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ON THE BOUNDEDNESS OF THE MAXIMAL OPERATOR AND
RIESZ POTENTIAL IN THE MODIFIED MORREY SPACES

CANAY AYKOL AND M. ESRA YILDIRIM

ABSTRACT. In this paper we prove the boundedness of the maximal operator
M and give the necessary and sufficient conditions for the boundedness of
Riesz potential operator I, in the modified Morrey spaces by using Guliyev
method

1. INTRODUCTION

Morrey spaces L, » were introduced by Morrey in 1938 in connection with certain
problems in elliptic partial differential equations and calculus of variations ([19]).
Later, Morrey spaces found important applications to Navier Stokes ([18], [25]) and
Schrodinger ([21, 22]) equations, elliptic problems with discontinuous coefficients
([5, 8]) and potential theory ([1, 2]). An exposition of the Morrey spaces can be
found in the book [17]. Morrey spaces were widely studied during last decades,
including the study of classical operators of harmonic analysis such as maximal,
singular and potential operators ([1, 3, 4, 6, 7]). Modified Morrey spaces and the
boundedness conditions of maximal operators and Riesz potential studied by some
authors (see, for example [12, 13, 14, 15, 16]).

In [9] Guliyev considered the generalized Morrey spaces M, , with a general
function ¢(x,r) defining the Morrey-type norm. He found the conditions on the
pair (¢1, ¢,) without any assumption on monotonicity of ¢;, ¢, which ensures the
boundedness of the maximal operator in generalized Morrey spaces. He also proved
the Spanne and Sobolev-Adams type theorems for the Riesz potential operator I,,.

In the present work, we prove the boundedness of the maximal operator M and
Riesz potential operator I, in modified Morrey spaces by using Guliyev methods
given in [9].
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2. DEFINITIONS AND PRELIMINARY TOOLS

Let f € L} .(R™). As usual we define the Hardy-Littlewood maximal function

loc

of f, M f, setting

Mf(e) = swp Bt [ |rwld,
t>0 B(x,t)

where B(z,t) denotes the open ball centered at = of radius ¢ for x € R™ and ¢ > 0.
|B(x,t)| = wpt™ and w,, denotes the volume of the unit ball in R™.
For 0 < a < n, we define the fractional maximal function

/ 1 ()dy.
B(z,t)

In the case « = 0, we get Myf = M f. The fractional maximal function M, f is
closely related to the Riesz potential operator

Iaf(a:)::/]R Sy 0<a<mn,

n o =y

Mo f(x) := sup | B(a, )
t>0

such that

a_q
Mo f(z) <wsn (Lol f)(2). (2.1)
The operators M, and I, play important role in real and harmonic analysis (see,
for example [1, 20, 23, 24]).
Definition 2.1. Let 1 < p < 00, 0 < A < n, [t]; = min{l,¢}. We define the

Morrey space L, »(R™), and the modified Morrey space L, »(R™) as the set of
locally integrable functions f with the finite norms

2
[fllz, s = sup 77| fllL, (B0, (2.2)
zER™,t>0
2
= 1= su tl;"? 2.4))s 2.3
1z, = s [ W, ey (23)
respectively.
Note that
Lp,O(Rn) = Lp,O(Rn) = Lp(Rn)v
Ly A(R") = Ly x(R") N Lp(R™)
and

max{||fl, ., [Iflz,} <l flz,

and if A < 0 or A > n, then L, »\(R™) = L, » = O, where O is the set of all functions
equivalent to 0 on R™.
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Definition 2.2. [3, 4, 10, 11] Let 1 < p < 00, 0 < A < n. We define the weak
Morrey space WL, 5(R"), and the modified weak Morrey space WL, x(R™) as the
set of all locally integrable functions f with finite norms

A
||f||WLp,A ‘= sup t ”fHWLp(B(z,t))a
xER™ t>0

_a
Ifllwz,, = sup [t "[Ifllwe,B@.e),
’ TzERN ¢
respectively.

Note that _
WL,(R") = WL, o(R™) = WL, o(R"),
Ly x(R™) C WLy Ax(R") and || fllwr, » < fllz,

Lya(R™) € WLpa(R™) and ||fllyz, , < Ifllz, .-

The following lemmas give some embeddings between Morrey spaces which were
proved in [14, 15].

Lemma 2.3. Let0<A<nand 0 <a<n-—\. Thenforp:”;)‘

« )

Lpa®") = Lin-a®"), [flLsn o < @i/ IfllL, -

Lemma 2.4. Let0 < A<nand0<a<n-—A. Thenfor"T_)‘Sp<g

Lpa(R") = Lyn-a(®), [l <7 Iflz, .

The following theorems proved by Guliyev in [9] will be our main tools to obtain
the boundedness of maximal operator M and Riesz potential I, in modified Morrey
spaces, respectively.

Theorem A. Let 1 <p<ooand f € LLOC(R”). Then for p > 1

Mty <€ [ 751 gy e (24)
t
and forp=1

M fllw i ., < Ct3 / " E N L e dr, (2.5)
t

where C' is a constant independent of f, x € R™ and ¢t > 0.

Theorem B. Let 1 <p<oo,0<a< % and f € LLOC(R”). Then

L f(@)| < C’t“Mf(x)—l—C/ P37 L B oy dr, (2.6)
t
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where C' is a constant independent of f, x and ¢.

3. BOUNDEDNESS OF THE MAXIMAL OPERATOR AND THE RIESZ POTENTIAL IN
THE MODIFIED MORREY SPACES

In this section we prove the boundedness of the maximal operator and the Riesz
potential in modified Morrey spaces L, ». We prove Theorems 3.1 and 2 with the
help of Theorems A and B, respectively.

Theorem 3.1. Let 1 <p<oo,0<A<nand f € I%)\(R").
(i) If p > 1, then the maximal operator M is bounded in L, »(R™).

(ii)If p =1, then M is bounded from ZL)\(R”) to WZLA(R”).
Proof. (i) Let 1 < p < co. From the inequality (2.4) we get

_2A
IMfllz, , = zeigpm[th "IM AL, ()

)

-2 5 e _E_
<c mpﬁhﬁa/ Al e dr

xER™ >0
2 o xtn
<c s WIS, mm/ / P25 -1dr}
TER™ >0 t
—C s [0, mingeF )
z€R™,t>0

n

A
=C sup [ty tPIIfIIL ]yt >
zER™,t>0

—Clflz, ..

‘U

which implies that M is bounded in EPVA(R”).
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(i) Let p = 1. From the inequality (2.5) we get

IMfllyz, , = sup M fllw L, (Bt

zERM,t>0

<C sup [N / el 12 P

z€R™ >0 t

o0 o0
<C sup [t]f%””f”z min{/ Tfnfldr,/ A lgr)
TER™,>0 b t t

=C sup [75]17>‘t"||f||z1 R min{t~", 7"}
Z€R™,t>0 :

=0 swp {7 fl, [
reR™ ’

€R™,t>0

:C”fHZL)\a

which implies that M is bounded from Ly x(R™) to WLy \(R™). O

In the following we give the necessary and sufficient conditions for the bounded-
ness of the Riesz potential in modified Morrey spaces.

Theorem 3.2. Let0<a<n, 0<A<n—aandl<p< ”T*)‘

(i) If 1 < p < =2 then condition & <

L_ 1o _a 4 necessary and sufficient
P . n
for the boundedness of the operator I, from L,

1
q -
A(R™) to Ly A(R™).

(i) Ifp=1< ";—>‘, then condition & <1 — % < 95 is necessary and sufficient
for the boundedness of the operator I, from L1 x(R™) to WL, A(R™).

- . —A
Proof. (i) Sufficiency. Let 1 < p < 222, & <

= < 2 and f € L,A(R™).
From the inequality (2.6) we get

1
qg — n—A\
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Iaflz, |

PN
= sup [t]; *[afllz,B@b)
zeR™ >0

= sup ([t]fk/ Iaf(y)|qdy>
z€R™,t>0 B(z,t)
[e%s} q 1/q
<C sup [t] (/ <7~O‘Mf(y)+/ Ta_p_IHfHLp(B(w,T))dT) dy)
z€R™,t>0 B(z,t) T

1/q
DN [e%e] n o] . q
<C sup [t];* (/ (ro‘Mf(y) +11fll7 Amin{/ Ta_F_ldT,/ Totis _1d7-}> dy)
z€R™,t>0 B(z,t) P r I

A

1/q
—2 n i A=n q
=C sup [t];"° (/ (ro‘Mf(y) + ||f||ZpAmin{ra’F,r % }) dy) .
B(z,t) '

r€R™,t>0

Q=

Q>

Minimizing with respect to r, with

I LA i T
T Mf(y) | Mf(y)

we have

”IafHZLLA

1_ _po 1— b q 1/‘1
_a ) M M "
<C sup [t];* / min{ fw(y) ) fN(y) HIAE, ] dy
TER™,t>0 B(a,t) ”fHLp,A ”f”LW )

1—2 _2 P
<Clflz ° e;gp>0[t]1 NIMENL (B

)

Hence by Theorem 3.1(7) we have

1—2 P
~ q q
1aflz,, < CIAIL UL |
~Clfll, -

which implies that I, is bounded from L, x(R™) to Ly x(R™).

Necessity. Let 1 < p < "T_)‘, fe EP’A(R”). Suppose that I, is bounded from
Lyx(R™) to Ly x(R™). Let us define f,(z) := f(sz), [s]1.+ = max{1,s}. Then
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_2A
Ifsllz,, = meﬂi}’}%o[th "N fsll, (Bt

1/p
sup ([t]l)‘/ |fs(y)|pdy>
2ERM,t>0 B(x,t)
1/p
s"r sup ([t]f/\/ f(y)|pdy>
zER™ >0 B(z,st)

A 1/p
n st _
= baw ()" s (s [ e
>0 \ [t 2ER™, >0 B(z,st)

A
= sH 170 (3.1)

1>

and

Iafs('r) = Sia-[ozf(sx)a

1/q
Hafsllz, , =s™"  sup <[t]IA/ IIaf(Sy)lqdy>
’ B(z,t)

z€R™ >0

; A 1/q
—ote (B (6 [ (s
>0 \ [th 2ER™ £>0 B(sa,st)

2
—g g [s] 1‘17_,'_ ||Ioéf||zq,A .

By the boundedness of I, from Ep,,\(]R”) to EqJ\(R”) we get

_2A
”L’lf”Zq,A =5 Ml,i”lafsniq,,\

_2
< st d [5}1,1 ||f9 ||Zp,>\

A_ A

n i

< Cs B -

If % < é‘l’ &, then in the case t — 0 we have HIaf”ZM =0forall f e zn)\(]R”).

If % > % + 25, then in the case t — oo we have HI&f”Eq,A =0 for all f €

Ly A(R™).
Therefore we obtain & <

_ J T
S n—>A"

< |-

1
P
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(i) Sufficiency. Let p=1and & <1 — % < 2. From the inequality (2.6) we
have

Lo f(2)| < Ct*Mf(z) + C / P f s e dr
t

< Ct*Mf(x) + C| f|lg, , minft* ", A"}

LN R N
T Mf(x) | Mf(x)
we have

1—_a_ 1—a
i (MI@)\ T (MA@
Hoflm) < € (Ifllzm> | (fllzl,) Wl

Minimizing with respect to ¢, with

Therefore we get
Lo f(@)] < COMf (@) £11727. (3:2)

Using the inequality (3.2) and from Theorem 3.1(ii) we get

afltyz, = sup_ [ Maflfy L, o)

€R™,t>0

=supr? sup [t {y € B(a,t) : [Laf(y)| > 7}
>0  z€R"t>0

<supr? sup [t {y € B, t) : OO f () /) £5 " > r}|
r>0  xeR™t>0 LA

q
Y r
=supr? sup [t y € B(a,t): Mf(y) >
ST b ol (1) MFw) I
1
1—1
csprr [T}
< Csupr - 7
- T>F0) L1
_ q
=clfie

which implies that I, is bounded from L \(R™) to W L, x(R™).

Necessity. Let I, is bounded from ZI,A to WZQ(R"). We have
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DY
”IafsnwiqA = meﬂS%gI;o[t]l ! ”IaszW’L'q,A(B(z,t))

1/q
=supr sup [t / dy
>0 z€R”,t>0 {yeB(w,t):|Ia fs(y)|>r}
1/q
supr sup [t]l_)‘ / dy
r>0 zeR™,t>0 {yeB(zs,t):|I, f(sy)|>rs>}

, A 1/q
n q
=5 %4 sup (Hh) suprs® sup [ts]fA/

t>0 [t]l r>0 z€R™,t>0 {yeB(z,ts):|In f(y)|>rs>}

_a—n

A
= s sl Ia Sy, .-

By using the boundedness of I, from ZL)\(R") to qu’)\(]R”) we get

w2
Mafllwz, , =" 5[l 2 Mafullwz, |

w A

< o™ LIz,
at+Z—n -3

= oS Il -

Ifl < %—i—%, then in the case t — 0 we have ||Iaf||WEq L =0forall f € zl,)\(Rn).

If~1 > % + %5, then in the case ¢ — oo we have ”Iaf”WZM = 0 for all
f € LiAx(R™).
Therefore % <1- % < ﬁ O

Corollary 1. Let0<a<n, 0<A<n—a«a and1§p<”f;)‘.

(i) Ifl<p< %)‘, then condition & < %—% < 25

for the boundedness of the operator My, from L, »(R™) to Ly x(R™).

is necessary and sufficient

(i) Ifp=1< %7 then condition &+ <1 — % < %5 1s necessary and sufficient

n

for the boundedness of the operator M, from ZLA(R”) to quVA(R”).

Proof. Sufficiency of Corollary 1 is obtained from Theorem 3.2 and inequality (2.1).
Necessity. For the fractional maximal operator M, the following equality

Mafs(x) = SiaMozf(Sz)
holds.
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(i) Let 1 < p < =2 and M, be bounded from Ly (R™) to Ly A(R™). Then we

have

(1]
(2]
(3]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

[17]

A
IMafsllz, , =s""[sl  IMafllz, | -

By similar methods in Theorem 3.2 we obtain £ < % —

(i) Let M, be bounded from Ly y(R™) to W Ly »(R™).
Then we have

1
g — n—X\"

A
||]\404JIS||[/V’L'{LA =5 "q [S]f,+||Maf||qu,A'
Therefore we get & <1 — L < . O
q n
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