi (¢) <wv; () <w; (t) < 204 (), tE€J, 1 =1,2,

0<gi (v(T)) = gi (w(T)) < Ni(T) [w; (T') = v; (T)]
for yoi (T) < vi (T) < w; (T) < 204 (T), 1 =1,2
and
T
T) exp (/ K; (s) ds) < 1. (12)
0
Then problem (1) has a unique solution u € A,
Yoi SY1i < oo SYni < 2 < <29 <213 <205 on J fori=1,2. (13)

and {yn} and {z,} converge to u uniformly, for n — oo, on J.

Proof. Since the assumptions of Theorem 3 are satisfied, problem (1) has a unique
solution, u € A. It is known from Theorem 4 that {y,} and {z,} converge to their
limit functions uniformly and monotonically as n — oo. Let

Jim () () = v (@),
nh—{go ")) = =z(t).
Then, y and z satisfy
yi(t) = filt,y(@)
yi (0) = g (=(1)), ted, 1=12,
zi(t) = fi(t,z (1)
z(0) = g (y(1)), ted, i=1,2

and
(1), () <wi(t) <z () < (%), (), teld i=1.2
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Set p; =z —y; s0, p; (t) >0, te€ J, i=1,2. So,

pi (8) =z (6) —y; (8) = fi (t, 2 (1)) — fi (t,y (£)) < K; () pi (¢) (14)

and

pi (0) =2 (0) =y (0) = g: (y (1)) — g: (2(T7)) < N:i (T)pi (T), i=1,2. (15)

Using (14), we have
P (D) < piO)esp [ Ki(s)ds (16)
(15) and (16) give us
T
0<p;i(0) <A (T)p:i (T) < Ni(T)pi (0) exp (/0 K;(s) dé‘) .

Condition (12) yields to p; (0) =0, i = 1,2. So, p; (t) =0, t € J, i = 1,2. Since the
problem (1) has a unique solution on A, u; =y; = z;, i = 1,2. O

Example 2.6. Consider

2] = x1(10 — 221 — 5x9)
zh = w2(—3+5x) (17)
1
1
z2(0) = z1(2)+ 522 (2) >0, tel0,2].

v; (£) = 0 is a lower solution of (17). The solution of the system

wy = wi (10 — 2wy)

wy = wa(—3+ dw) (18)
0 (0) = gmen (2) =g (w(2)) 20
w(0) = W@+ gn@=ew)20, 102

is an upper solution of (17). We note that, the functions on the right-hand side of
the system (18) are obtained by

sup 1 (10 — 221 — 5p)
0<p<z2

sup 22 (—3+5p).
0<p<mz1
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From (18),
9 _ 9020 —10ty ~1
wy () = (( 5 ) )
1
0

1
156t (—1 + 2207100 _ o—100)15 (9020 _ 1)
€2t (220 — 1)T0 (¢=20 — 1) (664 (2620 — 1) — (1 — 6,2)%>

is an upper solution of (17). From Theorem 1, (1) has a solution u satisfying
the condition v;(t) < u;(t) < w;i(t), t € J, ¢ = 1,2. Since the functions g; are
nondecreasing for the i*" component, Theorem 2 gives us that (17) has a minimal
and a maximal solution on A. Moreover, Ly, Ly, M7 and My constants for g1, g2,
f1 and fo are 5 %, 10 and 1, respectively. Since

220
1 2
— 10dt < 1
2620 exp/o

and

1 2
fexp/ dt <1,
6 0

(17) has a unique solution.
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