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APPROXIMATION BY THE BIVARIATE COMPLEX
BASKAKOV-STANCU OPERATORS

ISPIR NURHAYAT AND MANAV NESIBE

ABSTRACT. In this paper we study the approximation properties of the Stancu
type bivariate generalization of the complex Baskakov operators. We obtain
a Voronovskaja type result with quantitative estimates for bivariate complex
Baskakov-Stancu operators attached to analytic functions having suitable ex-
ponential growth on compact polydisks. Also we give the exact order of ap-
proximation.

1. INTRODUCTION

In the present paper we deal with the following type complex Baskakov operators
relating to divided difference of an analytic function f. For a complex valued
function f defined on [R,00) U D with Dp = {2 € C: |2| < R}, the complex
Baskakov operators defined by

Wa(r)(e) = 3 MV = D g a2 )
j=0

were studied in [8. pp.124-134]. Here the function f : [R,00) U D — C is analytic
in D and all its derivatives bounded on [0,00) by the same constant and also
has an expontential growth condition for all z € Dy and for j = 0, one takes
n(n+1)....(n+j—1) = 1. In [8], the Voronovskaja type results with a quantitative
estimate. The exact order of simultaneous approximation for these operators were
given. Considering the real Baskakov operators defined in [4], the classical complex
Baskakov operator is defined by

BnE=0+903 ("EY) (1) ¢ (B) s

k=0
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24 ISPIR NURHAYAT AND MANAV NESIBE

If z=xz,2 € Rand x > 0 then W,,(f)(z) = B, (f) (z). But if x < 0 then W,,(f)(2)
may be different from B, (f) (z) [8. page 124]. Therefore W, (f)(z) and B, (f) ()
do not necessarily coincide for all z € C. In [8], the approximation properties of
these operators were studied separately, under different hypothesis on f and z € C.
Furthermore, bivariate form of the operators W,,(f) given by (1.1) was introduced
and the results in univariate case were extended to the bivariate case for the analytic
functions on polydisks [8.pp.172-180].

The Stancu type generalization of the complex Baskakov operators were studied
by Gal et.all. [6] which are defined as follows

fl2l,zeC

(1.2)

where 0 < a < 8 and «, 8 are real numbers with independent of n, [zg, 21, ..., Tn; f]
denotes the divided difference of the function f on the distinct points xq, 1, ..., Tp.
In [6], Voronoskaja type result with quantitative estimates and convergence results
for the operators (1.2) attached the analytic functions on compact disks were ob-
tained. The similar results for complex Bernstein-Stancu polynomials in [7],[9], and
for complex Durrmeyer-Stancu and genuine Durrmeyer-Stancu operators in [13] and
[10] were obtained. In case of real variables, some approximation properties of the
Baskakov and Baskakov-Stancu operators were investigated in [1], [5],[11],[12] and
[14].

The aim of the present paper is to investigate the approximation properties of
bivariate complex Baskakov-Stancu operators of tensor product kind. We extend
the approximation results from the univariate case, obtained in [6] for the complex
Baskakov-Stancu operators, to the bivariate case.

First we present a few concepts in the bivariate case which are natural extensions
of the usual concepts in the univariate case. Let Dg; := {z; € C: |z;| < R;j, j = 1,2}
and Dp, x Dpg, denotes an open polydisk (of center 0 and radius R) where R =
(Ri, Ry) and |z1| < 71, 22| < ro,71 < Ry with 79 < Ry. Let also Dg, x Dg, =
{(21,22) € C?: |zj| < R;, j = 1,2} denotes the closed polydisk.

We defined the bivariate complex Baskakov-Stancu operators as follows

Wes( f) innJrl n+‘771) a a+1 a+j

= (n+p) n+fn+pn+p

1 — 1). -1 1)... ~-1
W (f) (24, 22 :ZZ nn+l)..(ntv-—1)ymm+1)..(m+p-1)

n+5) (m+ )"

o atl a+y'{ i v+l e 2Y 2b (1.3)
172 :

ntp ntpB T n+tp m+6’m+6""’m+5;f("')L

21
where f : ([R1,+00) U Dg, ) % ([R2,+00) U Dg,) — Cis analytic in Dg, x Dp, and
f has all partial derivatives bounded on [0,400) x [0,400), by the same constant,
and satisfies an exponential growth condition, namely | f(z1, z2)| < MeAlz1l+Az[z2]
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for all 27 € Dg,, 22 € Dg, and for v = 0,0 = 0, n(n + 1)...(n + v — 1) =
I,m(m+1)..(m+p—1)=1.

In this paper, we would like to obtain the exact order of approximation for
the operators given by (1.3) on compact polydiscs. First we give the order of
approximation and the Voronovskaja type theorems with quantitative estimate for
the operators W2/579(f) defined by (1.3). These results allow us to obtain the

exact order in approximation by the operators W;{‘ﬁm‘s( ).

2. AUXILIARY RESULTS
In order to establish the next results, we need the following auxiliary lemmas.

Lemma 2.1. ([6] Lemmal) For alln,k € NU{0}, 0 < a < g, z € C, let us define

nn+1)..(n+v-1 a o+l oa+v y
(e, 5y = 3 A D ) -

AR - , yeees ekl 2
~ (n+8) n+tB nt+B T n+p "

n )

where e (2) = 2F. Then V%8 (eg,z) = 1 and we have the following recurrence

relation:
nz + «

1
Vol (epg, 2) = ZT(L:;) (VP (ex, 2)) + mvna’ﬂ (ex, 2).
As a result,
nz + o nn+1)22 nz(l+2a)2? o?
Vnaﬁ (6172) = ’ Vna)ﬁ (627’2) = ( )2 + ( 2) 2
n+p (n+5) (n+p) (n+8)

Throughout the paper we use the two dimensional test functions e; ; : [0, +Qo) X
[0, +00) — R,e; j(x1,22) = e;(z1)ej(x2) with e;(z1) = 2% and e;(z2) = a3 for
i,j €1{0,1,2}.

Lemma 2.2. ([6] Lemma 3) For alln,k e NU{0}, 0<a<pg,z€C and|z|<T,

r > 1 then we have
Vel (er, 2)| < (k+ 1)lr*,

Lemma 2.3. For alln,m € NU {0} we have

Wﬁﬁ”"s(eo,o)(xl,xg) =1
nri + «
We:B:7,6 _ W ro
n,m (61,0)(3717372) 7’L+ﬁ
s mxs + 7y
Wﬁﬁm (eo)(w1,22) = s
n(n+1)ai  na(1+20) a?

a,3,7,6 =
Wain™" (€2.0) (@1, 22) (n+B)° " (n+p5)° i (n+ B)°
m(m+1)z3  mas (1+27) n 7

>07:9 (e 9 T1,T2) =
W (c02)( ) (m + 5)? (m+08)?°  (m+9d)>

n,m
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where €; ;(i,j = 0,1,2) are the test functions.

Proof. Considering Lemma 1 and using Barbosu method in [2], [3], it can be easily
proved. So we omit the details of proof. O

Lemma 2.4. Let f : [0,+00) X [0, +00) — R has all the partial derivatives bounded
by the same constant in [0,400) X [0, 400),then {W270 (f)} uniformly converges
to f on [0,7r1] x [0,72], for ri,r2 > 0.

Proof. Considering Lemma 3 we obtain

: 8,76 =

n,}rILIBoo HVVr(z)‘,vn’Y (eo,0> o 6070H7‘17"“2 - 0’
: B:7,6 =

nnlélgoo ||W7CLY,TI§L K (6170) B 61’0HT1,T2 o 0’
: 857,68 =

n,}rlzrgoo HVVSJn’Y (60’1) o eo’lHrhTz 0,

lim [[W3507 (e2,0 + €0,2) — (€20 + €02)|| . =0.
00 s 1,72
Hence by Volkov’s theorem in [15], we reach the desired result. u

Lemma 2.5. Forallv,p e NU{0},0<a<p3,0<vy<0d and |z1] <711, |22]| <719
and r1,79 > 1 we have

Wi (ev) (21, 22)| < (v + DY (p+ 1)lrrh.
Proof. Using the equality ey ; (21,22) = ex (21)e; (22) and by the definition of
W;ifl"y*‘s, from Lemma 2 we get the result. O
3. APPROXIMATION BY BIVARIATE COMPLEX BASKAKOV-STANCU OPERATORS

In this section we will give some convergence results with quantitative estimates
for the operators W57 (f).

Theorem 3.1. Let ng, mg € N and 3 < ng < 2R < 00, 3 < myg < 2Ry < o0
and v,p € NU{0},0< a<f,0<~vy<4. Suppose that f : ([R1,+oo) UERI) X
([Rz, +o0) U 532) — C has all the partial derivatives bounded by the same constant
in [0, +00) X [0, +00), analytic in Dg, x D, , that means f(z1,22) = 3070 >0 Cuu?Y 25,

1
for all |z1| < Ry, |22] < Ry and suppose that there exist M > 0 and A; € (R-’ 1) ,

AV AL
i = 1,2, with the property that |c, .| < M 1' '2 , for all vip = 0,1,2,..., (
vip!
which implies |f(z1,20)| < Me*|21l+ 420220 for gll 2y € Dg,, 20 € Dg, ). If
1 1
1 <7y < min ZO,AI}, 1<y < min{ﬂ;O,AQ} then for all |z1| < rq, |z2| <o

and n > ng, m > mg the sequence of the operators {W,‘j‘,’;ﬁ’”y"S (f)} s uniformly
converges to f on D, x D,, for alln > ng,m > mo.
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Proof. Using the results of Lemma 4 and page 159 in [6] we have

oo oo
|W3ﬁ’7’5(f)(zl,zz)| < ZZc,,’#W,fﬁ’%‘;(ey,#)(zl,Zz)

v=0 pu=0

MY S (v +1) (n+1) (r14r)" (r2Az)" < oo

v=0 pu=0

IA

where the last series is convergent for all n,m € N, |z1]| < 71, |22] < 72, n > ny,

> ith 1 <7y < mi o —1 , 1 <7y <min mo 1
m>m r min T
- 0 Wi =1 ! 2 ’ Al 2 2 A2

On the other hand, from Lemma 3 we have

lim Wo"ﬂ’% (F)(x1,22) = f(z1,22)

n,m—0o0

for all (z1,z2) € [0,71] x [0,72] and by the classical Vitali’s theorem we arrive at
{W2r9 (f)} is uniformly converges to f on Dy, x Dy, for all n > ng,m > mg. O

Now, we can give the following estimate in approximation for Wﬁ‘;ﬁ (f) to f..

Theorem 3.2. Let 0 < a < g, 0 <~ <. Suppose that the hypotheses are same
on the function f and on the constants ng, mqg, Ry, Ro, M, Ay, As in the statement
of Theorem 1. Then

1 1
(i): Suppose that 1 < r; < mm{ 5 A1} 1<ry < rmn{ 5 A, } Then

for all |z1] <711, |22] <72 and n > ng, m > my we have

|W‘””5 z1,22)—f(21,22)}
o+ ﬂrl AT’l (f) aBTl (f) BCM (f)

7+ dra A, (f) + VB, (f) + 6CY, (f)
m+4 m—+4d m—+ 4 m+4

F”‘l;TZ (f) +
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where

o0 oo
Dy\ 7y (f) = Z Z ‘Cl/,lt| rTilrg < +o00,

v=1 pu=0
(oo} oo
Fomn(f) = Z Z eyl Y (v 4 1)! < oo,
v=0 pu=1
A () = @+1)D D lewpulv v+ D rh < +oo,
v=1 pu=0
A, (f) = (147 Z Z lew 1 (1 + DIrf ™ < 400,
v=0p=1
B, (f) = ZZ ey u| vl < 400,
v=1 pu=0
B (f) = >3 lewulprd™ < +oo,
v=0pu=1
Co () = D2 levulvrbry < +oo,
v=1 pu=0
Coo (f) = DD levulprh < +oc.
v=0pu=1

1
(ii): Let vi,va € Nbe withvy +va >1and 1 <1 <r} < min{T;O,A},
1
. mg 1 .
1 <ry <71} < min SRR be arbitrary fixred. Then for all |z1| < rq,
2
|z2| <712, n>ng and m > mgy we have

3V1+”2Wﬁ7’£’7’5(f) (Z ; ) B 3V1+uzf (z ; )
0271 0z5? =2 02710z =2
| |
@,8,7,6 v va:
S Cﬁ‘,r;,n,m(vf) (T‘T B 7’1)V1+1 (’I"; - ’I"g)”2+1
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where the constant

Cro (f)
A e w1, A (f) aBe (f)  BCy (f)
o+ ;;‘Cu,ﬂ(ﬁ) (r3)” + n+ 0 + n+p + n+p

+57” 1 AT%‘ (f) ’YBrg (f) 507’; (f)
m+52;0,;'6”“ YO ) SR T S

(I’I'Ld A'r‘f (f); AT; (f)7 BTT (f)7 BT; (f)7 C?"f (f)) C?"§ (f) Z'S given as the
above.
Proof. (i) Denote e, ,,(21,22) = e,(21).€,(22) where e, (t) = t. From Lemma 2 we
get
|WelBt 0 (£) (21, 22) — f(z1, 22)|

S ZZCV,MWS;ZFY(s S 21722 chy,uey,u Z1722)
v= O,u, 0 v=0 pu=0
< ZZ |cu,u |VVO(’B’Y(S euu (21722) _eu,u(21722)|

v=0 p=0
taking into account the estimate
_ja+Pr r( + T) ka kB
Vo‘ﬁe ) —en(z)] <k & + E(k+DrF24 rk1 r
for k € N, |z| < r, r > Lin the proof of Theorem1 in [6] for all |z;| < r; and
|z2| < ro and using Lemma 1 we obtain

’Wa,ﬂ,% v (zl’zz) — el,,u(zhzz)’

WP (en) (21) W () (22) — 27 25

< I ) o) = W) )2
+|Wa5 (ey)(21).25 — 27 22|
< [Wif(en)(z1)]- \WV’ (eu)(22) — 25|
+ 241 |WO"’8 (e,)(21) zl”}
1’Y+6T2
< 7 (v+1) [ —

r2 (1 +172) -2 MY -1 o
1!H H M
+ —— w(p+ D)lrk —|—m+5r2 +m+5r2
_ja+fBry
4k vt
2[1 n+p

! (1 +T1) v—2 vee 1 v
Pl S 1)! v
* n+ 3 vy +1in +n+ﬁrl +n+ﬁrl



30 ISPIR NURHAYAT AND MANAV NESIBE

which from the conditions on the coeffients c,,,, implies

|Waﬁy6 (21, 22) = f(21, 22)|

< ZZ ol | W70 (e, ) (21, 22) — ew (21, 22) |
v=0 =0
< ;);)cm{rl (v +1)! { 17_:?;2+T2£j:;2)u(u+l)!r’;_2+mu_zér’;_l
+mu_i5r§} + g{f‘m‘niﬁgl ”S:B”) (v + 1)l =2 & nlfﬁr;—l
)
T )+ g T

which proves (i).
Here, the analyticity of f implies that the series Dy, r, (f), Fryro (f)s Bry (f),
B, (f), Cr, (f), Cr, (f) are convergent and the convergency of A, (f), A, (f)
v AL
I ul2 :
(ii) Now we give the rate of convergence in simultaneous approximation. Let
1<r <rf<Ri,1<ry<ry < Ry. By the Cauchy’s formula we get

follows from |c, .| < M

8V1+V2W7?’,£’%5(f) 8V1+V2f
oo ) pg (1 2)

< duydus

V1!V2! / / ‘Woc,ﬁ'y, Ul,’LLQ)—f(Ul,UQ)’

(27i)? vatl

luy — 21| ug — 2o
[ug—z2|=r5 |ui—z1|=r]

passing to absolute value with |z1| < r1,]22] < r9 and taking into account that
|up — 21| = r§ — 71, |uz — 22| = 5 — ro, by applying the estimate in (i) we obtain

8”1+”2W3ﬁ’%5(f) (Z . ) B au1+u2f (Z ) )
0271 025* =2 0271 025* =2
| |
a,B,7,8 V1 Vg
< C’I‘I,TQ,’I’L m(f) (TT . 711)1/1+1 (T,zk B rz)ug+1

which proves the theorem. [l
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The second result is about the Voronovskaja-type theorem for operator (1.3).
This Voronovskaja-type formula will be the product of the parametric extensions
generated by the Voronovskaja-type formula in univariate case in Theorem 2 [6].
Thus, for f(z1,22) defining the parametric extensions of Voronoskaja formula by

ng’B(f)(ZhZz) : ZWS’ﬂ(f)(wZz)(Zl)—f(217z2)

a— Bz Of 21(1+2) 0% f
TRAB 0 T T g e v )
zzLZlé(f)(Z1;Z2) L= W%’é(f)(zh )(22) = f(21, 22)

_W_(SZ?ﬁ(z Z)_Z2(1+Z2)&(z %)
m+6 0z 77 om 923

their product gives

ZzL?ﬁé(f)(zla 22) Oz, Lz’ﬁ(f)(zla 22)
_ 2
— Wy [Ws’ff(f)(.,@)(zl) flam) - POy Zl““””(zm)}

nt B 0n on 022
=Wt (D en) = Jarzn) - S B oy - O T, )
—% e (G5 m) G- Tt - B (2
g (e

— B, — E, — Es.

By simple calculation we can write

2 L3 () (21, 22) 02 Ly P (f) (21, 22)
= W (f)(z1,22) = W* (f) (21,) (22)

- of 1+ 9

2
W) 22) )+ for, ) + D oy ORI O

+ﬁ<9 0 0
2 2

zz(l—&-zz)a—ﬂmﬁ af 21(1+zl)22(1+22) O f
2m n+ 6 025 \ 0z (21,22) + 2n 2m 022023 (21, 22)

from which can be derived the commutativity property

2 L () (21, 22)02, Ln (f) (21, 22) =2, Ln(f)(21,22)02, Lin (f) (21, 22).
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The Voronovskaja’s theorem can be stated as follows.

Theorem 3.3. Let 0 < a < 5,0 < v < §. Suppose that the hypothesis on the
function f and on the constants ng, mo, R1, Ro, M, Ay, As in the statement of

1 1
Theorem (1) hold and letl<r1<m1n{n2 Al} 1<7"2<mm{7r2l0 Az} be

fixed. For all n > mng, m > my and |z1] < 11, |22 < r9  we have the following
Voronovskaja-type result

2o L3 (F) (21, 22) 02y LOP(f) (21, 22))|

1 1
7+ 2
(n+p) (m+9)

6
1 1
<M () |+ | 30 M ()
k=2

where
My gy (f) 0 =16MY > (r141)” (reAo)" (v = 1)(v = 2)* (n+ 1) < +o0,
1/*2#*0
v—1
Moo () ¢ =030 () (rade) U (4 1) < oo,
v=2 pu=0
My r, (f) - —2CYMZZ (r1 A1) "% (r2A2) V? (1) 17 < +oo,
v=2 pu=0
My, (f) (5 +25>MZZ AN T (1A P (v + 1) (n+ 1) 12 < +oo,
v=2 pu=0
TlAl v—2
Mgy, (f) —aﬁMZZ (r2A2)" (n+ 1) 7y < oo,
v= 2;1, 0
(r14y)
Moy, (f) = =8 MZZ 141) T2A2) (p+1)7? < +oo0.
v=2 pu=0

Proof. By the hypothesis we can write f(z1,22) = > oo fo (22) 2¥, where f, (z2) =
92

52
> oo Cuuy - Tt follows 922 J;(zl,zQ) =3 fu(z)v(v—1)2"an 8 ‘2(21,22)
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[e’e] 82fl/ v 82fl/ [e'e] —2
>0 ng (22) 21, where 923 (22) = Zﬂzz coutt (B —1) 257,

Y S
(%((%) (21,22) = o2 <ZVZ 'y Zz)

v=1

o1 Py
= Zl/zl 1872;%(2:2)

v=1

= > > A p(p-1)24"

v=1p=2

%(21, 29) = Zzozl Vzly_lf,, (22). This implies that W,f"ﬂ(f)(., 29)(21) = ZEO:Q 1o (22) Wﬁ"ﬂ(ey) (z1)

and

a— Bz Of 21(1+2) 0% f

WP ()., 22)(21) — f(z1,22) — w15 0m —(21,22) — 027 (21, 22)
= W) () 1) = fanyza) - LT )
HVES (1) 2)(e1) = Wal) o2) (o) = =22 2 oy )

_ qu ) ny 2) —szm)v(ufl)zr?

v=2

+qu (D WE(e) (1) = 3 (o) W) (1) — S22 EDNEQAC

- qu ) { (ev) (Zﬂ—e,,(zl)—% (v—1)2" 2]

a— Bz

+ny 23) [ P(ev) (21) = Walew) (21) = n+p Vzlul]
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Applying WJL‘S to the last expression with respect to zy, we obtain

o0

Bi = WA () () | Wale) (1) = (o) -

v=2

z1(1+ 21)

5 vv—1)z" 2}

E 3 () ) W) ) = W) (o) = S

= Z Z o WP () (22) | [Walen) (21) — ey (21) — Mu (v—1)202
2n

pn=0

- Z (sz (e) <z2>> W) (o) = Walen) a1) = S22t

Passing to absolute value with |z1] < rjand |z2| < ry and taking into account the
estimates in proofs of Theorem 2.4.2 in [8. pp.175-176], it follows

Bl £ Sl (oot 1 [FERE D=2

v=2 =0 ’I’L2
(v—1vla? , 5 202!
+ZZ" R TPy AL T
v? (v +1)! (/3 2) viv-1)aB ,, v(-1)p ,
Farar 2 P e
= ni ST 16M (Air)” (Agra)” (v = 1)(v = 2)% (n + 1)
v=2 pu=0
(n+ 5 a2 Z Z M (Arm)” '(AQTQ) (p+1) [(V — ;)VIQQ + 20020y
v=2 pu=0 ’
2
+2 (v +1)! (62 + 25) P4+vv—1)afr +v(v—1) 527"%}
Similarly,

By < 2ZZlGM“A—(”A”“(v—1)(1/—2)2

pu=0rv=2

(Ayry)"™ (TQAg)” (v —1)vla?
2 Z Z M T 5 +2a? (v + 1)y
pu=0rv=2

2
+ (52 + 2ﬁ) virf +v (v —1)abr +v(v-1) 527"%]




BIVARIATE COMPLEX BASKAKOV-STANCU OPERATORS 35

Then
0> — (0?
wet (S e - 3 (G 2>) Wi o) (o)
= Z Z ot (1 W (ey) (1)
v=0p=2
and
0? 0?
{Wﬁ’ﬁ <8 J;( 22)) (21) — 8z§(zl’22)
a— Bz 0% [ Of 2(1+21) 0% [(0*f
e () v = 25 (w) Wﬂ
= ZZCV”M/L(‘LL— 1) 2472 Wb (e) ZZCD pht (1 572 (e) (21)
v=2 pu=2 v=2 pu=2
=Bz , ez A0t 2) eSS, e
'ﬂ—‘rﬁ Vz:luz:gcuu 21 1) 2TL ;;Cwuzl /J“(/J“ 1)
= SN a1 [Wsﬁ (€) (20) = ) (o) = =22y
v=2 pu=2
AT () (- 1)]
2n

which again by Theorem 2.4.2 in [§], implies

1 1M A A
By < r2ifrs) ”2 0 ZZ ’"2 A A2 ) - 1) - 2)2

l/2[l.2

7’2 7”‘1 T9 A9 vV — V.a2
“; L Sy [

v=2 pu=2

2
+2ar?r (v + 1)+ (BQ + 26) viri +v (v = 1) afr +v (v —1) 527“%}

Interchanging above the places of n and m, by reason of symmetry, we get a similar
order of approximation for |., L3?(f)(21, 22) 0z, L7 (f)(21, 22)|.

In conclusion if we use the commutativity property of ., L0 (f)(z1, 22)0., L&P(f) (21, 22),

|z2Lz{5(f)(217 22) 0z, Lg’ﬁ(f)(le’ 2’2)|
|E1| + | Ea| + | B3

6
1 1
Mla?“lﬂ”z (f) |:n2 =+ TI’L2:| + ZMk‘J‘hT‘z (f)
k=2

IN

1 1
2+ 2
(n+p) (m+9)

IN
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where the series M; ,, », (f),1=1,2,3,4,5,6 given by the statement are convergent

Ay Al
due to |c, | < M2, O
’ vy

The following theorem will be useful to find exact order of approximation by
Wi (f).-

Theorem 3.4. Let0 < a < 3,0 <~ <J. Suppose that ng = mg and the hypothesis

on the function f and on the constants ng, mg, R1, Re, M, A1, As in the statement

1 1
of Theorem 1 hold and let 1 < r; < mm{ } 1 <r < mln{m }

2 A 2 A,
be fized. Denoting ||f|,, ., = sup{|f(z1,22)];|z1] < 71;]22| <72} and f is not a

solution of the complex partial differantial equation

2
(a—Bz1) 37{(21’22) + z1(12+21)(22§(2hz2) + (o = Bzo) %(21722)

+ 29) 02
+7( 2) {(21,22) =0, |21 < Ry, |22] < Ry (3.1)
2 075
then for all n > ng we have

B
a1, = mm

T1,T2 T n
where Kf‘*i ¥ depends only on f, a, B, r1, r2.

Proof. For all |z1] <71, 22| <72 and n € N, we can write

Waf(f)(zl,,?}g) — f(z1,22)

2 [ 22(1 + z3) 02 14+ 21)0

= n{wazg(zhzz)*‘(;l)&g(zhw)
n(a— PBz) Of n(a—Bz) of
20 05 g 9 0

n2

+2 { L3 () (1, 22) 0 L2 (f) (21, 22) | + R () <zm>}
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where
R (f) (z1.22) = WP (f)(2)(21) — f(21,22)
B B 1
- +ﬁﬁzl L o1, - %Zzl)a flon )
+WEP(f) (z17 ) (22) = f(21, 22)
Ca-Bnof 2ol +2) 0°f
ni B 0m 0 T T gt
1 o A
g o (o) - o)
1 o A
(2—7'; 21) [W,’fﬁ <82Jg(21, )) (22) — aZJg(Zle?)}
(1 + Z1) Zg(l + 22) 84
- o 920 (21,22)
_ B) 9
555 e (i) - o)
z(l+22) a— Bz 0> (Of
TR EY: 823(321> (1.22)
By using Theorem 2.4.3 in [8] and Theorem 3 in [6] immediate that | R, (f)|| -

T1,72
0 as n — oo. Also, by Theorem (3) we obtain

| Z2 P ()1, 22) 0 L2 (D) 2],

Ml,r T (f)
S 12 2 n + /8 2 Z k,r1, T2
which implies
2 || n? a o8
E 4 [Zan (.f)(zth) Oz Ln7 (f)(zlsz)] +Rn (f) HO,aS n — o0.
71,72
Denoting
29(1 + 29) 02 f n(a— Bz) Of
H = = 747 pi S et v
(21,22) 1 92 %( 21, 22) + 2(n+p) 02 ——(21,22)
zl(l—i—zl)@ n(a—Bz) Of
T e R T S0 9, )
and taking into the inequalities
1F+ Gl oy 2 |1y — Gl | 2 1F oy = G
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it follows
2 2
Wl (f) )=l = % wgg(m,zzpr@gé(zhzz)
n(a Bz) Of n(a—pBz) 0f
2(n+ﬁ) (Z1’22)+W371(Z1’22)
2

+ 422

> = E || ||r1,r2

2 | ||'r1,7‘2

for all n > ng, with ng depending only on f, r; and ro. We used here that
by hypothesis we have ||H|| > 0.For n € {1,2,...,n9 — 1} we obviously have

71,72
a,B
) ri,r2, f a,B ) i
R0~ 11, > et i g W) ], > 0. wich
B
finally implies |[W.27(f) er”Q > —2d for all p o€ N, where Kfl’ﬁm P =
" :
B B8 - B8
m1n{||HHT1 ry s N v, f,2 Nrahm)f,...,"o lNng,f} 0

Combining Theorem 2 with Theorem 4 we obtain the following exact order.

Corollary 1. If f is not a solution of equation (8.1), then the exact order in
approximation by the bivariative complex Baskakov-Stancu operator W,‘j‘f( f)in o

Note that, for « = = 0,7 = § = 0, the Theorems 2,3 and 4 become the results
in the book [8. pp. 172-179].
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