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NEW GENERATING FUNCTIONS FOR THE KONHAUSER
MATRIX POLYNOMIALS

ESRA ERKUS - DUMAN AND BAYRAM QEKIM

ABSTRACT. Varma et. al. [Ars Combin. 100 (2011) 193-204] introduced the
concept of the Konhauser matrix polynomials. In this paper, we obtain some
generating functions for these matrix polynomials. Finally, we focus on some
special cases.

1. INTRODUCTION

In 2011, Varma et. al. defined the pair of the Konhauser matrix polynomials as
follows:
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ZAN (3 k) DAtCnt DD N (1) (Z) =Y (A + (kr + D)D) (M), (1.1)
r=0

n

VAN (2 k) = ;g(ﬁ)ri(qf(:) (;((s+1)I+A))n a2

s=0
where A is a matrix in CV*¥ satisfying the condition
Re(u) > —1 for every u € o(A4), (1.3)

A is a complex number with Re(\) > 0 and k € Z* (see [5]). Here, for any matrix
A in CV*N | Pochhammer symbol is defined by

(A = AA+T1).(A+(n—1DI), n>1, (A)g=1.

They show that the Konhauser matrix polynomials Z,(LA’A)(:E; k) and YA (z; k)

are biorthogonal with respect to the weight matrix function z4e~**. Furthermore
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they derive the following generating matrix functions:
(1- w)_%(A'H) exp [—)\x {(1 - w)_% - 1}]

= ZY,L(A’)‘)(x;k)w” ;o Jw| <1 (1.4)

n=0

for the polynomials Y,gA’A)(:r; k) and

B
- —ta)
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TA+D) .., FHA+ED
= i)(B)nz,gA7*>(x;k) (A4 Dga] H e 5t <1, m <1 (1.5)

for the polynomials z) (z; k), where A and B are matrices in CV*¥ satisfying

the conditions

AB = BA. (1.6)

Re(p) > —1 for every p € o(A) }
and 1 F} is defined as

B 00

F w | =2 P, @)t
Al g ey Ak n=0 ’

for Ay, ..., Ay and B are matrices in CN*¥ satisfying condition A; + s is invertible

for s € N, 4 = 1,...,k,;see [5]. In the present paper, we obtain multilinear and
multilateral generating functions for the pair of the Konhauser matrix polynomials.
Some special cases are also given.

2. MULTILINEAR AND MULTILATERAL GENERATING MATRIX FUNCTIONS

In this section, we give theorems which derive several substantially more general
families of bilinear, bilateral generating functions for the Konhauser matrix polyno-
mials defined by (1.1) and (1.2). Using the similar method considered in [1, 2, 3, 4],
we obtain the main theorems.

Theorem 2.1. Corresponding to a non-vanishing function Q,(y1,...,ys ) of com-
plex variables yi, ..., ys (s € N) and of complex order p, let

AM,V(y17~'~7ys;z) = ZakQM-H/k(yla e Ys )Zk ; (ak’ 7é 07 v e (C) (21)
k=0
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and

(n/p]
(A
®n,p,u,u(x;y17“',ysv Z ap Y )\) ) QH+Vl(y17“'7yS )Cl ) (22)

where A is a matriz in CN*N satisfying the conditions in (1.6), n,p € N and (as

usual) [@] represents the greatest integer in oo € R. Then, for |t| <1 and Re(A) > 0,
we have

S O (im0 L) 23
n=0

= (1- t)_%(AH) exp {—)\x {(1 — t)_% — 1H Ao (Y1 Ysim)-

Proof. For convenience, let S denote the first member of the assertion (2.3) of
Theorem 2.1. Plugging the polynomials

n
@n,p,u,y (l‘, Y1y -y Yss tTU) )
which comes from (2.2) into the left-hand side of (2.3), we obtain

oo [n/p]

S = Z Z a Y(fp),‘) (2, k) Qs (y1, o ys ) ' V7P (2.4)

n=0 [=0

Upon changing the order of summation in (2.4), if we replace n by n + pl, we can
write

(oo} [ee]
Z Z ap Y71(A7)\) (.’E, k)Qu+ul (y17 e Ys ) 77l tn

S =
n=0 1=0
(oo}
- (Zy(AA) z, k) ) <Zal Qv (Y15 Ys) 77)
1=0
= (=t e [ e {0 -07F = 1} A, o meim),
which completes the proof of Theorem 2.1. O

Theorem 2.2. Corresponding to a non-vanishing function Q,(y1,...,ys ) of com-
plex variables y1, ..., ys (s € N) and of complex order p, let

A (W1, 0053 2) = kiU, s )2* 5 (ar #0, preC)  (25)
k=0
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and

Onp,pa (T3 Y15 - Ysi C) (2.6)

[n/p]

A, -1
= § ap QN+Vl(y17 e Ys )(B)n—PlZfo;;\l)(mv k) [(A + I)k(nfpl)] Cl7
=0

where A and B are matrices in CN*N such that A satisfies condition in (1.6), n,p €

N, and (as usual) [o] represents the greatest integer in o € R. Then, for |t| < 1,

_ k
’ te) <1 and Re(\) > 0, we have

(1—2t)kF
- AW
Zo(an,p,,u,u (m;ylv”'vys;t?) t (27)
B
_ —t(Ax)*
= Al—LyV(ylv"'ays;n)(l_t) B 1Fk ;ﬂ(t)?ck
T(A+1) .., FHA+EKI)
Proof. The proof is similar to Theorem 2.1. O

Now, we obtain some special cases for generating functions.

Firstly, if we set Q,4,.(y) = Péiﬁ)(y) (u,v € Ng) for s = 1 in Theorem 2.1,

where the Jacobi matrix polynomials P,(IC’D)(y) are defined by means of the gener-
ating function in [7]:

ST PP @) = Fy <I+ D,I+C;I+C,I+ D G _21”, (mzl)t>(2~8)
n=0

(\/(x—21)t+\/(x+21)t<1> |

where C' and D are matrices in CV* satisfying the spectral conditions Re(z) > —1

for each eigenvalue z € o(C), and Re(n) > —1 for each eigenvalue n € (D),
CD = DC and Fy (A, B;C, D; x,y) is defined by
oo
Fy (A, BiC Diy) = D7 (A)y (B), (D), (O)
n,k=0

1 l,kyn
ko klnl?

where C'+nl and D + nl are invertible for every integer n > 0 in vz 4+ /y < 1.
Then we obtain the following example which provides a class of bilateral generating
functions for the Jacobi matrix polynomials and the Konhauser matrix polynomials
VA (2, k).
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Example 2.3. Taking ¢; =1, p =0, v =1 and [¢| < 1, we have

oo [n/p]

Z Z Y(A z, P(C D)( )nltnfpl

n=0 [=0

— (1) FAHD oy [—)\x {(1 ) 1}]

-1 1

(y=1)7 (y+1n
where \/%—i-\/% <1

If we take Q,4.1(y) = C#D+Vk(y) (u,v € Ng) for s = 1in Theorem 2.2, where
the Gegenbauer matrix polynomials C'”(y) are defined by means of the generating
function in [6]:

g[mmnrlcﬂxw —ep(at) oFi (~iD+ 53 (0 1))

where D is a matrix in CN*¥ satisfying the spectral condition (52) ¢ o(D) for
each eigenvalue z € ZT U{0}, then we obtain the following example which provides
a class of bilateral generating functions for the Gegenbauer matrix polynomials

CP(z) and the Konhauser matrix polynomials Z* )‘)(x, k).

Example 2.4. Taking a; = [(2D)l]71 , =0, v =1, we have

bl

n

"S

_1 n—
L CP @) (B)nep 20 (k) [(A+ Diguepny)] 0t

gM

I 1
= exp(yn) o1 <;D+2§4772 (921)>

B
_ —t(Az)k
x(1=1)"% 1 F ;(lﬁt)i:k )

TA+D) ., HA+ED
where A and B are matrices in CV*¥ such that A satisfies conditions in (1.6).
Substituting Q,4.x(y) = Y;i:}f)(y,kz) (u,v € Ng) for s = 1in Theorem 2.2,

then we can give the following example which provides a class of bilateral generating
functions for the pair of the Konhauser matrix polynomials.
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Example 2.5. Taking ¢; =1, p =0, v =1 and [¢| < 1, we have

oo [n/p]

-1 e
SN YO (k) (B 2 (2, k) [(A+ D] 8"
n=0 [=0

= (=) e [agy {1 - ) 1}

B
_ —t(Az)k
1—-¢t)~8,F AL
X( ) 1 k' ’(1—t)kk b
%(A"‘I) S %(A-‘rk‘[)

where C is a matrix in CV*N

satisfying the condition
Re(p) > —1 for every u € o(C),
A2 is a complex number with Re(A2) > 0, k2 € ZT and |n| < 1.

Also setting Q,4,(y) = Y}Ef’y)f)(y, k2) (p,v € Np) for s = 1in Theorem 2.1, we
have the following example which provides a class of bilinear generating functions
for the Konhauser matrix polynomials YéA’A)(x, k).

Example 2.6. Taking ; =1, p =0, v =1 and |¢| < 1, we have

oo [n/p]

>0 D VA @ k) YO ke

n=0 [=0

= (1- t)fﬁ(ﬁHI) exp {—/\x {(1 — t)fi — 1}]

x (1=m) 75 O exp [xoy { (1 = 1) 7 —1}]
where C' is a matrix in CV*¥ satisfying the condition
Re(p) > —1 for every p € o(C),
A2 is a complex number with Re(A2) > 0, ke € ZT and |n| < 1.

Similarly, in Theorem 2.2, if we take Q,1,i(y) = Z(C’AQ)(y, k2) (u,v € Np),

p+vl
(CN><N

where C' is a matrix in satisfying the condition

Re(u) > —1 for every p € o(C),

A2 is a complex number with Re(\z) > 0 and ky € Z* | then we obtain bilinear
generating functions for the Konhauser matrix polynomials Z,(LA”\)(m; k).

Notice that, when the multivariable function Q,4,k(y1,...,¥s ), (k € Ng, s € N),
is expressed in terms of several simpler functions of one or more variables, then

each suitable choice of the coeflicients aj (k € Ny) in Theorems 2.1 and 2.2 can be
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shown to yield various classes of multilateral and multilinear generating functions
for the Konhauser matrix polynomials defined by (1.1) and (1.2).
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