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MULTIPLE POSITIVE SOLUTIONS FOR A MULTI-POINT
DISCRETE BOUNDARY VALUE PROBLEM

JOHNNY HENDERSON, RODICA LUCA AND ALEXANDRU TUDORACHE

ABSTRACT. We study the existence and multiplicity of positive solutions for
a system of nonlinear second-order difference equations subject to multi-point
boundary conditions.

1. INTRODUCTION

We consider the system of nonlinear second-order difference equations

(S) Azun71+f(n7vn):07 ’I’L:1,N—1,
A%, 1 +g(n,u,) =0, n=1,N —1,

with the multi-point boundary conditions

P q T l
(BC) Uy = E agg,, UN = g bity,, vo = g Civ¢,, UN = g div,,,
i=1 i=1 i=1 i=1

where N € N, N > 2, p,q, 7,1 € N, A is the forward difference operator with
stepsize 1, Aty = Upi1 — Un, A%Up_1 = Upy1 — 2Uy + Up_1, and n = k, m means
that n="Fk, k+1,...,mfork,meN, ¢ eNforalli=1,p,n, € Nforalli=1,q,
(;eNforalli=T,r, p;eNforalli=1,1,1<¢ <...<{ <N-1,1<p <
< SN-1L1<G << <N-land1l<p <---<p <N-1
Under some assumptions on f and g, we prove the existence and multiplicity
of positive solutions of problem (S) — (BC), by applying the fixed point index
theory. By a positive solution of (S) — (BC), we understand a pair of sequences
((un)p—v7> (Vn),—g) Which satisfies (5) and (BC) and u, > 0, v, > 0 for all
n =0, N and max,, g Un > 0, max,, _gxvn > 0. This problem is a generalization
of the one studied in [2] where a; = 0 for all ¢ = 1,p and ¢; = 0 for all i =
1,7. In the last years, some multi-point boundary value problems for systems of
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nonlinear second-order difference equations which involve positive eigenvalues have
been investigated. Namely, in [4] and [5], by using the Guo-Krasnosel’skii fixed
point theorem, the authors give sufficient conditions for A, y, f and g such that the
system

{ A%y, g+ /\snf(n,un,vn) =0, n=1,N —1,

S J [t A
(51) A%, + ptng(n, un,v,) =0, n=1,N —1,

with the boundary conditions (BC) has positive solutions (u, > 0, v, > 0 for all

n = 0,N and (u,v) # (0,0)). They also study here the nonexistence of positive
solutions of (Sl) — (BC). In [3], the system (S) with f(n,v,) = Gof(vn) and
g(n,u,) = dng(un) has been investigated with the boundary conditions aug —
BAuyg =0, uy = Zi=712 a;ug, + ag, Yvo — 0Avy = 0, vy = Zi:f bivy,, + by where
ag, bp > 0. In this last paper, the existence of positive solutions is proved by using
the Schauder fixed point theorem and the nonexistence of positive solutions is also
studied.

The paper is organized as follows. In Section 2, we present some auxiliary results
from [4] which investigate a boundary value problem for second-order difference
equations (problem (1) — (2) below). In Section 3, we prove our main results, and
an example which illustrate the obtained results is given in Section 4.

2. AUXILIARY RESULTS

In this section, we present some auxiliary results from [4] related to the following
second-order difference system with multi-point boundary conditions

Ay 1 +yp=0, n=1,N—1, (2.1)
P q
Uy = Zaiu§i, Uy = Z bity, . (2.2)
i=1 i=1
Lemma 2.1. ﬂ4]) IfAy = (1= 320 bi) 320 aidi+(1 = 300 aq) (N = 300, bin;) #
0,1 <& << <N-1,1<n< ~--<nq<N—1andyn€]Rf07’all

n = 1,N — 1, then the solution of (2.1)-(2.2) is given by u, = Z;\:ll Gi(n, j)y;
for alln =0, N, where G is defined by

q q P
All (N —n) (1 Zbk> +Zbi(N77i)‘| Zaigo(fiaj)
i=1 i=1
n(l—}ﬁ) +Zazs] > bigo(n;, ), n=0,N, j=TN -1

G1(n,j) = go(n,j) +

+7

(2.3)
and
J(N=n), 1<j<n<N,
{n(N—j), 0<n<j<N-1
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Tbi<1,1<6 <& << SN-1L 1<y <n<---<n, <N-1,
then the Green’s function Gy of the problem (2.1)-(2.2), given by (2.3), satisfies
Gi(n,j) > 0 for alln = O,N, j = 1,N —1. Moreover, if y, > 0 for all n =
1, N — 1, then the unique solution u,, n = 0, N, of the problem (2.1)-(2.2) satisfies
Uy > 0 for alln =0, N.

Lemma 2.3. ([4]) Assume that a; > 0 for alli = 1,p, > % _ja; <1, b; >0 for
alli=T1,q, )0 1bi <1,1 <6 <& << <N-1,1<n <np<--<
Ny < N — 1. Then the Green’s function Gy of the problem (2.1)-(2.2) satisfies the
inequalities

a’) Gl(naj) S Il(j)’ anO,N, J: 1,N_ ]-; where
: 1 - - .
5(5) = 90(4,4) + (N - Zbim) > aigo(&;, )
1 p
“I‘E <N Zaz N f ) szgo My J
=1

b) For every c € {1,...,[N/2]}, we have
min Gl(n J) >71‘[1( )>’71G1( /7j)a vn' =0,N, j=1,N—-1,

n=c,N—c

Lemma 2.2. ([4]) Ifa; >0 for alli =1,p, >0 _a; <1, b; >0 foralli =1,q,

where . v
vlzmin{ ¢ 7 c(T=23"k 1 be) +300 bi(N*m)’
N-1 N =3 bing
c(1—3% lak)+2€—1ai§i}>0
N =37 1 ai(N=§) .

Lemma 2.4. ([4]) Assume that a; > 0 for all i = 1,p, % ja; <1, b; >0
foralli =T1,q, Y110 < 1,1 <& <& < <§ <N-1,1<n <
Ny < - <my <N—=1,ce{l,....[N/2} and y, > 0 for all n = I,N —1.
Then the solution u,, n = 0, N, of the problem (2.1)-(2.2) satisfies the inequality

min _ w, > 7y; Max Up.
n=c,N—c m=0,N

Similar results as Lemmas 2.1 - 2.4 above are also obtained for the discrete
boundary value problem

A%, 1 4+h,=0, n=1,N —1, (2.4)
r l
vy = Zciva UN = Zdiva (2.5)
=1 i=1

where 1 < (; << (. <N-1,¢>0fori=1,r,1<p, <---<p <N-—1,
d; >0 fori=1,land h, € R for all n = 1, N — 1. We denote by Ay, v,, G and
I, the corresponding constants and functions for the problem (2.4)-(2.5) defined in
a similar manner as A, v;, G1 and Iy, respectively.
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3. MAIN RESULTS

In this section, we give sufficient conditions on f and g such that positive solu-
tions with respect to a cone for our problem (5) — (BC) exist.
We present the basic assumptions that we use in the sequel
(A1) 1 <& < <€, <N—-1,a;>0foralli =T1,p, >0 ja; <1,1<m <
-<n, <N-1, bi>0foralli=1,¢q, > 7 b;<1,1<(<--<(. <
N-1,¢g>0foralli=1,7r, > <1, 1<p <---<p <N-1,
d; >0foralli=1,0, Y di<1.
(A2) The functions f, g : {1,..,N — 1} x [0,00) — [0,00) are continuous and
f(n,0) =0, g(n,0) =0, foralln =1, N — 1.

The pair of sequences ((un)n:ﬁ, (vn)nzﬁ>, Uup >0, v, >0foralln=0N

~)

is a solution for the problem (S) — (BC) if and only if ((un)n o (Un) e

Uy > 0, v, > 0 for all n = 0, NV is a solution for the nonlinear system

Up = Z Gi(n,9)f(i,v;), n=0,N,

Up = Z Ga(n,i)g(i,u;), n=0,N.

Besides, the system (3.1) can be written as the nonlinear system

N— N-—
Un =Y Gi(n,i)f | i, Ga(i,5)g(j,u;) | , n=0,N,

N-1
= Z Ga(n,i)g(i,u;), n=0,

=

We consider the Banach space X = RV+1 = {u = (ug, U1, ..., un), u; €ER, =0, N}
with maximum norm || - ||, [Jul| = max [u;|, for u = (un),_g7, and define the cone

=0,

PcXbyP={ueX, u=(un),_g
We also define the operators A : P

, Up >0, n=0,N}.
X,B:P—-XandC:P — X by

=

A((wn),w) = ZGW iy Y Galis )9, uy) ,

B =1 n=0,N
B ((wn) i) = (Z Gl(n,i)ui>

| ,c((un,LON)<ZG2m )

Under the assumptions (A1), (A2), using also Lemma 2.2, it is easy to see that A,
B and C are completely continuous from P to P. Thus the existence and multiplicity

n=0,N n=0,
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of positive solutions of the system (S) — (BC) are equivalent to the existence and
multiplicity of fixed points of the operator A.

Theorem 3.1. Assume that (Al) and (A2) hold. In addition, we suppose that
there exists ¢ € {1,...,[N/2]} such that the following assumptions are satisfied
(A3) There exists a positive constant p1 € (0,1] such that

N e - f(n,u) . g(n, u)
L . — — a0
i) foo = lim inf = (0,00]; i) gh = liminf i e %%
(A4) There exists a positive constant q; € (0,00) such that
, : f(n,u) . . g(n,u)
i) f5 =limsup max ————= €[0,00); i) g5 =limsup max “———= =0
) Jo uHo+pn=1,N—1 ud [ ) ) 9 uéo+pn=1,N—1 ul/m

Then the problem (S)—(BC) has at least one positive solution ((un)n:oT\,, (Un)n:W> .

Proof. From assumption i) of (A3), we deduce that there exist Cy, Cy > 0 such
that

fn,u) > CruPt — Coyy, YVn=1,N —1, u€0,00). (3.2)
Then, for v € P, by using (3.2), the reverse fE)rm of Cauchy inequality and
Lemma 2.3, we have for p € (0, 1] that there exist C7, C5 > 0 such that

N-1 -1

(Au),, > CN'l Z G1(n,1) Z Ga(4,5))P (9(j,u))Pr | —C3, Yn=0,N, (3.3)
j=1

=1

Now we define the cone Py = {u € P; min,_cx—u, > 7||ull}, where v =
min{vy,, 75} and 7,, v4 are defined in Section 2. From our assumptions and Lemma
2.4, we conclude that for any y € P, y = (yn)n:m, the sequences u = B(y), u =
(Un),—gw and v = C(y), v = (vn),_g satisfy the inequalities min,_x—u, >
Yillull = Yllull and min, _zx—vn = Yool = [vll. So u = B(y), v = C(y) € F.
Therefore we deduce that B(P) C Py, C(P) C P.

We denote by u* = (uy,),_g the solution of the problem (2.1)-(2.2) for y° =

() p—tn—1» Un = 1 for n = 1, N —1. Then by Lemma 2.2, we obtain uj =

Zfi_ll G1(n,i) >0 for all n =0, N. So u’ = B(y°) € P.

Now let the set M = {u € P; there exists A\ > 0 such that u = Au+ Au"}. We
shall show that M is a bounded subset of X. If u € M, then there exists A > 0
such that u = Au + Au®, u = (un),,_gx, With u, = (Au), + Auj, for all n =0, N.
Then we have u,, = (Au), + M’ = (B(F(u) + A\y°)),, for all n =0, N, so u € Py,
where F' : P — P is defined by (Fu), = f (n, Zf\!ll Gg(mi)g(i,ui)), n=0,N.
Therefore M C Py, and from the definition of P, we deduce

1
Ju £ = min_ un, Vu=(un),_55 € M. (3.4)

n=c,N—c
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From ii) of assumption (A3), we conclude that for g = 2/(Cymimay,75") there
exists Cy > 0 such that

(g(n,u))P* > ggu — Cy, Yn=¢,N —¢, u € [0,00), (3.5)
where my = SN ¢ 11(i) > 0 and mg = SN _(Iy(3))P* > 0.

For w € M and n = ¢, N — ¢, by using Lemma 2.3 and relations (3.3), (3.5), it
follows that

~ N-1 N-1
>C1 )y Gi(n,i) (G2(i, 7)) (9(J, u;))" | — Cs

=1 j=1

N—c N—c

>0, Z G1(n,1i) (G2(i,9))"* (9(J, ug))™* | —Cs

Jj=c
_ N—c N-—c
= Cp ) Gi(n,i) vy (I (5)P (9(g,ui))™ | = Cs
i=c Jj=c
N N—c N—c
> G117y Z I (7) (I1(5))" (eou; — Cy) | — C3
i=c j=c
N-—c N—c
> e (S 10) o | min -
i=c j=c J=eN—c¢
= Ciy175 eomime min u; —Cs =2 min  u; — Cs,
j=c,N—c j=c,N—c

where C5 = C3 + 5’104717’2’1m1m2 > 0.

Hence min, o= Un > 2 min,_—x—; u;j — C5, and so
min  u, <C5, Yue M. (3.6)
n=c,N—c

Now from relations (3.4) and (3.6), we deduce that [|ul| < min,_F—un/7v <
C5/~ for all u € M, that is M is a bounded subset of X.

Therefore there exists a sufficiently large L > 0 such that u # Au + Aug for all
u € OB, NP and A > 0. From [1] (see also Lemma 2 from [6]), we conclude that

i(A, B, N P,P) =0. (3.7)

In what follows, from assumptions (A4) and (A2), we deduce that there exists
My > 0 and 7 € (0,1) such that

f(n7u) < Mou™, Vn=1,N -1, u € [071]a

g(nau) < 51u1/q1, Vn = 17N - 17 u € [0751]7
where €1 = min{1/Ms, (1/(2Mo M MG )0} > 0, My = YY1 1(G), My =
>0 Ia()-

(3.8)
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Hence, for all u € Bs, N P and i = 0, N, we obtain

N-1 N—1
G2 (i, 5)9(j4, uy) <612G213 /QI<51212 ' 14/‘11§61M2||u‘|1/q1§1'
J=1 Jj=1
(3.9)
Therefore, by (3.8) and (3.9), we conclude

N-1 N-1
u)n = Z Gl(nvl)f i, Z G2(i’j)g(j7uj)

q1

N-1 N-— N-1
< My Z Gi(n, i) Z Ga2(i,5)9(suy) | < Mot M3 [Jull Z I, (i)
i=1 i=1

= Moei" My Mg |Jull < QHUH, Vué€ Bs, NP, n=0,N.
This implies that || Au|| < ||ul|/2 for all w € Bs, N P. From [1] (see also Lemma
1 from [6]), we deduce
i(A,Bs, N P,P) =1. (3.10)
Combining now (3.7) and (3.10), we obtain
i(Av(BL\Bé1)mP7P) :i(AvBmeap) _i(A7B51 ﬂP,P) = -
We conclude that A has at least one fixed point u' € (BL\B;,)NP, u* = (uy,), g,
that is d; < ||ul]] < L. In addition, we obtain ||v!| > 0, where v! = (v}l)n:m,
with vl = 221\2—11 Ga(n,i)g(i,u}) for all n = 0, N, and then (u!,v') € P x P is a
positive solution of (S) — (BC). The proof of Theorem 3.1 is completed. O

Theorem 3.2. Assume that (Al) and (A2) hold. In addition, we suppose that
there exists ¢ € {1,...,[N/2]} such that the following assumptions are satisfied
(AB) There exists a positive constant r1 € (0,00) such that

: : f(n,v) y . 9(n, u)
1) f3 =limsup max ——= €[0,00); i) g5, =limsup max ——— =0;
) foo u—»oop n=L,N—1 u" [ ) ) Joo u~>oop n=1,N—1 ul/m
e following conditions are satisfie
A6) The followi diti tisfied
f(n,u) g9(n,u)
=liminf min ———= € (0, 0]; = liminf min = 00.
) fO u—0+t n=¢c N—c u ( } ) go u—0% p=¢,N—c U

Then the problem (S)—(BC) has at least one positive solution ((un)n:(ﬁ\,, (Un)nzm) .
Proof. By assumption (A5), we deduce that there exists Cg, C7, Cg > 0 such
that
f(n,u) < Cu™ +Cr, g(n,u) <eul™ +Cs, Yn=1,N—1, ue[0,00), (3.11)

where g5 = (1/(2C6 My M3"))'/™ and M;, M, are defined in the proof of Theorem
3.1
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Then for v € P, by using (3.11), we conclude after some computations that

T
N-1 !

N—-1
(Au)n < Cg (e2]u]'/m + Cs)™ Z; G1(n,i) ; Goling) | +MCr g 10y

< CGMlMQTl (EQH’LLHl/Tl + Cg)rl + M,Cr =: Q(’LL), Vn=0,N.

Because lim, |~ Q(u)/[[ul = 1/2, then there exits a sufficiently large R > 0
such that

3
Qu) < ZHuH, Vu€ P, |u| > R. (3.13)

Hence, from (3.12) and (3.13), we obtain || Au| < 2||ul| < ||u[| for all w € dBrNP,
and from [1] (see also Lemma 1 from [6]), we have

i(A,BRNP,P) = 1. (3.14)

On the other hand, by (A46) i), we deduce that there exist Cy > 0 and g, > 0
such that

f(nvu) 2 Cguv g(na u) 2 %U, Vn = 1aN - ]-7 U € [07 90]7 (315)
9

;-V:_CC I5(j) and m; is defined in the proof of

where Cy = 1/(v1y9mimse), e = Y
Theorem 3.1.

Because g(n,0) = 0 for all n = 1, N — 1, and ¢ is continuous, we conclude
that there exists a sufficiently small d5 € (0, gy) such that g(n,u) < g,/Maz for all

n=1,N—1and u € [0,d2]. Hence

N-1
Z Ga(n,i)g(i,u;) < 0y, Yu € Bs, NP, n=0,N. (3.16)

i=1

From (3.15), (3.16) and Lemma 2.3, we deduce that for any v € Bs, N P, we
have

N-1
(*Au)n = Z Gl(n7z)f i, Z G2(i7j)g(j7 uj)

N-1 N-1 N-1 N—-1
> Cy Y Gi(n,i) Ga(i,j)g(u) | = Co D Gi(n,i) | Y Gali,j)u
=1

j=1 i=1 j=1
N—c N-1 N—c N-1
>Co Y Gi(nyi) | Y Galisju; | = Covy Y Ga(n,d) Iy (j)u,
i=c Jj=1 i=c j=1
N—-1 N—c
= Coys I (j)u; <Z Gl(n,i)> = (Lu)n, Vn=0,N
j=1 1=c
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Hence, for the linear operator £ : P — P defined as above, we obtain

Au > Lu, Yu € 0Bs, N P. (3.17)
For w® = (w?),,, w? = Zf\[:? G1(n,i), n=0,N, we have w’ € P\ {0} and

N—c N—c
(Lw®), = Covy Z L(j (Z Gl(j,i)) (Z G1(n,i)>
N— N—c o
> OQ’)/Q Z (Z Gl .]7 ) (Z Gl(nvz)>

j=c

N— c N—c
> o | 3 zw) (X6
= Z G1(n,1) n=0,N.

Therefore
Lw® > w’. (3.18)

We may suppose that A has no fixed point on 9B;, N P (otherwise the proof is
completed). From (3.17), (3.18) and Lemma 2.3 from [6], we deduce that

i(A, Bs, N P, P) = 0. (3.19)
Then, from (3.14) and (3.19), we obtain
i(A, (Bg \ Bs,) N P,P) = i(A, By N P,P) —i(A,Bs, N P, P) = 1.

We conclude that A has at least one fixed point in (Bg \ Bs,) N P. Thus the
problem () —(BC) has at least one positive solution (u,v) € PX P, u = (un),_5 7>
v = (Vn),,—ox (lull >0, [[v|| >0). This completes the proof of Theorem 3.2. [

Theorem 3.3. Assume that (Al) and (A2) hold. In addition, we suppose that
there ezists ¢ € {1,...,[N/2]} such that (A3), (A6) and the following assumption
are satisfied

(A7) For each n = 1,N — 1, f(n,u) and g(n,u) are nondecreasing with respect to
u, and there exists a constant Ry > 0 such that

N—-1 R
i, R = vn=T,N-1
f<n7m0iz_;g(z7 0)) < m07 n ) )

’U)h@?"@ mo = maX{Kl,Kg}, K1 = Z;VZZI Il(j), K2 = manzmIQ(j) cmd .[1, I2
are defined in Section 2.
Then the problem (S)—(BC) has at least two positive solutions (u',v'), (u?,v?).
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Proof. From Section 2, we have 0 < Gy(n,i) < I1(7), 0 < Ga(n,i) < I(i) for
alln=0,N,i=1,N — 1. By using (A7), for any u € 0Bg, N P, we obtain

N-1
(Au), < Z G1(n,i) Z I>(5)9(7,uj)
i=1

N-—

N-— N— N—-1
Z Z 9(4, Ro) Z )f | iimo Y g(d, Ro)
-1 i=1 j=1

7 Jj=1

N—
fiz m<&zh <Ry, ¥n=0,N.

So, ||Aul| < ||u|| for all w € Bg, N P.
By [1] (see also Lemma 1 from [6]), we deduce that

i(A, Br, N P,P) =1. (3.20)

On the other hand, from (A3), (A6) and the proofs of Theorem 3.1 and Theorem
3.2, we know that there exist a sufficiently large L > Ry and a sufficiently small o
with 0 < d9 < Rg such that

i(A,BLNP,P) =0, i(A, Bs, N P,P)=0. (3.21)
From (3.20) and (3.21), we obtain
i(A,(Br \ Br,) N P,P) = -1, i(A,(Bg, \ Bs,) N P, P) = 1.

Then A has at least one fixed point u! in (B, \ Bg,)N P and has one fixed point

2in (Bg, \ Bs,) N P, respectively. Therefore, the problem (S) = (BC) has two

distinct positive solutions (u!,v'), (u?,v?) € P x P with ||uf|| > 0, ||v*] > 0 for
i = 1,2. The proof of Theorem 3.3 is completed.

4. AN EXAMPLE

We consider the following problem

(So) A2, 1—|—a(v —|—vﬁ) 0, n=1,29,
0 A%v, 1 + bl +ul) =0, n=T,29,
with the multi-point boundary conditions
2
Ug = 3U15 U30 = Jug + u16 + u24
BC ) 3 )
(BCo) { Vo = 39 + 0207 U30 = 1'U6 + U18,

where a > 1, <1,0>2,6<1,a,b>0.

Here N =30, p=1,¢g=3,r=2,1=2, a1 =2/3, & =15, by = 1/3,
by =1/6,bs=1/4,m =8, my =16, 13 =24, c1 =1/3, ca =1/2, (; =9, {5 = 20,
di =1/3,dy=1/4, p; =6, py = 18, f(n,u) = a(u® +v”) and g(n,u) = b(uf +u’)
for all n = 1,29, u > 0. We have .} a; = 2/3 < 1, Y2 b = 3/4 < 1,
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S e =5/6<1,7 di=7/12<1, Ay = 2T A, = 2 The functions I; and
I, are given by

195 2 .

403j 42 . = -4, 1<j <5,

157 — 300 1§]§77 27 294 i2 .

90 L 28 _ I g<j<I5 THI iy 6<5<8
L) =9 &5 ©F W - b)) =4 8248 9<j<1T,

57 — 157 3y 16=7<23 s e 8 .

140 91j 07 94 < j <29 56 +ZJ__§70_27 18 <5 <19,

157 157 307 — — ’ 2225_%_%’ 20§]§29

We obtain K; = Y72 | I1 (j) &~ 461.68046709, Ky = max;_y55 [2(j) ~ 22.78928571,
mo = Kj. The functions f(n,u) and g(n,u) are nondecreasing with respect to u
for any n = 1,29, and for ¢ = 1 and p = 1/2 the assumptions (A43) and (A6) are
satisfied; indeed we have

. a B ) bu? 5
fio = lim alu 1+u):oo, go, = lim blu” +u7) +u):oo,
U—00 u /2 ©0 U— 00 u2
; a(u® +ub) ; b(uf 4 u’)
fi= lim =00, gy = lim =00
u—0t U u—0t u

We take Ry = 1 and then Z?il g(i, Rp) = 58b and f (n,mo E?ilg(i, 1)) =

f(n,58bmy)) = a[(58bmg)*+(58bmy)?] for all n = 1,29. If a[(58bmg)*+(58bmy) ] <
m%), then the assumption (A7) is satisfied. For example, if « = 3/2, § = 1/2,

b=1/(58mg) ~ 3.734-107° and a < 1/(2mg) (a < 1.083 - 1073), then the above

inequality is satisfied. By Theorem 3.3, we deduce that the problem (Sy) — (BCp)

has at least two positive solutions.
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